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UNIQUE POINT OF COINCIDENCE FOR TWO
MAPPINGS WITH ¢- OR ¢-¢9-CONTRACTIVE
CONDITIONS ON 2-METRIC SPACES

MING-XING XU*, XIN HUANG** AND YONG-JIE Prao***

ABSTRACT. We discuss and obtain some existence theorems of unique
point of coincidence for two mappings satisfying (-contractive con-
ditions or 1-¢-contractive conditions determined by semi-continuous
functions on non-complete 2-metric spaces, in which the mappings
do not satisfy commutativity and uniform boundedness. The ob-
tained results generalize and improve many well-known and corre-
sponding conclusions.

1. Introduction and preliminaries

There have appeared many common fixed point theorems of map-
pings with some contractive conditions on 2-metric spaces. But most of
them held under subsidiary conditions ([9, 11]), for example; commu-
tativity of mappings or uniform boundness of mappings at some point,
and so on. The authors in ([1, 2, 3, 4, 5, 6, 7, 8, 10]) obtained general-
ized results of coincidence points and common fixed points for infinite
or finite family of mappings satisfying generalized linear or non-linear
contractive or quasi-contractive conditions and expansive conditions un-
der removing the above subsidiary conditions. These obtained results
greatly generalize and improve the corresponding conclusions.

In this paper, we will introduce three real functions with some kind
of properties to establish contractive conditions of two self-mappings
on 2-metric spaces, and construct convergent sequences to discuss the
existence problems of unique points of coincidence of the given mappings.
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DEFINITION 1.1. ([5, 6, 9]) A 2-metric space (X,d) consists of a
nonempty set X and a function d : X x X x X — [0, +00) such that
(i) for distant elements z,y € X, there exists an u € X such that
d(z,y,u) # 0;
) d(z,y,2z) =0 <= at least two elements in {z,y, 2z} are equal;
) d(z,y,2) = d(u,v,w), where {u, v, w} is any permutation of {x, y, z};
) d(z,y, 2) < d(z,y,u) + d(x,u,z) + d(u,y, z) for all x,y,z,u € X.

(ii
(iii
(iv
DEFINITION 1.2. ([5, 6, 9]) A sequence {z,}nen in 2-metric space
(X, d) is said to be a Cauchy sequence, if for each € > 0 there exists N €
N such that d(z,, m,a) < eforalla € X andn,m > N. {x, },en is said
to be convergent to z € X, if for each a € X, lim,, s oo d(xy, z,a) = 0.
And we write that x,, — = and call  the limit of {x, },en.

DEFINITION 1.3. ([5, 6, 9]) A 2-metric space (X,d) is said to be
complete, if every cauchy sequence in X is convergent.

LeEmMA 1.4. ([12]) Let {x,} be a sequence in 2-metric space (X,d)
such that lim, o d(zy, Tpt1,a) = 0 for all a € X. If {x,} is not a
Cauchy sequence, then there exist a € X and € > 0 such that for each
i € N there exist m(i),n(i) € N with m(i),n(i¢) > i such that

(i) m(i) > n(i) and n(i) = oo as i — oo;

(11) d(xm(i)vmn(i%a) > €, but d(xm(i)—bxn(i): a) < e

LEMMA 1.5. ([5, 6, 7]) If a sequence {z,,} in a 2-metric space (X, d)

converges to x € X, then
lim d(zy,b,¢) =d(x,b,¢),Vb,ce X.
n—oo

DEFINITION 1.6. ([5, 6, 7]) Let f,g : X — X be two mappings. If
w = fx = gx for some w,x € X, then x is called a coincidence point of
f and g, w is called a point of coincidence of f and g.

DEFINITION 1.7. ([5, 6, 7]) Two mappings f,g : X — X are called
be weakly compatible if fgxr = gfx whenever fx = gx for x € X

LEmMA 1.8. ([5, 6, 7]) If f,g : X — X are weakly compatible and
have an unique point of coincidence w, then w is the unique common
fixed point of f and g.

2. Unique point of coincidence and common fixed point

Let ¢ : [0,00) — [0,00) be a non-decreasing function satisfying the
following conditions:
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(p1): ©(0) = 0; (p2): 0 < (t) <tforallt>0; (p3): D ooy @™(t) <
oo for each t € (0, 00).

THEOREM 2.1. Let (X,d) be a 2-metric space, f,g : X — X two
mappings such that fX C gX. Suppose that

(21) d(fx7fy7a)§(p(M(xayaa))7 vxayvana

where M (z,y, a) = max{d(gz, gy, a), d(gz, fz,a),d(gy, fy,a), 5[d(gz, [y,
a)+d(gy, fz, a)]} and ¢ is upper semi-continuous. If fX or gX is com-

plete, and X is bounded (i.e., sup, , . x d(z,y,2) < +00), then f and g

have a unique point of coincidence. Furthermore, if f and g are weakly

compatible, then f and g have a unique common fixed point.

Proof. Take xp € X and construct sequences {z, } and {y, } satisfying
Yn :fSUn = JTn+1, n2071727"' .
For any fixed n > 1, in view of (2.1),

d(Yn, Yn+1 yn+2)
= d(fxn+2a frnia, yn)
@(M($n+2, Tp+1, yn)):
= p(max{d(gzni2, 9Tn11,Yn) A(9Tnr2, fTni2,Yn), A(9Tni1, fTni1, Yn),

d(gfvn+2, fonit, yn) + d(gl'n—&-lu frnio, yn) })
2

IN

= ‘P(d(yn+27yn+1ayn))-
Hence by (p2),
d(Yn, Yn+1,Ynt2) =0, Vn=1,2,,--- .
Suppose that d(yg, Yn, yn+1) = 0 for n — k > 1, then by (2.1),
AWn+1, Ynt2,Yk) = A(fTns1, [Tni2,Yk) < (M (Tnt1, Tnt2, Yk)),
where
M(2n41, Tnt2, Yk)

- max{d(9$n+17 9Tn+2, yk)a d(gxn-i-lv fxn-i-l: yk)u d(g$n+2, f$n+2, yk)v

d(9Tn+1, [Tna2, Yk) + d(gTni2, fTni1, Yk) !
2

d(yn) Yn+2, yk) }

= max{d(yn+1,yn+2ayk)a 2
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But d(yn, Yn+2,Yk) < A(Yn, Ynt1, Yk) + AYnt1, Yn+2, Y) + A(Yn, Yn+1,
yn+2) = d(yn+17yn+2yyk)a hence

M(xn-f—la Tn+2, yk)) - d(yn+17 Yn+2, yk)v
therefore

Ak Yn+1, Ynt2) < P(A(Ynt1, Yn+2: Uk)),
which implies that d(yk, Yn+1,Yn+2) = 0 by (p2). Hence

(2.2) A(Yks Yn, Yn+1) =0, V k,n € Nk < n.
For every m,n,l € N with m < n <[, using (2.2), we obtain

d(yn’m Yn, yl)
AYm Yn, Yi—1) + A Y, Yi—1, Y1) + AYns Yi—1, Y1) = A(Ym, Yn, Yi—1)

VAN VANVAN

d(ym7 Yn, ynJrl)
0.

Hence we have
(2.3) A(Ym, Yn,y1) = 0,V m,n,l € N.
For any fixed n > 1 and a € X,
d(y’ru Yn+1, a/) - d(fxﬂn fl'n—i-l, G) S SO(M('IWJ Tn+41, G)),

where

M(m’na Tn+1, CL)

= max{d(gmwn 9Tn+1, a)a d(ngw fxﬂn a)? d(gfl?q—H_l, f$n+1, CL),
d(gl‘m frnit, a) + d(ganrla fon, CL) }
2

d(yn—lv Yn+1, CL) }

5 .

= max{d(yn—1,¥n, ), A(Yn, Yn+1, ),
But using Definition 1.1(iv) and (2.3), we obtain
d(Yn—1,Yn+1,@) < d(Yn—1,Yn, a) + d(Yn, Yn+1, @),
hence
M (zp, Tpy1,a) = max{d(yn_l,yn,a),d(yn,yn+1, a)}.

If there exists a € X such that d(yn—1,Yn,a) < d(Yn,Yn+1,a), then
M(ﬂfn, Ln+1, CL) = d(yn7yn+17 a) > 07 hence by (902)7 we have

d(y’ru Yn+1, a) S Q;O(M(xna Tn+1, a)) - @(d(yTw Yn+1, CL)) < d(yn7 Yn+1, a>7
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which is a contradiction. So M (z,, Tp+1,0) = d(Yn—1,Yn,a) foralln € N
and a € X, therefore, for all n € N and a € X,

d(yn, Yn+1, CL) < QO(M(xnp Tn41, a)) = @(d(yn—lu Yn, CL))

Continuing this process, we obtain that for all n € N and a € X,

d(y’na Yn+1, a) < SDn(dQ/Oa Y1, a))

Since X is bounded, there exists M > 0 such that d(yo,y1,a) < M
for all @ € X. So we have

A(Yn, Ynt1,0) < @"(M), Yn € N, a € X.
For any m,n € N withn >m and a € X,

d(Ym» Yn, @)

(Ym» Ym+1, @
(Yms Ym+1, @
(Ym» Ym+1, @
= d(Ym, Ym+1,0

U

(Ym+15 Yn, @) + A(Ym, Yns Ym+1)
(Ym+1, Yn, @)
(
(

IA I
2

Ym+1y Ym+2, a) + d(ym+27 Yn, a) + d(ym+17 Yn, ym+2)
Ym+15 Ym+2, a) + d(ym+2> Yn, a)

+ + + +
QU O & &

VANVAN

A(Yms Ym+1, @) + d(Yma1, Ymy2,0) + - + d(Yn—1,Yn, a)
n—1

> oF ().

k=m

IN

Hence by (¢3), we know that {y,} is a Cauchy sequence in X.
Suppose that gX is complete, then there exist u,v € X such that
UYn = fTn = gTpi1 — U = gv as N — 0O.
For any n and a € X,

d(Yn, fv,a) = d(fzn, fv,a)

< ¢(M(zy,v,0)
= plmax{d(gr,, gv.a) (g, fr, ) d(go, fo,a), (oI D L UG To0 0
= plmac{d(y 1, gv,0), A1,y @) (g, fo ), Wt T 0D A0 )y

Letting n — oo, then we obtain from the above and Lemma 1.5 that
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d(gv, fv,a) = lim d(yn, fv,a)
n—oo

< limsup ¢(max{d(yn—1, gv, @), d(Yn—1, yn, a), d(gv, fv,a),
n—oo

d(Yn—1, fv,a) + d(gv, yn,a) })
2

S 90( lim max{d(yn—lagv7a)7d(yn—laynaa)ad(gv7fv7a)7

n—o0

d(ynfla fva a) + d(gv, Yn, (I) })
2

= ¢(d(gv, fv,a)).
This implies that
d(gv, fv,a) =0, Va € X,
hence
fv=gv=u.
So wu is a point of coincidence of f and g.

Suppose that w1 is another point of coincidence of f and g, then there
exists v satisfying u; = fv; = gvp, and there exists a € X satisfying
d(u,uy,a) > 0. By (2.1) and (¢2), we obtain the following contradiction

d(u, u1,a) = d(fv, fv1,a)
< SO(M(U7 V1, a)) = @(max{d(gv, guy, (I), d(gv, fva CL), d(g’Ul, fvla (I),
d(g’l)7 fvlv CL) + d(gvh fU, a‘) })
2

= o(d(u,u1,a)) < d(u,u1,a).

Hence u is the unique point of coincidence of f and g.

Suppose that fX is complete. Then there exist u, v, w € X such that
UYn = fxn = u = fw = gv since fX C gX, hence the corresponding
conclusion follows from the similar discussion, and the rest proof follows
from Lemma 1.8. 0

A mapping 1 : [0,00) — [0,00) is called an altering distance function
if ¢ is continuous and non-decreasing and ¥ (t) =0 < t = 0.

THEOREM 2.2. Let (X,d) be a 2-metric space, f,g : X — X two
mappings such that fX C gX. Suppose that
(24) Y(d(fz, fy,a)) < O(M(2,y,a)) — ¢(M(z,y,a)),V z,y,a € X,

where, M (x,y,a) is that in Theorem 2.1, v is an altering distance func-
tion, ¢ : [0,00) — [0,00) is a lower semi-continuous function such that
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d(t)=0<t=0. If fX or gX is complete, then f and g have a unique
point of coincidence. Furthermore, if f and g are weakly compatible,
then f and g have a unique common fixed point.

Proof. Take zp € X and construct sequences {x, } and {y, } satisfying
Yn = fon = gTpt1, Yn=0,1,2,3,---.
For any n € N,
Y(A(fnt1, fant2,yn)) < V(M (@nt1, Tnt2, Yn)) = O(M (Tng1, Tnszs Yn)),
where M (n41, Tnt2,Yn) = A(Yn+1, Yn+2, Yn) (see Theorem 2.1). Hence
Y(AdYn+1,Ynt2,Yn)) < U(AWnt1s Ynv2,Yn)) — A(d(Ynt1, Ynt2,Yn)),

SO
A(d(Ynt15Yn+2,Yn)) =0, ¥V n € N.

By the property of ¢,

(2.5) d(Yns Yn+1,Ynt2) =0, Vn € N.

Suppose that d(yk, Yn,Yn+1) = 0, where n > k + 1. Using (2.4), we have
V(A(frns1, font2, k) < V(M (@na1, Tnta, Yi)) — (M (Znt1, Tnt2, Yi)),

where M (2p41, Tni2, Yk) = max{d(yn+17 Yn+2, Uk), W}(Sﬁe The-
orem 2.1). By (2.5) and the assumption,
A(Yns Yn+2, Yk) < A(Yns Ynt1, Ynt2) + AYnt1, Ynt2: Yi) + d(Yns Ynt1, Yi)

= d(yTH-l: Yn+2, yk)7
SO

M(ﬂjn—i-la Tn+2, yk) = d(yn+17 Yn+2, yk)
Hence
YAk Ynt15 Yn+2)) < V(A(Yks Ynt1, Yn+2)) — (A(Yks Yn+1, Yn+2))s
which implies that

(2.6) O(A(Yk: Yn+1: Yn+2)) = 0 = (Y, Yn+1, Yn+2) = 0.
Therefore, in view of (2.5) and (2.6), we have the next fact:
(2.7) A(Yrs Yn, Yny1) =0, Y,k €N, n >k > 1,

For all m,n, k € N with k£ > n > m, using (2.7), we have

AYms Yn> Y) < AYms Yns Ye—1) + d(Ym> Ye—1, Y&) + A(Yn> Ye—1, Yi)
= d(ym7yn7yk—l)'

Continuing this process, we obtain the following fact: for all k > n > m,

(28) d(ymaynayk) < d(ymaynaykfl) <. S d(ymvynvyn—‘rl) =0.
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For any fixed n € N and any a € X,

¢(d(yn+la Yn+2, CL)) = qp(d(fanrl? fanrQa CL))
<YM (Tnt1, Tnt2, ) — (M (Tpt1, Tnt2, a)),

where M (xp41, Tni2,a) = max{d(yn,ynﬂ, a)y (Yn+1, Yn+2, a)}(see The-
orem 2.1).

If d(Yn, Ynt1,a) < (Yn+1,Ynt2,a) for some a € X, then M (zy41, Tpio,
a) = d(Yn+1, Yn+2,a) > 0. Hence using the property of ¢, we have

Y(d(Yn+1:Ynt2, @) < P(d(Yns1, Yns2, @) — A(d(Ynt1, Yn2, a))
< Y(d(Yn+1,Ynt2,0)),
which is a contradiction. Hence
M (zpi1, Tny2,a) = d(Yn, Yn+1,0), Va,n
and we have

¢(d(yn+1a Yn+2, a)) < ¢(d(yn, Yn+1, a)) - ¢(d(yn7 Yn+1, a))
< ¢(d(yn, Yn+1, a))v Va,n.

By the property of v, we obtain that

(2.9)

d(yn+17 Yn+2, CL) S d(ym Yn+1, CL), vaa n.
So for any fixed a € X, {d(yn,yn—1,a)} is a non-increasing and non-
negative real sequence, hence there exists r(a) > 0 such that

nhanc}o d(yrm Yn—1, a) = r(a).

Letting n — oo in the both sides of the first inequality in (2.9), we
obtain

$(r(0) < $(r(a)) — L inf G(d(y, yns1,0))

<
< 9(r(@)) — 6 im d(yn, yns1,a)
= b(r(a)) - o(r(@),

hence ¢(r(a)) = 0, which implies that 7(a) = 0. Therefore, we have
(2.10) le d(Yn, Yn+1,a) =0,Va € X.

If {y,} is not Cauchy, then by Lemma 1.4, there exist a € X and
€ > 0 such that for any ¢ € N there exist m(i) > n(i) € N satisfying

(i) m(i),n(i) > i, m(i) > n(i) + 1 and n(i) = oo as i — oo;

(1) d(Ym(s)s Yn(i)» @) > € DUt d(Ym(i)—15 Yn(i)> @) < €4 =1,2,--- .
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Using (2.8) and (2.10) and the following result
A(Ym(i)s Yn(i)> @)
< dYm (i) Ym(i)-1> @) + AYm(i)=1> YUn(i)» @) + AYm(i)s Yn(i)s Ym(i)—1)s
we obtain
(211) llirgo d(ym(z) y Yn(i)> a) = Zgr& d(ym(i)—lv Yn(i)s a) =€
The following two inequalities hold
|d(Ym(i)> Un(i)> @) = AYm(i)> Yn(i)—1, @)
< d(Yn(i)—15 Yn(i)> @) + AYm(i)> Yn(i)» Yn(i)—1)
and
|d(ym(i)—17 Yn(i)—1s CL) - d(ym(z)v Yn(i)—1s a)|
< d(ym(i)—la Ym(i)s (I) + d(ym(z) y Ym(i)—1s yn(i)—l)a
hence using (2.8), (2.10) and (2.11), we have

i d(Yom (i), Yn(i), @) = B0 d(Yrm(i) -1, Yn(i)» @)

n—oo

2.12 . .

@12 _ Bm d(Ym(iys Yn(i)-10@) = I dYmiy -1, Yn@iy-1, @) = €
Since

(2.13)

V(A Ym(iys Uniy> @) = Y(A(f Ty, fTni), a))
S O(M(Trn(5), Tngiy, @) — QM (X iy Tngiy, @))s

where

M (2, (3), T (i), @)
= max{d(g'xm(i% 9Tn (i), CL), d(gxm(z)7 fxm(z)? a)7 d(gxn(z)a fxn(i)7 a)7
(9T (i), [Tn(i), @) + A(GTn(iys fTm), @) )
2
= max{d(ym(i)—b Yn(i)—1s (Z), d(ym(i)—h Ym(i)s CL), d(yn(z—l) s Yn(i)> (Z),
AYm(i)—11 Yn(i)s @) + AYn(i) -1 Ym (i), @) )

2
By (2.10) and (2.12), we know
(2.14) lim M (2,,;), Tp(i), @) = €.
11— 00

Letting ¢ — oo in (2.13) and using (2.12) and (2.14), we obtain
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< 1[}(6) - ¢(nll_>ngoM($m(z)v$n(z)a a)) = ¢(6) - ¢(€)7

which implies that ¢(e) = 0, i.e., ¢ = 0. This is a contradiction, hence
{yn} is a Cauchy sequence.
Suppose that gX is complete. Then there exist u,v € X such that

UYn = fTn = gTp11 — v = gv. For any n and a € X, we have that

¢(yna fo, a) = d(fl‘n, fo, a) < ¢(M(xnv v, a) - (;S(M(ﬂfn, v, CL)), (2'15)
where

M(zn,v,q)

d(gxn, fv,a) + d(gv, fr,,a)

= max{d(gacn,gv,a),d(g:cn,fxn,a),d(gv,fv,a), 5

d(ynflv fvv a’) + d(gva Yn, a)
2

= max{d(ynfh gv, a’)v d(ynflv Yn, CL), d(g’U, fvv a)?
Let n — oo, then

lim M(zp,v,a) = d(gv,gv,a), Va € X.

n—o0

Hence Letting n — oo in (2.15), we obtain that

< W(d(fo.gv.a)) ~ limint 6(M (2, v, )
< @ZJ(d(fU,gU, a’)) - d)(JI_g.IOM(:L‘na v, CL))
= Y(d(fv,gv,a)) — ¢(d(fv,gv,a)), Va € X.
This implies that ¢(d(fv,gv,a)) = 0, Va € X = d(fv,gv,a) =

0, V a € X, hence
fo=gv=u.

Suppose that w1 is another point of coincidence of f and g, then there
exists vy satisfying u; = fv; = gvi, and there exists a € X satisfying
d(u,u1,a) > 0. By (2.4)

Y(d(u,ur,a)) = Y(d(fv, for,a)) < P(M(v,v1,a)) — ¢(M(v,v1,0a)),

where M (v,v1,a) = d(u,u1,a), hence

w(d(% uy, CL)) < ¢(d(u, U1, a)) - ¢(d(u> uz, a))v

which implies d(u,u1,a) = 0, a contradiction. So u is the unique pint of
coincidence of f and g.

}
L
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Suppose that fX is complete. Then there exist u, v, w € X such that
UYn = fxn = u= fw = gv since fX C gX. The rest proof follows from
the similar discussion and Lemma 1.8. 0

REMARK 2.3. (1) ¢ in Theorem 2.1 need not be a strictly increasing
function.

(2) We find that the condition ¢(t) = 0 <= ¢ = 0 in Theorem 2.2
is superfluous. Hence we only need that v is a continuous and non-
decreasing function.

(1]

2]

3]

(10]
(11]

[12]
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