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QUANTUM CODES FROM CYCLIC CODES OVER F, +vF,
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ABSTRACT. In this work, a method is given to construct quantum codes
from cyclic codes over Fj +vFy4 which will be denoted as R throughout the
paper, where v2 = v and a Gray map is defined between R and F42, where
Fy is the field with 4 elements. Some optimal quantum code parameters
and others will be presented at the end of the paper.
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1. Introduction

Error correcting quantum codes are being used to deal with quantum noises
such as decoherence which arises after by inventing quantum computers. The
first discovery of error correcting quantum codes is made by Shor in [1]. After
that discovery,a method is given for constructing quantum codes from widely
known classical error correcting codes by Calderbank et al. in [2]. Recently,
another widely known class of error correcting codes, cyclic codes over the field
F,, are being used in the purpose of obtaining quantum error correcting codes,
where ¢ is a power of prime. In [6], a technique is given to construct for quantum
error correcting codes over the finite ring Fo +uFs, u? = 0 by Qian. Kai and Zhu
in [7] gave a technique to construct quantum error correcting codes from cyclic
codes with length n , where n is an odd integer, over finite chain ring Fy + ulFy
with u? = 0. Moreover, Qian [5] gave an original method which uses cyclic codes
over the finite ring Fy + vFy with v? = v, to construct quantum error correcting
codes. Motivated by this study, M.Ashraf [8] describes a similar construction
method for quantum codes which is obtained from cyclic codes over F3 + v[F3,
where v? = 1. Making use of the cyclic codes over finite ring R = F4+vF4,where
v? = v, we obtain quantum codes over F4. The structure of cyclic codes over
Fy+vFy was given by A. Bayram in [9]. It was shown that this ring is isomorphic
to F4 X F4.
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In this paper, a method is described for obtaining self-orthogonal codes over
F, as Gray map images of linear and cyclic codes over the ring R = Fy + vy,
v? = v. A sufficient and necessary condition for cyclic codes over R which
contains its dual is given. At the end, parameters of associated quantum codes

will be presented, some of them are optimal based on the table in [10].

2. Preliminaries

Let R = Fy+vF; = {0, 1, w,w?, v, 1 +v,w+v, w? +v, wv, 1 +wv, w+wv, w? +
wv, w?v, 1 4+ w?v,w + wv,w? + w?v} where v? = v, F; = { 0,1,w,w?} where
w? = w+ 1. R is a finite non-chain ring with 16 elements. The ring R has two
maximal ideals (v) = {0, v,vw,v(w+ 1)} and (1 4+v) ={0,v+ 1, (v + Dw, (v +
1)(w + 1)}. If we apply the Chinese Remainder Theorem, it is obtained that
R 2 Fyv]/(v—1) @ Fyv]/(v) 2 Fy ®Fy = (v) @ (1 + v), which means that,
every element of R can be expressed uniquely as z + vy = v(z +y) + (v + 1)
, for some z,y € Fy. If v = (71,72,...,7) € R", then the Hamming weight
of 7 is the number of nonzero coordinates in v and is represented by hw(7).
d(~,d) = hw(y — §) gives the Hamming distance between v and § in R.

A linear code C over R of length n is an R submodule of R™. If v € C, then we
say that v is a codeword. C is a cyclic code, if ¥ = (0,71, -,Vn—1) € C, then
(Yn—1,705715-++>Yn—2) € C. Let v = (y1,72,---,7) and § = (d1,02,...,0n)
be two elements of R™. Then the Euclidean inner product of v and § in R™ is
defined as

7.0 = 7101 + Y202 + . . . + Ynbn-

If C is a linear code of length n over R, then its dual code is defined as
Ct={5€R"|(y,6) =0 forall yeC}.

We say that a code C is a self-orthogonal code, if it satisfies the condition
C C C* and a self dual code if C = C+.

If A; and A, are two linear codes then their direct sum and cartesian product
is denoted by A1 QA = {(al,a2)|a1 S Al, ay € AQ} and A1 DAy = {a1 +a2|a1 S
A1, ay € A} respectively.

It can be seen directly that by suitable permutation of coordinates, the gen-
erator matrix of a nonzero linear code C' over R can be considered in the form:

Ik1 (1 + ’U)Bl vA; (1 + U)AQ +vBsy (1 + U)Ag + vB3
G= 0 ’UIk2 0 ’UA4 0 s
0 0 (14 v)I, 0 (1+v)By

where Aj and By are matrices over Fy for £k =1,2,3,4 and ¢ = 1,2,3,4 . The
next result is defined in [9]. Let

Ci={a+beFy|(a+dv+alv+1) e’ forsome a,beFy}
Co={aecF}|(a+bv+alv+1)eC, forsome beFy}.

Clearly Cy and Cy are linear codes over Fy. Thus, C = vCy & (1 + v)Csy and
|C| = 16%14k24ks.
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Theorem 2.1 (CSS Construction). Let C has the parameter [n,k,d) and C
has the parameter [n, k,d]. If C+ C C, then an [n,k+k—n,min{d, d}] quantum
code can be obtained. In particular, if we take C+ C C, then a quantum code
that has the parameters [n,2k — n,d] can be obtained.

3. Gray Images of Linear Codes over F; + vF,

We know that every element of R = F, 4+ vlF4 can be expressed as a + vb,
where a,b € F4.The Gray map ¢ from R to F% is defined as ¢)(a+vb) = (a+b, a).
It is easy to show that 1 is a linear map. An extension of the Gray map 1 can
be made in obvious way from R™ to F3".

Proposition 3.1. The Gray map ¥ is a map that preserves the distance from
(R", Lee distance) to (F3", Hamming distance).

Proposition 3.2. Let C = vCy & (1 4+ v)Cy be a linear code of length n over
R and C; be [n,k;,d(C;)] linear codes for i = 1,2. Then ¢(C) is a [2n,k; +
ko, min{d(C4),d(C2)}] code over Fy.

Proposition 3.3. Let C' be a code of length n over R. Assume C' is a self-
orthogonal code. Then ¥(C) is self-orthogonal.

Proof. Let ¢1 =1 4+ vd1 and cg = 2 + vdy € C, where v1,y2, 61,02 € Fy. Then
Euclidean inner product of ¢; and ca, is

c162 = 172 + (7102 + 201 + §102)v.

We know that C' is self-orthogonal,then we have 12 = 102 + Y291 + 0152 = 0.
On the other hand, ¥(c1)¥(c2) = 1172 + 7102 + 201 + 0102 + Y1772 = 0. Hence
¥(C) is self-orthogonal. O

4. Quantum Codes from Cyclic Codes over R

In this section, we use cyclic codes over R of arbitrary length n to obtain
self-orthogonal codes over Fy. By using these self-orthogonal codes, the corre-
sponding quantum code parameters will be determined.

The following lemmas are given in [4] and [9].

Lemma 4.1 ([9]). Assume that C = vCy & (1 + v)Cq be a linear code over
R =F4+vFy. So C is a cyclic code over R = Fy + vFy if and only if C1 and
Cs are both cyclic codes over Fy.

Lemma 4.2 ([9]). If C =vC1 @& (1+v)Cs is a cyclic code of length n over R =
Fy 4+ vFy. Then C = (vgi(z), (1 + v)ga(x)) and |C| = 4?2n—des(g1(z))—deglg2(x))
where g1 (), g2(x) are the generator polynomials of C1,Cs, respectively.

Lemma 4.3 ([4]). Let C be a cyclic code of length n over R. Then there exists
unique polynomial g(x) such that C = (g(z)),and g(x)|z™ — 1, where g(z) =
vg1(x) + (1 +v)ga(x).
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Lemma 4.4 ([4]). Let C = vCy @& (1 4+ v)Cs is a cyclic code of length n over
R. Then C+ = ((vhi(z) + (1 + v)hi(x)), and |CL| = 4de9(91(z))+deglga2(x))

where hi(x) are the reciprocal polynomials of hi(x), that is, h;(z) = 2™ —
1/gi(z), ht(x) = ade9@Dp, (2)=1 fori=1,2.

Now, we give a lemma that describes the necessary and sufficient condition
for a cyclic code to be self-orthogonal.

Lemma 4.5. Let C be a cyclic code with generator polynomial g(z), then C
contains its dual code if and only if

" —1=0  mod (g(x)g"(x))
where g*(x) is the reciprocal polynomial of g(x).

Now, a sufficient and necessary condition for cyclic code over R that contains
its dual is given.

Theorem 4.6. Let C = (g(x)) is a cyclic code of length n over R, where g(z) =
vg1(z) + (1 +v)ga(x). Then C*+ C C if and only if

2" —=1=0 mod (g;(x)g! (x)) for i=1,2.
Proof. Let C = (g(z)) = vCi & (1 4+ v)Cs be a cyclic code of length n over R,
then C' = (vgi(x), (1 4+ v)g2(x)), C1 = {g1(z)) and Cy = (ga(x)). If
2" —1=0 mod (g;(x)g; (z))) for i=1,2.
Then
Ci C Cy,Cf C C.
This implies that
vCF CoCh, (1 +v)C3 C (14 v)Cy.
Therefore
vCi @ (1+0)C0y C 0 @ (1+0)Cs.
Hence
(vhi(x), (1 +v)hz(x)) € (vg1(x), (1 + v)g2(2)),
that is, C+ C C.

On the other hand if C+ C C, then vCi @ (1 + v)C3 C vC; @ (1 + v)Cs.
Since Cy (resp.C2) be the code over Fy such that vCy (resp (1 + v)C?) is equal
to C modv (resp. C mod(1+v)), Ci- C C1,Cy C Cy. Therefore,

2" —=1=0 mod (g;(x)g; (z)), for i=1,2.
O
Corollary 4.7. Let C = vCy @ (1 + v)Cy be a cyclic code of length n over
R =T, + vFy. Then we have C*+ C C if and only if
Ci C Cy,Cf CC.

By Theorem 2.1 and Corollary 4.7, we can obtain quantum codes.
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Theorem 4.8. Let C = vCy & (14 v)Cy is a cyclic code of arbitrary length n
over R and let the parameters of ¥(C) be [2n,k,dy] where dy, is defined as the
minimum Lee weight of C. If

Cf C 0,05 C Oy

Then we have C*+ C C and thus we get a quantum error-correcting code which
has the parameters [[2n,2k — 2n,dy]] where dy,.

5. Examples

Example 5.1. Let R =F4 + vF4 and n = 10. Then
29— 1= (z+1)* (2?2 +wr + 1)%(2? + w?x +1)? in Fy. Let g(z) = vgy(z) + (1 +
v)g2(x) with

g(z)=g(x)=ax+1
gi(x) =gs(z) =z +1

and C =< g(x) > be a cyclic code over R. Clearly 1% — 1 is divisible by g;g;
for i = 1,2. Hence by Corollary 4.7 we have C+ C C. Then a quantum code
with parameters [[20, 16, 2]] is obtained, which is optimal based on [10]. Other
optimal codes are presented in Table 1.

Example 5.2. Let R =F4 + vF4 and n = 36. Then

2% —1 = (z+ z 4+ w)*(z + w)*H2® + w)* (2 + w?)* in Fy. Let g(z) =
%1 = (24 )4z + w)h(z + w?)(@® + w)i(z® + w?) in By Let g(z)
vg1(z) + (1 4 v)ga(x) with

g1(z) = 2% + w?a® + wa” + w2’ + wat + w?a® 4 wr + 1
go(z) = 21 + 27 + w2l + 2t + wia® + w?

gi(z) = 2° + wad + w?2" + w2’ + w2t + war? + wir + 1
g3 (x) = w?a'® + w?2” + 2% + wiat + 23 + 1

and C' =< g(z) > be a cyclic code over R. Clearly 236 —1 is divisible by g;g} for
i = 1,2. Hence by Corollary 4.7 we have C+ C C. Then we obtain a quantum
code with parameters [[72, 34, 4]].

Example 5.3. Let R =F, + vF4; and n = 43. Then
B —1=(r+1)(z" +wa® + 2t + 23 + w22? + 1) (2" + w?a® + 2* + 23 + wa? +
(2" + 25 +wad + w2 + 2+ 1) (27 + 25 +w?a® +wa? + 2+ 1) (27 +wab +wa® +
wrt +w?a® +w?a? +w?e + 1) (27 +w?a’ +w?a® + w2t + wad + wa? +wr +1)
in Fy. Let g(z) = vg1(z) + (1 + v)ga(z) with
g91(z) = g2(z)

=o' pwz!® 4 w?z!? fwztt 4wzt + 28 427 4 28 4 wat + w?aed +wa? s+ 1
91 (z) = 93(2)

— 214 4 2?

zt3 + wz'? + w2zt + w0 + z8 + z7 + z0 + w3zt + wz® + w?z? +wx +1
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and C' =< g(z) > be a cyclic code over R. Clearly x*3 — 1 is divisible by g;g}
for i = 1,2. Hence by Corollary 4.7 we have C+ C C. Then a quantum code
with parameters [[86, 30, 8]] is obtained.

Example 5.4. Let R =F4 + vF4 and n = 57. Then
27— 1= (r+1)(z+w)(z+w?) (2 + 2%+ w2zt + 25 +2* +waxd + 2+ 1) (2% +
28+ w2l + 2%+ 2t + 23 + 2+ 1) (2% + 2% + wab + wad + w?at + w?ad + wir +
1)(2° + wa® +w?2% + wrd +w?2* + wrd +w?z 4+ 1)(2° + w?a® + wab + w?a® +
wrt + w?e? + wr + 1) (2° + w?2® + w?2® + w?2® + wat + wr® + wr +1) in Fy.
Let g(z) = vg1(x) + (1 + v)g2(x) with
91(z) = ga(z)
=2 4+ w?2e™® +wr'” +war't + 210 + w2 + wa® + wr? + x + w?
() = g5(z)
= w?z'? + 218 +wr' + wa' + w0 + 2% + ward +wa? +wic +1

and C =< g(x) > be a cyclic code over R. Clearly z°7 — 1 is divisible by g;g;
for i = 1,2. Hence by Corollary 4.7 we have C+ C C. Then a quantum code
with parameters [[114, 38, 6]] is obtained.
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TABLE 1. The Parameters of Optimal Quantum Codes

n Generator Polynomials Parameters
4 g1=g2=z+1 [[874’2”
6 g1 =gz =T+ w? 12,8,2]
8 gg=g2=x+1 [[16,12,2]]
9 g1 = g2 = = + w? [[18, 14, 2]]
12 g1 =92 =z + w? [[24, 20, 2]]
14 gl=go=a+1 (28,24, 2]]
15 g1 =gz =T+ w? [[30, 26, 2]]
16 gi=ga=x+1 32,28,2
18 g1 = g2 = = + w? 36,32,2
20 gg=g2=xz+1 [[40, 36, 2]]
21 g1 =92 =1z + w? [[42, 38, 2]]
22 gl=go=a+1 [[44, 40, 2]]
24 g1 =gz =z + w? [[48, 44, 2]]
26 gi=ga=x+1 52,48, 2
27 g1 = g2 = = + w? 54, 50, 2
28 gg=g2=x+1 [[56, 52, 2]]
33 g1 =g2 =w’zx +1 [[66, 62, 2]]
34 gl=gp=x+1 [[68, 64, 2]]
36 g1 =g2 =w’x+1 [[72,68,2]]
39 g1 =g2 =w2z+1 [[78,74,2]]
40 91:z2+w2x+1

g=z+1 [[80, 74, 2]]
44 gi=gp=z+1 [[88, 84, 2]]
48 g1 = g2 = = + w? [[96, 92, 2]
50 gl=gp=x+1 [[100, 96, 2]]
52 gi=gp=x+1 [[104, 100, 2]]
54 g1 =g2 =2+ w? [[108, 104, 2]]
56 gl=gp=x+1 [[112,108,2]]
58 gi=ga=x+1 [[116,112,2]]
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TABLE 2. The Parameters of Quantum Codes

n Generator Polynomials g1 = g2 Parameters
11 2 + w2t + 23 + 22wz +1 22,2,5
12 2+ 2 4w w4+ w 24,8,3
15 B +z4w [[30, 18, 3]]
18 2® + wad + wx? + 1 [[36, 16, 3]]
19 29 + w?a® + w?ab + w2a® + wat + wad + wx + 1 [138,2,7]]
21 27+ waxb + 2t 4 w?a® + wz + w? [[42, 14, 5]]
23 2T 20 26 a5 et 22 41 [46,2,7]
28 20+ 2T+ 2P+ 22+ +1 [[56, 16, 4]]
31 x® +at a2+ 1 (62,42, 3]]
33 210 + wel® + wal® + wr? + wall + wad
+wz” + wzd + wrt + wrd + wr + w? [[66,2,10]]
33 T w220 + 28 + w2z’ 4+ wab + 2P
+w?z? + wad + w?z +w [[66, 22, 6]]
35 212 + w22l + wrl® + w229 + wad+
w2z + wa® + w?at + wad + w?a? + wr + 1 [[70,22,5]]
35 20 + w?2® + 2t +wad +wr? + 1 [[70, 46, 3]]
39 27 + wa® + w?z? + wad + 2% + wr + w? [[78,50, 3]]
42 2% + wzt + wad + wa? +w [[84,64, 3]]
42 ¥ + w2z’ + 2% +w [[84, 52, 4]]
42 2+ 28 +w?ab twat + 23+ 22t tw [[84, 40, 5]]
12 218 F 253 & w2l + wall + wlgl0 + 29
Fwzd 4+ 27 4+ 28 + wz® + 2t + wad + w2+ +w 84,28,6
43 27 + w28 + w2a® + w2zt + wrd + wr fwr + 1 86,58,5
a7 223 F 222 § 521 1 220 § I8 1 g17
416 414 4213 4t 4210 4 g% p b pat 1 [[94,2,11]]
48 o+ 28w +w [[96, 52, 4]]
56 20 et B a0 a9 ¥ ot a2 o +1 [[112,48,4]]
57 227 + 220 + 02225 1 227 + wadd + 222 + wall
42220 4 w2219 4 217 4 wal6 w2214 4 wr!d 4 w2gll s
210 + wad + wa” + w?a® + 25 + w2zt + 23w+ +1 | [[114,6,12]]
59 229 + 02228 ¥ 227 + 220 + w2z + wrdit
223 £ w222l 4 220 4 2219 18 4 21T 4 216 4 g2,15
+wx14 + 13 + 12 + w21l + w10 + z9 + wad + $6+
w2z® + wrt + 2% + 22 twr + 1 [[118,2,14]]




