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ON A HIGHER-ORDER RATIONAL DIFFERENCE EQUATION

FARIDA BELHANNACHE*, NOURESSADAT TOUAFEK AND RAAFAT ABO-ZEID

ABSTRACT. In this paper, we investigate the global behavior of the solu-
tions of the difference equation

A+ Bz 21
C+D Hf:l ™

n—21

Intl = ,n=0,1,...,

with non-negative initial conditions, the parameters A, B are non-negative
real numbers, C; D are positive real numbers, k, | are fixed non-negative
integers such that [ < k, and m;,i = [, k are positive integers.

AMS Mathematics Subject Classification : 39A10.
Key words and phrases : Difference equation, global behavior, oscillatory,
boundedness.

1. Introduction and Preliminaries

In [3] we investigated the global behavior of the rational third-order difference
equation
A+ Bx,_1
z =——— n=0,1,.., 1
T ot Dabhzl ’ (1)
where the initial conditions zg, x_1, _2 and the parameter B are non-negative
real numbers, the parameters A, C, D are positive real numbers and p, g are fixed
positive integers. Abo-Zeid [1] discussed the global behavior and boundedness
of the solutions of the difference equation
A+ Bxy_op_1
Tpt1 = ]:L ,n=0,1,.., (2)
C+D Hi:l Tn—2i
where A, B are non-negative real numbers, C, D > 0 and [, k are non-negative
integers such that [ < k. Inspired and motivated by these aforementioned works,
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our aim in this paper is to investigate the global asymptotic behavior of the
difference equation
A+ Bxy_ok—1
Tntl = Z o n= 0,1,..., (3)
C+ DI, ="

n—21

with non-negative initial conditions, the parameters A, B are non-negative real
numbers, C, D are positive real numbers, k, [ are fixed non-negative integers
such that [ < k, and m;,i = [, k are positive integers.

We note that if m; = 1, for all i = [,k Eq.(3) is reduced to Eq.(2). Clearly,
the results obtained in [1] will follow from the results we shall exhibit here.
In what follows, we present some definitions and results which will be useful in
our investigation, for more details we refer to [6], [11], [14] and [15].

Let I be some interval of real numbers and let
VD A

be a continuously differentiable function. Then, for every set of initial conditions
{zo,z_1,....,x_g} C I, the difference equation

Tnt1 = [(Tn, Tno1, oy Tn-k), n=20,1,.., (4)
has a unique solution {x,}5° .
Definition 1.1. A point T € I is called an equilibrium point of Eq.(4) if
T = f(z,Z,...,T).

Definition 1.2. Let T be an equilibrium point of Eq.(4).

(i) The equilibrium point T is called locally stable if for every € > 0 there
exists § > 0 such that for all zg,x_1,...,z_ € I with Z?:#C |x; —T| < 4,
we have

|z, —Z| < e for all n > —k.

Otherwise, the equilibrium 7 is called unstable.
(ii) The equilibrium point T is called locally asymptotically stable if it is
locally stable, and if there exists v > 0 such that for all zg,z_1,...,7_ €
I with =% |o; — 7| < 6, we have
lim z,, = 7.
n—r oo
(iii) The equilibrium point Z is called globally asymptotically stable rel-
ative to I*T1 if it is locally asymptotically stable, and if for every
To,T—1,,T_k € I, we have

lim z, = 7.
n— o0
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Let p; = E%fi(f, z, ..., ), for i = 0, k denote the partial derivatives of f(ug,u1, ..., uz)

with respect to u; evaluated at the equilibrium T of Eq.(4). Then, the equation
Zn4+1 = P0%n +plzn71 +--- + PrzZn—k, N = 07 17 ceey
is called the linearized equation of Eq.(4) about the equilibrium point Z, and the
equation
AL —poAF — oo —pe i A —pr =0, (5)

is called the characteristic equation of Eq.(4) about T.

Theorem 1.3. Let T be an equilibrium of Eq.(4). Then, the following statements
are true
(i) If all roots of Eq.(5) lie inside the open unit disk |\| < 1, then T is locally
asymptotically stable.
(ii) If at least one root of Eq.(5) has absolute value greater than one, then T
1s unstable.

Theorem 1.4 (Rouché’s Theorem). Let D be a bounded domain with piecewise
smooth boundary 0D. Let f and g be two analytic functions on D U ID. If
lg(2)| < |f(2)| for z € OD, then f and f + g have the same number of zeros in
D, counting multiplicities.
Definition 1.5. Let T be an equilibrium of Eq.(4) and assume that {z,}>2
is a solution of the same equation.
(i) A positive semicycle of {z,,}7° _, is a ”string” of terms {z, 2;41, ..., Tm }
all greater than or equal to the equilibrium 7z, with I > —k and m < o0
such that
either [ = —k or | > —k and x;_1 <7,
and
either m =00 or m <oco and z,,4+1 <7Z.
(ii) A negative semicycle of {x,}°° _, is a ”string” of terms {x;, 2141, ..., Tm }
all less than z, with [ > —k and m < oo such that
either l = —korl > —k and z;_1 > 7,

and
either m = oo or m < co and x,,41 > 7.

Definition 1.6. A solution {z,}° _, of Eq.(4) is called non-oscillatory about
T, or simply non-oscillatory, if there exists NV > —Fk such that either

T, > T for alln > N,

or
z, < T for all n > N.

Otherwise, the solution {z,}32 , is called oscillatory about Z, or simply oscil-
latory.
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k
From now on, we let p = Zmi.
i=l
Remark 1.7. The change of variables z,, = (%)%yn reduces Eq.(3) to the
difference equation
a + BYn—2k-1

Yn+1 = T =k m, n= 07 17 oy (6)
1 + Hz lyn 721
1

)» and B = £. It suffices to study Eq.(6) instead of Eq.(3).

Qlo

where o = & (

2. Main results

2.1. Case a > 0.

2.1.1. Local stability. Here, we determine the equilibrium points of Eq.(6)
and discuss their local stability.
Lemma 2.1. The following statements are true.

(1) Assume that B > 1. Then Eq.(6) has a unique equilibrium point in
(1)}, 0).
(2) Assume that B < 1. Then

(i) If a < p(l_ﬁ)%, then Eq.(6) has a unique equilibrium point in
0.(2)%).

(i) If a > p(; ) ;rl, then Eq.(6) has a unique equilibrium point in
(2=2)7,00).

Proof. A point 7 is an equilibrium point of Eq.(6) if and only if 7 is a zero of
the function

flx) =Pt + (1 - Bz — o
If we consider the above function, we get

f(0) = —a<0and f'(z) = (p+ 1)z’ + (1 - B).

(1) If B > 1, then f is increasing on ((B_i_%) o0). But
— ]. 1 — ]. p+1
H(EDh =D —a<o

p+1 p+1

Then, f(z) has a unique zero in ((%)%,oo)

(2) Assume that S < 1. Then f is increasing on (0, co).
p+1
() fa< p(;_ff)%, then

S
N



On a higher-order rational difference equation 373

(ii) f « > p(%)%l, then

1-B.1
P 0.
A= <
Therefore, f(x) has a unique zero in ((;:f)%,oo)

Theorem 2.2. Assume that § is the positive equilibrium point of Eq.(6). Then,
the following statements are true
(1) If B> 1, then 7 is a saddle point.
(2) If B < 1, then
(i) ¥ is locally asymptotically stable if o < p(
1— ,8 ) P+1 '

1=gys
(ii) ¥ is saddle point if a > p(5=7

Proof. The linearized equation associated with Eq.(6) about 7 is

7N B
=S miznai b s zean1, n=0,1,
Zn+1 1+yp - M;Zn—2i + 1+ypzn 2k—1, T

The characteristic equation associated with this equation is

p F 3
\2k+2 Y \2k—2i+1 _ _
iy z; ' L+7P
1=

(1) Assume that 8 > 1 and consider the function

—p  k 3
\) = \2k+2 Y AZk2iFL .
49 +1+yp;m L+
Then
B+ py” L+
lim g(\) = oo and g(—1) =1 — . -
Jim g(A) = oo and g(—1) Ty T
It follows that, the function g(X) has aroot Ay in (—oo, —1) with [A{| > 1.
We have also g(0) = W <0and g(1) =1+ pﬂ_;f > 0, then the

function g(\) has a root As in (0, 1) which completes the proof of (1).
(2) Assume that g < 1, then
(i) Ifa < p(1 ﬂ) , then 7 < ( l)p If we consider the functions

=

>\2k 2z+1 B

hi(A) = NFF2 hy(N) i

we get

+ n4
el < T <1 = Il YA€ i N = 1.
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By Rouché’s Theorem all roots of

—p  k 3
\2k+2 Y AZk—2i1 -0
g 7 ; " 1+g» 7

lie in the open unit disk |A| < 1 and the result follows from Theorem
(1.3).
(ii) The proof is similar to that of 1. and will be omitted.

2.1.2. Oscillation and Boundedness of Solutions.

Theorem 2.3. Let § be the positive equilibrium of Eq.(6) and let {y,}>> 5.4
be a solution of the same equation. Then
(1) If either
(a1) Y—2k—1,Y—2k+1, s Y—1 < T < Y2k, Y2842, -, Y0
or
(@2) Y2k Y—2k425 Y0 < Y < Ym2k—1, Y— 2kt 1y ooy Y—1
is satisfied, the solution {yn}>2 _,._, oscillates about § with semicycles
of length one.
(2) Ewery oscillatory solution of Eq.(6) has semicycles of length at most
2k + 1.

Proof. (1) Assume that the condition (a;) is satisfied. Then

= a+ By—2k-1 <a+6?_y
- 2 : Y _ g
T+ yms 1+

and a
__atBy-oa atBy
Yz = % o =7 +7p =Y.
I B Y

By induction we obtain

Yon 2> U and yon4+1 < ¥ for all n > 0.

For condition (az), the proof is similar and will be omitted.

(2) Let {yn}5° _,,_; be an oscillatory solution of Eq.(6). If a semicycle has
length greater than or equal 2k + 1, then there is an N > 0 such that
either

YN—2k+1) <Y S YN—(2k)s - YN—1, YN OL YN —(2k+1) = Y > YN—(2k)» - YN—1, YN -
Consider the first case. Then we get

o+ Byn—ak—1 _ o+ By
k my m
L+l gyt LHOP

The second case is similar and will be omitted.

YN+1 = =y

Lemma 2.4. Let {y,}5° 5., be a solution of Eq.(6). Then
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(1)
n—1 )
Yakatn < Y B + B yo for alln > 0.
§=0
(2)
n .
Y2(k+1)nt+2i < Z aff? 4+ By _opyoio for alln >0 and 1 <i < k.
3=0
(3)
Y2kt Dnt2i41 < Zaﬂj + 8"y _opt0i—1 for alln >0 and 0 < i < k.
§=0
Proof. Let {yn}5° o, be a solution of Eq.(6). Then
Yn+1 < @+ BYn—ok—1 for all n > 0. (7

(1) For n = 0, we have yp < Z];lo aB? + p%g. Now suppose that for a
certain n we have

n—1
Yo(k+1)n < Z aff + 5 yo.
=0

Then from (7), we get

Yokt ) (n) < @+ Bageryn < DBl + By
7=0

(2) Let ¢ = 1. Then from (7), we have

Yo < a+ By—ok and Yokt1)(nt1)+2 < @+ BYa(kt1)nt2-

Now suppose that for a certain i we have

n
Yok 1) n+2i < Za@j + By _9p49io for all n >0
=0

and prove that
n
Ya(k+)n+2(i+1) < Zaﬁj + 8"y _op o for all n > 0.
§=0
From (7), we have
Yoit2 < @+ By_ok42.
Suppose

n
Y2(k+1)nt2(itr1) < Zaﬁj + 8"y ok 04,
§=0
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then from (7), we get
n+1
Y2 (k1) (n+1D)+2(i+1) < @+ BYa(kt1)nt2it2 < Z aff + B2y o0
j=0
(3) The proof is similar to that of 2. and will be omitted.
(]

Corollary 2.5. Assume that < 1. Then, every solution of Eq.(6) is bounded
and persists.

Lemma 2.6. Suppose 8 < 1 and let {y,}5° o, be a solution of Eq.(6). If
A =limsupy, and A = liminfy,, then A and X satisfy the following inequalities

n— oo n— 00
a+6)\<)\<A<a+5A.
1+Ar = = =7 14N

Proof. Let 8 < 1. From Corollary 2.5 the solution {y,}>% . ; is bounded.
Then, for every € € (0, ), there exists ng € N such that

A—e <y, <A+ e for every n > ng,

S0,
a+p(A—¢) a+ B(A+e)
T T iy < P T > 2.
1+ (A+e)r =¥+l = 1+ A=—e)p or every n = o +
Therefore,
a+6)\<>\<A<a+ﬂA.
1+A? — 7 =5 =14

Lemma 2.7. Suppose 8 > 2. Then, the following statements are true
(1) If x > VB =1+ 5=, then /B —1> 5557
(2) Ife>YB—1andy > mp%/m7 then y > Ol‘frff

Proof. (1) Let x> ¢YB—-1+ 75— then

p
@ >y ulk,p),
k=0

where

p—k
u(k,p);:c,’;( /3—1)k(wafl> ’CS::k!(zﬁk)!'

Hence, we obtain
Q

> ulp=1p) Hulpp) =p (8- 1T g B,

then,

VB —1(a? — B+1)>pa(f—1)5F > a.
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(2) Suppose that z > ¢/ —1 and y > aﬂ’%ﬁﬂ’ then
(2 — B+ 1)y > a,
hence,
(@ + 1Dy > o+ py.
O

Theorem 2.8. Assume that 8 > 2. Then, Eq.(6) has solutions which are neither
bounded nor persist.

Proof. Let {yn}5 o4 be a solution of Eq.(6) with initial conditions

o
<Y<Y o2<.<y < YB-1
Yo —B+1
and
Q
Yo1> > Yoyl > Y21 > Y/ B-1+ 5T
Then,
= a+ BYy_ok—1 < a+By—ok-1 _ X
1 = . = 5 —2k—-1,
L+ [Tm y™s s s
and
Yo = a+ By o a+ By ok
2

= < .
1+ H?:l Yitie; 1+ yg?kfl

By applying Lemma 2.7, we get yo < y_ok.

Now consider the subsequences

{Y20k+ 1)n—2k+2j—1 o A0 {Y2(k11)n—2k425 Fneos
where 0 < j < k. We will prove that
a
B—1+ —— < Yo(ht1)(n-1)—2k+2j—1 < Y2(k+1)n—2k+2j—1
Yp—-1

and
o

D 1 < Yokt 1)n—2k+2) < Y2(k+1)(n—1)—2k425 < ¥/ B —1,
Yokt 1)yn—2k+2j41 B+

forall n > 1. For n =1, we have

a+ BY_ok+1)+2j+1 _ O+ BY_o(kt1)42j+1 @
5 ms > 3 =3 + Y_2(k+1)+2j+1
1+ ]I Yoj—2i

Y25+1 =
and
a+ BY_o(k+1)4+2j+2 < a+ BY_a@y1)12j42
k ; D :
I | B L4455 k11
By applying Lemma 2.7, we obtain ya;42 < y_o(k41)+2j4+2- We also have

Y25+2 =

a+ BY2(k41)n—2k+2j-1 S
k i
L+ Tl Yo 1yng2j—2i B

(07

Y2(k4+1)(n+1)—2k+25-1 = + Y2(k+1)n—2k+25—1) (8)
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and

a + BY2(k41)n—2k+2; a + BYa(k41)n—2k+2;

Y2(k+1)(n+1)—2k+25 = D
1+ H’L l y2(k+1 yn+2j—2i+1 1+ y2(k+1)"+2j_2k+1

By applying Lemma 2.7, we get ya(k41)(n+1)—2k+25 < Y2(k+1)n—2k+2j- Now from
inequality (8), we have

Q@
Y2(k+1)n—2k+2j—1 > 3 3 +y2(k+1)(n 1)—2k+2j—1 > v > nB + Y—2k+25—1-
This implies that

nli_>n(>loy2(k+l)n—2k+2j—l =00,0<5<k

and
Jm yo(ki1yn—2k425 =0, 0<j < k.
This completes the proof. O

2.1.3. Global stability.

Theorem 2.9. Assume that f < 1. If a < p(;_f/f)p%l, then, the positive equi-

-8
-1

librium point 5 € (0, (; )%) is globally asymptotically stable.

Proof. Let {yn}o>_2r_1 be asolution of Eq.(6). As 8 < 1, the solution {y,}22 5,1
is bounded. Let A = limsupy,, and A = liminfy,. Using Lemma 2.6, we have

n—oo n—oo

a+6)\<)\<A<a+5A.
T+Ar =7 =7 =11

This implies that
(1= B)A —aX’™! > (1= B)A — aAP™. 9)
Now consider the function
h(z) = (1 B)a? — azP~".
Hence,
W (@) = 27~ 2(p(1 — )z — (p — 1)a),
and the function h(x) is increasing on (a(p —1)

p(1-5)°
Z((f:ﬁl; <y < (1 ﬁ) In view of inequality (9), we have a contradiction.

x0). As a < p(]lg_f’(f)p%l, we get

Therefore, A\ = A =75 and so 7 is a global attractor.
The global abymptotically stability of 7 is obtained by combining the global
p+1
attractivity and the local asymptotic stability of 7 when a < p( =8 7).
U

In order to confirm our theoretical results, we consider the following numerical
example.
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Example 2.10. Consider the difference equation Eq.(6) with | = 2, k = 4,
me = 2, mg =3, my =4, a = 0.25 and g = 0.5, that is:

0.25 4+ 0.5y —9
Yn+1 = ,n=0,1,---. 10
S 1o
We have:
p=09, a_025<p< _f) ~ 0.41336282
Clearly 7 ~ 0.49811911 is the unique equilibrium point of the equation Eq.(10)
1

in (0, ( 2)") = (0,(0.06875) ).

If we take yo = 5.85, y_1 = 0.89, y_2 = 0.35, y_3 = 4.55, y_4 = 0.65, y_5 = 3.15,
y—¢ = 0.75, y_7 = 2.35, y_g = 1.25, y_¢ = 0.25, then, we get the solution as
in figure 1. However, if we take yg = 0.35, y_1 = 0.19, y_o = 0.67, y_3 = 2.55,
y—q = 0.5, y_5 = 1.15, y_¢ = 0.15, y_7 = 1.35, y_g = 0.33, y_9 = 0.45, then,
the solution will be as in figure 2.

As we can see from figure 1 and figure 2, for two different choices of the initial
values we have nli)II;o Yn =Yy ~ 0.49811911.

That is the equilibrium point 7 ~ 0.49811911 is globally asymptotically stable
(as expected).

25[ ' ' ' ' ' ' T '
1 141
20 ﬂ - 12f ﬁ
ﬂ I \
15+ ‘
0.8 .
10f H D oel ﬁ M/Mﬂ
i I LY S —
o5l HW W ‘\ H “AW S 77{ 04r W ‘ ”VW
W L V Do
0-01 . . . . . s 00k . . . . . . .
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
FIGURE 1. Plot of the FIGURE 2. Plot of the
solution of Eq.(10) with solution of Eq.(10) with
the initial conditions: the initial conditions:
Yo = 5.85, y_1 = 0.89, o = 0.35, y_1 = 0.19,
y_o = 0.35, y_3 = 4.55, y_o = 0.67, y_3 = 2.55,
y_q4 = 0.65, y_5 = 3.15, y—q = 0.5, y_5 = 1.15,
y—g¢ = 0.75, y_7 = 2.35, y—¢ = 0.15, y_7 = 1.35,
Yy—_g = 125, Y9 = 0.25. Y_g = 033, Y9 = 0.45.

2.2. Case a = 0. When a = 0, Eq.(6) becomes

Yni1 = M  n=0,1,.. (11)

1+H7, lyn 21
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Clearly 7 = 0 is always an equilibrium point of Eq.(11). When 8 > 1, Eq.(11)
also possesses the positive equilibrium point 7 = ¢/ — 1.
Some very close equations and systems of difference equations to Eq.(11) have
been studied, for example, [2], [4], [5], [10] and [17].

Following the above mentioned papers, we summarize the main results for
this particular equation.
Lemma 2.11. Assume that 8 < 1. Then, every solution of Eq.(11) is bounded.
Proof. Let {yn}>° 5., be a solution of Eq.(11). Then

(1)
(2)

Y2(k+1)n < B"yo for all n > 0.

y2(k+1)n+2i < ,Bn+1y_2k+2i_2 for all n > 0and 1 < ) < k.
3)
Yokt 1ynt2i41 < BT Y oppoiq forallm >0 and 0 < i < k.

The proof follows from the above inequalities. O

Theorem 2.12. Assume that 8 > 1. Let {yn,}> _o,_; be a solution of the

Eq.(11) andy = /(B —1). Then if either

(b1) Y—2k—1,Y—2k41s s Y—1 < T < Yok, Y—2k42, -, Y0

or

(b2) Y—2ksY—2kt2s Y0 <Y S Yok—1, Y2kt 1 - Y1

is satisfied, the solution {y,}°2 5., oscillates about § with semicycles of length
one.

Proof. The proof is similar to that of Theorem 2.3 and will be omitted. (|

Theorem 2.13. The following statements are true
(1) The zero equilibrium point of Eq.(11) is locally asymptotically stable if
B < 1 and it is unstable if g > 1.
(2) In addition, when 8 < 1 then, the zero equilibrium point of Eq.(11) is
globally asymptotically stable.
(3) If B > 1, then the equilibrium point § = {/B — 1 of Eq.(11) is a saddle
point.
Proof. (1) The linearized equation associated with Eq.(11) about the equi-
librium point 7 = 0 is
Zn+1 = an72k717 n= Oa 17
Its characteristic equation is
A2k+2 o 5 _ O

Hence, |A| < 1 for all roots if 8 < 1 and || > 1 for all roots if 5 > 1.
Therefore, the point ¥ = 0 is locally asymptotically stable if 8 < 1 and
it is unstable if 5 > 1.
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(2) The proof is a direct consequence of Lemma 2.11.
(3) The linearized equation associated with Eq.(11) about the equilibrium

point ¥y = &/B —11is
k
1—
Zn4+l = TB Zmizn—Qi + Zp—2k—1 N = 07 ]-a
=l

Its characteristic equation is
k
AZE+2 | E Zmi/\Zk72i+1 _1=o0.
B i=l
Consider the function
k
g(\) = AZk+2 % ZmiA2k72i+l —1,
i=l

we can see that g(\) has a real root in (—oo, —1) and a root with modulus
less than one. Therefore, the point 7 = /3 — 1 is a saddle point.
U
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