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STUDY ON THE ARITHMETIC OF MODULAR FORMS
SoYounag CHor*

ABSTRACT. By constructing a canonical basis for the space M,g (To(V))
explicitly, we find a basis of the space of cusp forms for I'o(N) con-
sisting of Poincaré series.

1. Introduction and statement of results

We assume that k is an even integer and N > 1 is a positive integer
not a prime for which the genus of a Hecke group I'g(IV) is zero, that is,

N € {4,6,8,9,10,12,16, 18, 25}.
Let Mi(To(N)) (resp. Si(T'o(IN)) be the vector space of holomorphic
modular forms (resp. cusp forms) for I'o(N) and M,E(FO(N)) be the
space of weakly holomorphic modular forms of weight k for I'g(/V) that

are holomorphic away from the cusp at infinity.
The classical Poincaré series at co, P(m, k, N;z) are defined by

P(m,k,N;z) := Z

Y€loo\T'0(N)
form € N, k € Z with k > 2. Here I'oo = {£(}%) | n € Z}. For
m > 1, we know that P(m,k, N;z) € Si(Io(NV)) (see [4]). Moreover it
is well known in [4] that the set {P(m, k, N;z) | m > 1} spans the space
Sk(Co(N)). Beyond this, little is known about such Poincaré series. For
example, Iwaniec in [4] gave two open problems about Poincaré series
such as: Since the space Si(I'g(V)) is finite dimensional, there are many
relations among the Poincaré series. Find all the linear relations among
Poincaré series and find a basis of Si(I'g(/N)) consisting of the Poincaré
series. Recently Rhoades [6] gave a partial answer to the first question.
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In this paper we give an answer to the second question as follows. Let
the dimension of Si(I'g(N)) be t.

THEOREM 1.1. Let k be an even integer with k > 2. We have that
{P(m,k,N;z) | 1 <m <t} is a basis for the space Si(I'o(N)).

REMARK 1.2. For a prime N for which the genus of I'g(N) is zero,
Ahn and Choi in [1] showed that for k € Z with k > 2, {P(m, k,N;2) |1 <
m < t} is a basis for the space Si(I'o(IN)). Moreover, It is well known
that {P(m,k,1;z) | 1 <m <t} is a basis for the space Si(I'o(1)).

2. A basis for the space M,g(FO(N))

Let Anx(2) be the unique normalized modular form of weight k& on
I'o(N) with zero of maximum order at co. We denote the order of the
zero of Ay (2) at oo by &n . Since the genus of I'g(N) is zero, we have
that dimMj,(To(N)) = v + 1if & > 2.

In particular, we need only the following Ay ;(z) (see[3]):

Aaa(2) = Zigi;:qw(q%
) = Jitias O
Rea(2) = Ziﬁiqu%o@”),
Roa(z) = Ziﬁgjizqh()(q%,
Aizalz) = ",1;((22)37222)) = '+ 0(),
Bual) = T o)
Male) = gy =0,
Aipa(z) = Zi@’ﬁéﬁ?j = ¢5 +0(¢"),
Azsa(z) = ”;Zgif) =¢""+0(¢")
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Here n(z) = q24 [[;2,(1 —¢"). The above modular forms Ay ;(z) have
no zeros on H and at all cusps except for co. Indeed by easy calculation
we obtain
k[Lo(1) : To(V)]
12
and hence from the valence formula we have that Ay j(z) has no zero
on H and at all cusps away form the cusp at infinity.

We now find an upper bound of ords, f for nonzero f € M, jj( To(N)).

Case I. N = 4,6,8,12,16 and 18. In this case we let k = 2.
Then we have an isomorphism from Mﬂ(Fo(N)) onto Mﬁ(Fo( N)) by
f— f/Aé@Q. This implies that for any nonzero f € M} p(Lo(N)) we
have ordoof: < En2li. We denote En ali, by mpy k.

Case II. N = 10 and 25. In this case we let k = 4l + r;, with r €
{0,2}. Then we have an isomorphism from Mg(FO(N)) onto Mf, (To(N))
by f f/Aljf]A. This implies that for any nonzero f € Mg(I‘O(N)) we
obtain orde f < Envalk + &Ny, . We denote Enaly + Enry, by my .

Under these notations we have the following theorem.

=¢éNk

THEOREM 2.1. For each integer m such that —m < my j, there exists

a unique weakly holomorphic modular form f, ,, € MIE(FO(N)) with a
g-expansion of the form

frm = a7+ O(g™N+ ).
Explicitly,
fk,m = (AN)lk AN,T’k Fk,ermN,k (jN)a
where Fy, p(z) is a monic polynomial in x of degree D and jn(z) is the

Hauptmodul for T'g(N). Here in the case N = 4,6,8,12,16 and 18, we
define Ay, = 1.

Proof. For convenience let

An . [ Ao, if N =4,6,80912,16,18
N7 Ana if N =10,25.

We observe that
(AN) ANy ()0 = g

(AN) AN ()R = g7

(AN Ay = g5 4o
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Now fi m is constructed by taking a suitable linear combination of the
above forms. Moreover, since orde fr.m < myk, & weakly holomorphic

modular form fy ,, is unique. O

REMARK 2.2. Since the Hauptmoduln jy has a integral Fourier co-
efficients at oo (see [3]) and we have

Al(]’g(z) = ?14((5E2(].OZ) — EQ(QZ)) — 4(2E2(1OZ) — E2(5Z))),
1 1.3 %) 1 %) | 1 @)

Ags0(z) =

(552(52) = B2 + T552082) * 5p25n) * 25 250))

1 1 1) 1 9k 1 7@k)
— —(25F5(252) — Ba(2))(= + = —

50 (20E2(252) = E2(2)) (3 + 3005 5+ 15 2252y T 150 7 (259)
we come up with that fj ,, have integral Fourier coefficients at oo except
for the case NV = 25. On the other hand, f;,, have a rational Fourier

coefficients at oo in the case N = 25. Here Ey(z) =1—24> 7", o(n)q"
and a(n) =32 g, d-

50

);

3. Proof of Theorem 1.1

Proof of Theorem 1.1 We now show that the set {P(m,k,N;z) |1 <
m < t} is a basis for the space Si(I'o(V)). To do it we need the following

property.
PROPOSITION 3.1. Let k € Z with k > 2 and I be a finite set of
positive integers. Then

Z amP(m,k,N;2z) =0

mel
if and only if there exists a weakly holomorphic modular form f €
Mzufk(Fo(N)) with principal part at oo equal to

> g
mk—14
mel

Proof. See [6, Theroem 1.1.] O

Let voo(N) be the number of I'g(NV)-inequivalent cusp. Then we have
(see [5, Theorem 4.2.7 and Theorem 2.5.2 ])

(3.1) veo(N) = Y ¢((d, N/d))
0<d|N

and
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(3.2) dika(Fo(N)) = dlmSk(Fo(N)) + ’UOO(N) if k> 2.
Here ¢ is the Euler function.
LEMMA 3.2. myo—f = —t — L.

Proof. Case I. N = 4,6,8,9,12,16 and 18. From (3.1) we see that
Voo (N) — 2 = &n 2. We note that

This and (3.2) mean that ¢ := dimSk(Io(V)) = (1—1§)(2— v (N))—1 =
—&n2(1—=1;)—1. On the other hand, we see that 2—k = 2—2{;, = 2(1-1})
which means that lo_j, = 1—1[; and hence my o = En2(1—1;) = —t—1.
Case II. N =10 and 25. We note that
. k k
dimM(Ty(N)) = —(k—1) + §UOO(N) + 2[1]
This and (3.2) mean that

. 6l +r,—3, N=10
t = dimSy(I'o(N)) = { 10klk; -l-];Tk =95 N =25

Because
4, N =10
Ve (V) = { 6, N=25

On the other hand, we see that 2 — k = —4l; + 2 — r;, which means that
lo_, = —l; and r9_ = 2 — r;. Hence we obtain that

—6l,+2, N=10,7,=0

—6lg, N =10,r, =2
mvz—k = va(=le) FENz-n =4 qo 44, N =251, =0
—10l, N =25,r, = 2,

which implies that myo_p = —t — 1. O

We are ready to prove Theorem 1.1. We assume o3 P(1,k,N;z) +
aoP(2,k,N;2z) + -+ + a4 P(t,k,N;z) = 0. Then by Proposition 3.1
there exists a weakly holomorphic modular form f € M ,E(FO(N )) with
principal part at oo equal to

¥ S
mk-1 :
1<m<t

This is a contradiction to the fact that ord f < myo—j if f is not zero.
Thus a1 = a9 = --- = oy = 0 which implies Theorem 1.1.
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