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ALMOST OPEN AND ALMOST HOMEOMORPHISMS

Gul SEok KiM* AND KYUNG BOK LEE**

ABSTRACT. This paper is devoted to the study of various notions
of almost openness and almost homeomorphisms and the charac-
terization of some of them in terms of the relative interior operator.
Generally, openness (or quasi-openness) for a continuous map f is
well known. We define openness (or quasi-openness) at a point x
using the relative interior operator and characterize that a contin-
uous map f is almost open, almost quasi-open, almost embedding
and almost homeomorphsims.

1. Introduction and preliminaries

The main purpose of this paper is to extend the following Theorem
A and Theorem B for almost continuity maps and homeomorphisms to
open maps and almost homeomorphisms.

Theorem A [6]. Let E be a Baire Space, F' be a second countable
space and f be a mapping of F into F'. Then the set of points of almost
continuity of f is dense in F.

Theorem B [8]. Let f: X — Y and g : Y — Z be continuous. If
gof: X — Zis a homeomorphism, then g one-to-one (or f onto) implies
that f and g are homeomorphisms.

We prove here the following results.

Theorem A’. Let f : X; — X5 be a continuous, closed and proper
map. For every Vi € Ux, the set Int{y € Xy : f is V} open at each
r € f~1(y)} is an open and dense subset of Xs. In particular, if X;
is metrizable and X, is Baire, then {y € Xo : f is V} open at each
x € f~1(y)} is a residual subset of X.

Theorem B’. Let f: X; — X5 and g : X9 — X3 be continuous maps.
Then
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(1) Assume f is surjective. g o f is an almost homeomorphism if and
only if both f and g are almost homeomorphisms.

(2) Assume g is an almost homeomorphism. If g o f is almost open,
then f is almost quasi-open.

(3) Assume g is an almost homeomorphism. If g o f is almost quasi-
open and g is closed, then f is almost quasi-open.

We now introduce notions and definitions necessary for our works. Throu
ghout the present paper, X; and Xs always mean topological spaces and
by f: X1 — X2 we denote a map. Let A and B be subsets of X. The
closure of A and the interior of A are denoted by A and IntA, respec-
tively. A subset B of A is dense in A means that A C B. A subset
A of X is said to be pre-open if A C IntA in [6]. This set is called by
quasi-open in [2].

A relation F' : X7 — Xo is considered a map from X; to the power
set of Xy, that is, each z € X corresponds to a subset F'(z) of Xa, or a
subset of X7 x X so that y € F(z) means (z, y) € F.

For relations F' : X1 — X9 and G : X9 — X3 we define the inverse
F~': Xy — X; and the composition G o F(simply GF): X; — X3 by
r€FYy) < yeF(x),ie, F-1={(y, )| (z, y) € F}.

y € (GF)(z) <= z € F(x) and y € G(z) for some z € X.

In other words, GF is the projection to X; x X3 of the subset
{(x, 2z, y) € X1 x X9 x X3 | (z, 2) € F and (z, y) € G}.

A relation F : X1 — Xy is called a closed relation if it is a closed
subset of X7 x Xy. It is a pointwise closed relation if F(z) is a closed
subset of Xs for every x € X;. Clearly, a closed relation is a pointwise
closed relation. F'is called a compact relation if F'(x) is a compact subset
of X5 for any = € Xj.

Remark that in general, a compact relation need not be a closed
relation. For example, let X = [0, 1] and F = {([0, 3) U (3, 1]) x
[%, %}} U{(3, 3)}. Then F is a compact and pointwise closed relation
but F' is not a closed relation. We are concerned with subsets of a
cartesian product X x X of a set with itself. These subsets are relations
on X. If U = U™, then U is called symmetric. The set of all pairs
(z, =) for x in X is called the identity relation, or the diagonal, and is
denoted by A(X) or simply A. For each subset A of X the set U(A) is
defined to be {y : (z, y) € U for some x in A}, and if x is a point of
X, then U(x) is U({z}). For each U and V and each A it is true that
(UoV)(A)=U(V(A)). Finally, a simple definition will be needed.

DEFINITION 1.1. [4] A wuniformity for a set X is a non-void family
Ux of subsets of X x X such that
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(1) each member of Ux contains the diagonal A;

(2) If U € Ux, then U™t € Uy;

(3) if U € Uy, then there exists V € Uy such that VV = V2 C U;
(4) if U and V' are members of Ux, then U NV € Ux; and
B)ifUelUx and U CV C X x X, then V € Ux.

The pair (X, Ux) (simply denote Ux) is a uniform space.

The metric antecedents of the conditions above are not hard to dis-
cern. The first is derived from the condition that d(z, =) = 0 and the
second derives from the condition that d(x, y) = d(y, z). The third
is a vestigial form of the triangle inequality - it says roughly that for
r-spheres there are (r/2)- spheres. The fourth and fifth resemble axioms
for the neighborhood system of a point and they will be used to derive
the corresponding properties for a neighborhood system relative to a
topology which will presently be defined.

There may be many different uniformities for a set X. The largest of
these is the family of all those subsets of X x X which contain A and
the smallest is the family whose only member is X x X. If X is the set
of real numbers the usual uniformity for X is the family Ux

2. Semi-continuous relations

In this section, we develop the fundamentals of the upper and lower
semi-continuous relations.
Let f: X7 — X5 be a map. We define the equivalence relation:

Ep=(fx )7 (xy) = {(21, @2) : f(w2) = f(a1)} = 1o f.

DEFINITION 2.1. Let F' : X7 — X5 and H : X9 — X5 be relations.
we define the relation F*H on X by:
F*H = {(21, 2) : F(x2) C (H o F)(21)}.

ProrosiTIiON 2.2. Let F : X1 — X9 be a relation. The following
properties hold:

(1) For relations Hy, Hs on Xy we have

H, C Hy implies F*H, C F*Hs and

F*(Hl)F*(HQ) C F*(HlHQ).

(2) For relations H on X3 and K on Xj:

FK CHF ifand only if K C F*H.
For any relation H on Xo:

F(F*H) C HF.

with equality when F' is a surjective map.
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(3) 1%,H = H, and if G : Xg — Xy and F : X; — X3 are relations,
then:
G*(F*H) Cc (FG)*H
with equality when G is a map.
(4) For amap f : X1 — Xo and relations F : Xg — X1 and G : Xy —
Xo:
fFCG < FcC f'G.
(5) For a map f : X1 — X5 and relation H on Xj:
fPH=fHf=(f < /)7 H) = {(x1, x2): f(x2) € H(f(x1))}.
So when f is a map:
fAH) = (f*H)"" and
E¢(f*H)Ey = f*H.

Proof. (1) By the definition of F*H, F*Hy; C F*H; for every Hy C
Hj. Let (z1, x3) € F*(Hy)F*(H2) be given. By the definition of compo-
sition, we can find xo € Xy such that (x1, x2) € F*(Hs) and (z2, x3) €
F*(Hy). In other words, F(x2) C HyoF(x1) and F(x3) C HjF(x2).
Hence F(l‘g) C HlF(.I‘Q) C HngF(xl).

(2) Let A be a subset of X7 and z € A. If F(A) C HF(x1), then
F(z) ¢ HF(z1). Hence (z1, z) € F*H, ie.,, z € (F*H)(z1). Con-
versely, we assume that A C (F*H)(xz1). If y € F(A), then there exists
x € AC (F*H)(x1) such that y € F(z) C HF(z1). Hence we obtain
the following property.

F(A)C HF (1) < AC (F*H)(x1).

Replace A by K(z1) and we get:

(FK)(xz1) C (HF)(11) < K(x1) C (F*H)(x1)-

Hence FK C HF <— K C F*H.

In particular, with K = F*H we have FK C HF if and only if
K C F*H. For the surjective map case, we first consider (5).

(5) Tt is clear that (x1,29) € f*H if and only if f(x2) € H(f(x1)).
This says f*H = (f x f)"Y(H) and f*H = f'Hf, f*H = f'Hf =
(f x /)y"YH) = {(z1, 22) : f(x2) € H(f(x1))}. From this f*(H™!) =
(f*H)~! is obvious.

When f is a surjective map, ff*H = ff 'Hf = Hf by ff~! = 1x,.

(3) 1%, H = H is clear. By (2), FG(G*(F*H)) C F(F*H)G C HFG.
The G*F*H C (FG)*H by (2). If G = g is amap, (Fg)((Fg)*H)g™! C
(H(Fg))g~' C HF and g((Fg)*H)g~' C F*H. By (5), (Fg)*H C
g 'g((Fg)*H)g 'g C g (F*H)g = g*(F*H). Alternatively, observe
that (z1,z2) € (Fg)*H if and only if F(g(x2) C HF(g(x1)) and so if
and only if (g(x1),g(z2)) € F*H.
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(4) Recall that for subsets A of X; and B of X» f(A) C B +—
A cC f~YB). Put A = F(x9) and B = G(z0) for given z9 € Xy. Then
fFCG < FcC f'G.

(5) Foramap f, By = (fx f)7'(1x,) = {(z1,22) : f(21) = fla2)} =
f71f = f*1x,. Since f isamap, f = flx, C ff 'f Clx,f = f and
JU= xS C fU T C T, = S Hence fEy = fA7Vf = f
and Epf~t = flff~t =1

Finally, by (1), E;(f*H)Ey = [*1x,(f*H)f*1x, C f*(1x, H) [*1x, =
(f*H)(f*1x,) C f*(Hlx,) = f*(H). Since 1x, C f~'f and Ef =
7 = lx,, fAH = 1x,(fH)Lx, C f7U(fFH) N f = Ep(f*H)E;
and f{(H )= f1H ' f=(fTHf)" = (f*H)". H

DEFINITION 2.3. For a relation F': X1 — Xo, Vo € Ux, and =z € X,
we call F'is Vy upper semicontinuous at x, when x €lnt((F*Va)(x)); Va
lower semicontinuous at x, when x €lnt((F*Va)~1(z)); Va continuous at
x, when (z, z) €lntF*Vs in X; x X1. F'is upper semicontinuous / lower
semicontinuous | continuous at x if it is V4 upper semicontinuous / V5
lower semicontinuous / Va continuous at z for all V5 in Ux,, respectively.
F is upper semicontinuous | lower semicontinuous / continuous if it
satisfies the corresponding condition at every x in X;. F is uniformly
continuous provided that for every V5 € Ux, there exists V; € Ux, such
that F'Vi C VoF.

The following examples show that F'is upper semicontinuous but is
not lower semicontinuous at x, G is lower semicontinuous but is not
upper semicontinuous at z, and H is continuous at x.

EXAMPLE 2.4. Define a relation F on R by F = (—o0, 0) x {1} U
[0, 0o) x [3, 3] and let € € (0, 1) be given. By deﬁmmon of F*Ve,

if (x, y) € F*V,, then F(y) C V(F(x)) = B(F(z), €), where V. =

(
00, 0), then F(y) C

{(z1, x9) € R X R : d(x1, x3) < €}. If z € (—
B(F(z), €) = B({1}, ¢) = (1 —¢ 1+4+¢) C (% 3). Hence y €
(=00, 0). Ifz € [0, o0), then F(y) C B(F(x), ¢) = B([3, 3], ¢) =

(1 —¢, 3 +e¢€. Hencey € (—oo, 00). This means that F*V, C
(=00, 0) X (=00, 0)U [0, c0) X (—o0, o0). Let (z, y) € (—oo, 0) X
(=00, 0) U [0, o0) X (—o0, o0) be given. If x < O and y < 0, then
F(y) = {1} € (L=, 149 = B{1}, ) = BF(), o = V()

Hence (z, y) € F*Ve. Ifz >0andy € R, F(y) C [, 3] C (3 —¢, 3+4¢)
= B([3, 3], €) = B(F(2), €) = Ve(F(z)). Hence (z, y) € F*V,. Fi-
nally, we know that F*V, = (—o0, 0) x (—o0, 0) U [0, co) X (—o0, 00).
Since F*V¢(0) = (—o0, o0), 0 € (=00, 00) = IntF*V(O) Therefore

F is V. upper semicontinuous at 0. Since (F*V,)™! = (—o00, 0) x
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(o0, 0)U ( o0, o) X [0, 00), (F*V.)71(0) = [0, o0). It means that
0¢ (0 o) = Int(F*V,)~1(0). Consequently, F is not V; lower semicon-
tinuous at 0.

EXAMPLE 2.5. Define a relation G on R by G = (—o0, 0] x {1} U
(0, 00) x [3, 3] and let € € (0, 1) be given. Since G*V, = (—o0, 0] x
(=00, 0JU(0, 00) X (=00, 00), G*V.(0) = (—o0, 0]. We know that G is
not V, upper semicontinuous at 0 because 0 ¢ (—oo, 0) = IntG*V,(0).
Since (G*V,) ™! = (=00, 0]x(—00, 0]U(—00, c0)x (0, c0), (G*V;)~1(0) =
(=00, 00). It means that G is V. lower semicontinuous at 0 because
0 € (—o0, o) = Int(G*V,)~1(0).

EXAMPLE 2.6. Define a relation H on R by H = (—o0, o0) X [
and let € > 0 be given. Since H*V, = (—o0, o0) X (—o00, o0), H
continuous at 0 because (0, 0) € (—o0, 00) X (—00, 00) = IntH*VL.

LEMMA 2.7. Let F': X; — X be a relation and V, € Ux,.

(1) Let Va, C Vo. If F is Vy upper semicontinuous at x / Vy lower
semicontinuous at x / Vs continuous at xz, then F satisfies the corre-
sponding property for V.

(2) If F is V5 continuous at x, then F' is V5 upper semicontinuous at
x and Vo lower semicontinuous at x. Ifffg € Ux, with ‘722 Cc Vo and F
is Vo upper semicontinuous at x and Vs lower semicontinuous at , then
F' is V5 continuous at x.

(3) F is continuous at z if and only if F' is upper semicontinuous at x
and lower semicontinuous at x. If I’ is uniformly continuous, then F' is
continuous. If F' is continuous and X is compact, then F' is uniformly
continuous.

Proof. (1) This follows from Proposition 2.2 (1).

(2) If F be V2 continuous at z, (x,z) € IntF*V,. This means
that * € Int(F*V2)(x) and z € Int(F*V,)~!(z). Therefore, F is Vs
upper semicontinuous at z and Vz lower semicontinuous at x. Let
Va € Ux, with V2 C Vi, F be Vq upper semicontinuous at x and Vs
lower semicontinuous at z. Since Vo C Vi, # € Int((F*V)(z)) and
r € Int((F*V2)~Y(x)). It means that F is V5 continous at .

(3) By Definition 2.3, the proof of (3) is obvious. O

THEOREM 2.8. Let F' : X1 — X9 be a pointwise closed relation.
Assume that F' is upper semicontinuous and F(x) is compact for ev-
ery v € Xy. For every Vo € Uy, the set of V, continuity points,
{z : (z, x) € IntF*Va}, is open and dense in X;.
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Proof. The set of V, continuity points, {z : (z, z) € IntF*Va}, is
always open. By Lemma 2.7 (2), it suffices to prove that the set of
V4 upper semicontinuous points and the set of V5 lower semicontinuous
points are each dense.

Fix Vo € Ux,, 1 € X1, and O; an open set containing x;. We claim
that Oy N{z : (z, ) € IntF*Va} # 0.

We produce xg € O at which F' is V5 lower semicontinuous. Choose
V,We Ux,, symmetric, with V closed and such that V2 C Vo, W2 C V
and W2 C V. Because F is upper semicontinuous, there is an open set
O C Oy such that 2 € O implies F(z) € W(F(z1)), i.e. (z1, ) € F*W.
Because F(x1) is compact, it has a finite subset R such that F'(z;) C
W (R). Define for z € O:

R(z) = RNV (F(x)).

Clearly, for z € O:

(2.1) R(x) C V(F(:ﬂ)) and (R—R(x))N (R(X)) 0.

_ If there exists y € F(z) N V(R — R(x)), then y € F(z) and y €
V(F(x)). This is a contradiction for (R — R(z)) N V(R(z)) = 0. Hence
we get:

F(z)NV(R—R(z))=0 and F(x)C V(R(x));

(2.2) g :
Fx)NV(R—-R(z)) =0 and F(x) C V(R(x)).

Since F' is upper semicontinuous and F(z1) C W(R), we obtain the
following property.
F(z) ¢ W(F(z1)) € W*(R) C V(R(x)) UV (R — R(z)).
Now choose z¢ € O so that R(zg) is minimal in the family {R(z) :
x € O} of subsets of the finite set R.
Since F(z0) is compact and V(R — R(xg)) is the finite union of closed
sets, and thus is closed, there exists Wy € Ux, such that
Wo(F(x0)) N V(R — R(zg)) = 0.
Since F' is upper semicontinuous:
Og={z€O0: (xy, z) € F*Wy}
is a neighborhood of 2q. For € O, Wo(F(20)) N V(R — R(zg)) = 0
implies R(z) N (R — R(xo)) =0, so R(xz) C R(xo). By the minimality of
R(z9), we have R(z) = R(xo) for all z € Op. Therefore we obtain that
F(x0) C V(R(x0)) = V(R(x)) € V*(F()) C Va(F ()
for all z € Oy.
This means Oy x {xg} C F*Va, so F is Va lower semicontinuous at
xo, i.e. zg € O1N{x : (z, ) € IntF*V5}. Hence the set of V5 upper
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semicontinuous points is dense. Similarly, we can derive the fact that
the set of V5 lower semicontinuous points is dense. ]

THEOREM 2.9. Let F' : X7 — X be a pointwise closed relation.
Assume that F' is lower semicontinuous and X is compact. For every
Vo € Ux, the set of Va continuity points, {z : (z, x) € IntF*Va}, is open
and dense in X;.

Proof. If 1 € X7 and Oq is an open set containing x1, then we can
choose V, W € Ux, symmetric with V open, V2 C Vo, and W2 C V.
Choose R a finite subset of X» such that W(R) = X», and define R(z)
for all z € X, according to R(z) = RNV (F(x)). Then for all z € Xy,
(2-1) and (2-2) hold as before.

Choose xo € O; so that R(xg) is maximal in the family {R(x) : = €
O1}. Since V is open and F(zg) is compact, there exists Wy € Ux,
symmetric such that for each y € R(zg) there exists z, € F(xg) such
that Wy(z,) C V(y). Because F is lower semicontinuous:

Og = {.%' €01 : F(l’o) C W()(F(.Z‘))}

is a neighborhood of zg. For each x € Oy and y € R(zo), V(y)
contains Wo(z,), which meets F(z). Thus y € V(F(z)). Consequently,
R(zo) C R(z), so by the maximality of R(x), we have R(xo) = R(x)
for x € Op. Hence for all z € Op: B

Fz) © V(R(z)) = V(R(z0)) C V2(F(x0)) C Va(F(x0)).
This says {zo} x Og C F*Va, so F is upper semicontinuous at xg. [

LEMMA 2.10. X is a Baire space if and only if given any countable
collection {U,} of open sets in X, each of which is dense in X, their
intersection NU,, is also dense in X.

Proof. See [9] Lemma 7.1. O

LEMMA 2.11. Let f: X1 — X9 be a continuous map.

(1) Let f be a closed map. Assume A is an Ey invariant set, i.e.,
A = E¢(A). If B is closed and B C A, then By = Ey(B) is an Ey
invariant closed subset of X satisfying B C By C A. If O is open and
A C O, then Oy = {z : Ef(x) C O} is an Ey invariant open subset of
Xy satisfying A C O1 C O. The relations Ey on X1 and Xy - Xy
are upper semicontinuous.

(2) If f is a proper map(i.e., point inverses are compact) and f~! is
upper semicontinuous, then f is a closed map.

Proof. (1) If B is closed, then By = E¢(B) = f~1f(B) is closed
when f is a continuous, closed map. B C A = Ef(A) implies B C
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E¢(B) C Ef(A) = A. Since O is open, Oy = {z : E¢(z) C O} =
X1 — E¢(X — O) is open. If A is invariant, then A; = {x : E¢(z) C
A} = A. Therefore A C O implies A = A; C O; C O. Similarly,
{y € Xo: f~(y) C O} = Xo—f(X1—0) is open in Xo. In particular, for
any Vi € Ux, and y € Xo, y € {y1 € X+ f~(y1) C IntVi(f~'(y))} C
(f~H*V1)(y). Then y € Int((f~1)*V1)(y) for any V4 € Ux,. Thus
f~1 is upper semicontinuous at y. By Proposition 2.2 (3), since f is
a map, EfV; = Y v = FY(fH*V1)f. Hence for any x €
X1, (EVi)(z) = f~H((f )" Va(f(2))). Then f(z) € Int(f~1)*Vi(f())
implies € Int(Ey)*Vi(z), so Ey is upper semicontinuous at .

(2) If A is closed in X1, y € f(A) and f~!(y) is compact, then
there exists V4 € Uy, such that Vi(f~1(y)) N A = 0. If f~! is up-
per semicontinuous at y, then there exists Oy open with y € O and
F7H02) c Vi(f~Y(y)). Then Os N f(A) =0 and y & f(A). Hence f is
a closed map. ]

3. Genericity and almost homeomorphisms

In this section, we define openness (or quasi-openness) at a point x
using the relative interior operator and characterize that a continuous
map f is almost open, almost quasi-open, almost embedding and almost
homeomorphsim.

For a continuous map f : X1 — X5 and let A C Xy, we define the
relative interior operator:

Int;A = (IntA) N f~1(Int f(A)).

Clearly, Int; A is an open subset of IntA. For x € Xy, z € IntyA if

and only if z € IntA and f(z) € Intf(A).

DEFINITION 3.1. Let f : X7 — X5 be a continuous map. For V; €
Ux, and = € X1, we call fis Vi open at x if x € IntfVi(x). f is open at
x provided it is V; open at z for all V; € Ux, and f is open if f is open
at x for every = € Xj.

The equivalent conditions of V; openness are the following.

LEmMMA 3.2. Let f : X7 — Xo be a continuous map. Then the
following statements are equivalent:
(1) f is V1 open at x.
(2) IfU is a neighborhood of x in X1, then f(U) is a neighborhood of
f(.’B) in XQ.
(3) For any subset A of X1, x € IntA implies x € Int;A.
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Proof. (1)=(2). If f is V; open at z for all V; € Ux,, then x €
Int;Vi(x). Let U be a neighborhood of x in X;. By the definition
of the relative interior operator, z € f~!(Intf(Vi(x))). It means that
F(@) € F(f It f(A)) € ntf(Vi(e)) © F(U).

(2)=-(3). Let A be a subset of X; and = € IntA. By the hypothesis,
f(IntA) is a neighborhood of f(x). It means that x € f~(Intf(A)).
Thus, z € Int; A.

(3)=(1). Since z € Vi(x), x € IntVi(x). By (3), € Int;Vi(x). It
means that f is V; open at x. O

LEmMA 3.3. Let f : X1 — Xy be a continuous map and let y €
X9 and Vi be a symmetric element of Ux,. If f~1 is Vi lower semi-
continuous at y, then f is V} open at x and Ey is V1 lower semicontinuous
at x for all z € f~(y). If f~1(y) is compact and f is V; open at every
x € f~1(y), then f~1 is V2 lower semicontinuous at y. In particular, if
f~Y(y) =0, then f~! is lower semicontinuous at y.

Proof. If f~! is V1 lower semicontinuous at g, then there exists V5 €
Uy, such that Va(y) C ((f~1)*V1)"Y(y). This is, 11 € Va(y) implies
) C A (1), 50 Valy) C f(Va(a)) for all & € [1(y). For 2 €
S (Va(y)) setting g1 = [(z1) shows Ey(z) = [~(3)  VA(E;(a1)).
Thus Ef is V; lower semicontinuous at 7.

If f~1(y) is compact, then there exists {x1,---,7,} in f~1(y)
Ul Vi(x;). If fis Vi open at each z;, then there exists Vo € U
such that Va(y) € My f(Vi(z:)). If yu € Va(y), f~(y1) N Vi(;)
0, so f~Yy1) N VE(x) # 0 for every z € f~(y). That is Va(y)
(f~H*(V2)"H(y) and f~1 is V? lower semicontinuous at y.

N

0N &

PROPOSITION 3.4. Let f: X1 — X5 be a continuous map. Then the
following statements are equivalent:

(1) f is open.

(2) If U is open in X1, then f(U) is open in Xj.

(3) For all A C Xy, IntA =IntfA.

Proof. This is obvious from Lemma 3.2. ]

DEFINITION 3.5. Let f : X7 — Xs be a continuous map. We call f is
almost open provided that for all A C X7, IntA # ) implies Int f(A) # 0.

The equivalent conditions of almost openness are the following.

THEOREM 3.6. Let f : X1 — X9 be a continuous map. Then the
following statements are equivalent:
(1) f is almost open.
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2) D dense in X5 implies f~1(D) is dense in X;.

3) If U is open in X1, then Int ;U = U N f~!(Int f(U)) is dense in U.
4) For every Vi € Ux,, {x : f is V1 open at x} is dense in X;.

5) For every Vi € Ux,, {z : (z, f(z)) € Int(foV1)} is open and dense

(
(
(

(
in Xl.

Proof. (1)=(2). Suppose that f~!'(D) is not dense in X;. Then
U = X; — f~1(D) is a nonempty open set. By (1), Intf(U) # ). Since
fU)ND =0, Intf(U)N D = (. This is a contradiction.

(2)=(3). For any A C X3, D = (Intf(A)) U (X2 — f(A)) is dense in
Xs. By (2), f71(A) is dense in X;. If U is an open subset of Xj, then
Int;U =U N f~Y(D) is dense in U.

(3)=(4). Let V1 € Ux, and = € X;. Also, let V5 be an open, symmet-
ric element of Uy, such that V;2 C V4. By (3), Va(z)Nf~ (Intf(Va(z))) is
open and dense in Va(z). Choose z1 € Va(x) N f~1(Intf(Va(x))). Then
f(x1) € f(f~*Intf(Va(x)))) C Intf(Va(x)). Since Vi can be chosen
arbitrarily small, f is V] open at points of a dense set.

(4)=(1). For all A C Xy, let IntA # 0. If V(z) C IntA let 21 €
Vi(z) at which f is V4 open. Since f(Vi(z1)) C f(VE(x)) C f(A),
f(Vi(z1)) is a neighborhood of f(x1).

(4) <= (5). For Vi symmetric in Ux,, {z : (z, f(z)) € Int(f o V})}
C {x: fis Vi open at z} C {z: (z, f(z)) € Int(f o V?)}.

Observe that Uy x Uy C f o Vi if and only if Uy C f(Vi(x1)) for
all x1 € U;. The first inclusion is clear, and the second follows from
f(Vi(z)) C f(VE(x1)) for all x € V4(x). Together these inclusions yield
the equivalence. O

THEOREM 3.7. Let f : X1 — X9 and g : X9 — X3 be continuous
maps. If both f and g are almost open, then g o f is almost open. If
go f is almost open and f is surjective, then g is almost open.

Proof. Let f and g be almost open and let Int A be a nonempty subset
of X;. Since f and g are almost open, Intf(A) and Intg(f(A)) are
nonempty subsets of Xs and X3, respectively. Let go f be almost open,
f be surjective and IntA, be a nonempty subset of X5. Since f is
continuous and surjective, f~!(IntAs) is a nonempty open subset of
X1. Int((go f)(f~!(IntAz))) = Intg(IntAz) is a nonempty subset of X3
because g o f is almost open. Therefore g is almost open. O

THEOREM 3.8. Let f : X1 — X9 be a continuous, closed and proper
map. For every Vi € Ux,, the set:
Int{y € Xo : f is V; open at each x € f~1(y)}
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is an open and dense subset of Xo. In particular, if X is metrizable and
Xs is Baire, then

{y € Xy: f is Vi open at each x € f~1(y)}
is a residual subset of Xs.

Proof. By Lemma 2.11 (1), f~! is an upper semicontinuous relation.
By Theorem 2.8, {y : (y,%) € Int(f~!)*V4} is open and dense in X5 and
it is contained in the set of points at which f~! is a lower semicontinuous
relation. By Lemma 3.3, f is Vi open at every point z € X; such that
y = f(z) lies in this set. As usual when X is metrizable, we can intersect
over a countable base for Ux, to obtain a residual subset of X». L]

Generally {x : f is almost open at z} is not dense when f is a
continuous, closed and proper map.

EXAMPLE 3.9. Define f : [0,1] — [0,2] by f(x) = 1. Then f is
a continuous, closed and proper map. But {x : f is almost open at

x} =0.

A subset A of X is called quasi-open if A C IntA. For any subset A
of X define the quasi-interior:
OIntA = AN IntA.
For a continuous map f : X7 — X5 and a subset A of X7, define
OlntfA = (QIntA) N f~H(Qlntf(A4)) = (QIntA) N f~L(Intf(A)).
The two definitions agree because f~1(f(A)) D A. In particular:
x € QlntyA if and only if x € QIntA and f(z) € Intf(A).

ProprosiTIiON 3.10. The following properties are hold

(1) A is quasi-open in X if and only if there exist open subset U and
dense set D such that A = U N D. In particular, any open set or any
dense set is quasi-open.

(2) The arbitrary union of quasi-open sets is quasi-open. If A is
quasi-open and U is open, then AN U is quasi-open.

(3) The QIntA is dense in IntA. QIntA is the largest quasi-open set
contained in A. In particular, QInt(QIntA) = QIntA. The set A is
quasi-open if and only if A = QIntA. QIntA = () if and only if A is
nowhere dense.

(4) If f : X1 — Xy is continuous and A C X1, then Qlnt ¢ A is a quasi-
open subset of QIntA. If A is quasi-open, then f(Qlnt;A) = Qlnt f(A)
which is quasi-open in X. If U is open, then QlInt ;U is open.

Proof. (1) Let A be quasi-open in X, ie., A C IntA. Put D =
AU (X — A). Then D is dense in X. Since A is quasi-open, A =
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DNIntA = (AU (X — A)) NIntA. Conversely, let A =U N D where U
is open and D is dense in X. Then A is dense in U, i.e., A = U. Thus
A CU C IntU = IntA. Since AN X = A, any open set or any dense set
is quasi-open.

(2) Let {A, : a € A} be quasi-open, i.e., A, C IntA, for all a €
A. Since A, is quasi-open for all o € A, Upepda C UgeplntA, C
Int (UnerAa) C Int(Ugep Aa)-

Let A be quasi-open and let U be open. By (1), A =V N D for some
open V and dense D. Thus ANU = (UNV)N D is quasi-open.

(3) Since A is dense in A and IntA is open in A, QIntA = AN IntA
is dense in IntA. We have that Olnt(QIntA) = QIntA N Int(QIntA) =
OIntANInt(IntA) = ANIntANIntA = QIntA. Clearly, A is quasi-open
if and only if A = QIntA. Thus QIntA is qusi-open.

(4) Since QIntA is quasi-open and f~!(Intf(A)) is open, Qlnt;A =
OIntA N f~1(QIntf(A)) = QIntA N f~'(Intf(A)) is quasi-open which
also shows that QIntfA is open when A is open. By (3), f(QIntyA) =
f(QIntA N f~1(Intf(A))) = f(QIntA) NIntf(A) = f(A) N Intf(A)
Qlntf(A).

Generally, IntyA C IntA C QIntA C A and IntyA C QlntyA C
OIntA C A for any subset A of X;. The followings are examples in
which equalities are not hold by the above inclusion relations.

o

EXAMPLE 3.11. If A = ([0,1] N Q) U [1,2], then IntA C QIntA C A.

Define f : R — R by f(z) = |z|. Let B = [-1,1] — {—%,%}. Then
Int;B C IntB.

Define f : R — R by f(z) = |z —1|. Let C = ([0,1]NQ) U [1,2].
Then Int;C C Qlnt;C.

DEFINITION 3.12. Let f : X1 — X5 be a continuous map. For z € X3
and Vi € Ux,, we call f is Vi quasi-open at x if x € QInt;Vy(z). If f is
Vi quasi-open at z for every Vi € Ux,, then we call f is quasi-open at
x. If f is quasi-open at every x € X1, then we call f is quasi-open.

THEOREM 3.13. Let f : X; — X» be a continuous map. For z € X
the following conditions are equivalent.

(1) f is quasi-open at .

(2) For all A C X1, x € QIntA implies x € QlntfA.

(3) If U is an open neighborhood of x in Xi, then Qlnt;U is an
open neighborhood of x in X; with f(z) in f(QInt;U) = Qlntf(U)
quasi-open in Xs.
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(4) If U is a neighborhood of x in Xy, then f(U) is a neighborhood
of f(z) in Xs.

Proof. (1)=(2). Let A C X; and x € QIntA. Assume V) is open in

Ux, with Vj(x) C A. Since f(z) € Intf(Vi(z)). there exists open U, in

Xy such that f(z) € Uy C Intf(Vyi(z)) C f(Vi(z)) C f(A) C f(A). This
means that € f~1(Uz) C f~1(Intf(4)), i.e., z € QlntfA.

(2)=(3). Since U is open, U is quasi-open. By Proposition 3.10,
f(QInt;U) = QIntf(U). If x € U, then x € QInt;U. This means that
f(z) € f(QIntfU) = Qlnt f(U).

(3)=(4). Let U be a neighborhood of z. By (3), f(x) € f(QInt;U) =
QInt f(U). This means that f(z) € QIntf(U) C IntQIntf(U) C f(U).

(4)=(1). Let Vi € Ux, be given. Since Vi(x) is neighborhood of z,

f(Vi(z)) is a neighborhood of f(z). O

THEOREM 3.14. Let f: X1 — Xs be a continuous map. The follow-
ing conditions are equivalent.

(1) f is quasi-open.

(2) For all A C X1, QIntA = Qlnt A.

(3) If A is quasi-open in Xy, then f(A) is quasi-open in Xs.

(4) If U is open in X1, then f(U) is quasi-open in Xj.

(5) For all U open in X1, U = QlntU.

Proof. (1)=(2). This is obvious from Theorem 3.13 (1) < (2).
(2)=(3). Let A be quasi-open in X;. Since A = QIntA = QlntA,
A C f~'(Intf(A)). This means that f(A) C Intf(A).

(3)=(4). Since U is open, U is quasi-open. By (3), f(U) is quasi-
open.

(4)=(1). Let Vi € Ux, and x € X;. Since Vi(z) is an open neigh-
borhood of z, f(z) € Intf(Vi(z)).

(2)=(5). Since U open in X1, QIntU = QIntU = U.

(5)=>(4). Let U be open in X1. By (5), U = QInt(U) C f~'(Intf(U)).

This means that f(U) C Intf(U), i.e., f(U) is quasi-open in Xj. O

THEOREM 3.15. Let f : X1 — X9 and g : Xo — X3 be continuous
maps. If both f and g are quasi-open, then g o f is quasi-open. If go f
is quasi-open and f is surjective, then g is quasi-open.

Proof. Let f and g be quasi-open and let A; be quasi-open in X;.
By Proposition 3.14 (3), f(A1) and g(f(A1)) are quasi-open in Xy and
X3, respectively. Let g o f be quasi-open, f be surjective and Us be
an open subset of X5. Since f is continuous, f~!(Us) is open in Xj.
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(go f)(f~1(U2)) = g(Us) is quasi-open because g o f is quasi-open and
f is surjective. O

DEFINITION 3.16. Let f : X7 — X5 be a continuous map. We call f

is almost quasi-open when for all A C X7, IntA # () implies Int f(A) # 0.

THEOREM 3.17. Let f: X1 — X5 be a continuous map. The follow-
ing conditions are equivalent.

(1) f is almost quasi-open.

(2) For every Vi € Ux,, {z : f is Vi quasi-open at x} is dense in X;.
(3) For every Vi € Ux,, Int{z : f is Vi quasi-open at x} is open and
dense in X7.

If A is quasi-open in X1, then QlntyA is dense in A.

For all A C X1, QIntA # () implies QInt f(A) # 0.

B is nowhere dense in Xy implies f~!(B) is nowhere dense in X;.

4
5
6
7) D is open and dense in X, implies f~(D) is dense in X;.

(4)
(5)
(6)
(7)

Proof. (1)=(2). Let V; € Ux, and z € X;. Let V = V! be open
in Ux,, with V2 C Vi. By (1), Intf(V(x)) # 0. Since Qlnt;V(z) =
QIntV (x) N f~1(Int f(V(z))) is open and nonemptyset, we can find x1 €
Qlnt ¢V (x) and notice that f(z1) € Intf(V(x)) C Intf(Vi(x1)). Thus, f
is V1 quasi-open at x; . Since V' can be chosen arbitrarily small, {x : f
is V1 quasi-open at z} is dense.

(2)=(3). Let Vi € Ux, be given and let V = V! be open in Uy,
with V2 C Vi. fis V quasi-open at z if and only if there is an open
neighborhood U of  such that f(U) C Intf(V(x)). By (2), V(x)n{z : f
is V1 quasi-open at 2} # () for all z € X. If 21 € UNV (z), then f(U) C
Intf(Vi(x1)). So f is V1 quasi-open at every point of a neighborhood of
x.

(3)=(4). Let A be quasi-open in Xi. Since QInt;A C A, QlntyA C
A. For a neighborhood U of @ € A, choose V; open in Uy, such that
Vi(xz) C U. Since A is quasi-open in X1, there exists x1 € Vi (z)N A such
that f is V; quasi-open at x;. This means that f(z1) € Intf(Vi(x)) C
Intf(U) = Intf(A). Since 1 € A = QIntA, it follows that x; € QlntA.

(4)=(5). Let A be a subset of X; with QIntA # (). Put A; = QIntA.
By (4), QIntyA; is dense in A;. Since A; is quasi-open, QIntf(A;) =
f(QIIlthl) # 0.

(5)=(1). Let A be a subset of X; with IntA # (). Put U = IntA.
Since U is nonempty open, U is quasi-open. By (5), @ # Qlntf(U) C

Intf(A).
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(1)=(6). Let Intf~1(B) # 0 and let A = f~(B). Since f is continu-

ous, A is closed in X and f~(B) C A. Since Intf~1(B) # ), IntA # (.
By (1), § # Intf(A) C IntB.

(6)=(7). Let D be open and dense in X and put B = X3 — D.
Then B is nowhere dense in Xo. By (6), f~1(B) is nowhere dense in
X1. This means that () = Intf~1(B) = Intf~1(B) = Intf ! (Xy — D) =
Int(X; — f~4(D)).

(7)=(1). Let A be a subset of X with IntA # () and let Int f(A) = 0.
Put D = X5 — f(A) and D is open and dense. By (7), f~! is open
and dense. Since A C f71(f(A)) C f~Y(f(A)) and f~Y(D) = X1 —
7Y (f(A), fY(D)N A = . This is a contradiction. Thus Intf(A) #
0. O

THEOREM 3.18. Let f : X1 — X9 and g : Xo — X3 be continuous
maps. If both f and g are almost quasi-open, then go f is almost quasi-
open. If g o f is almost quasi-open and f is surjective, then g is almost
quasi-open.

Proof. Let f and g be almost quasi-open and let QInt A be a nonempty
subset of X;. By Theorem 3.17, QInt f(A) and QIntg(f(A)) are nonempty
subsets of Xy and X3, respectively. Let go f be almost quasi-open, f be
surjective and let Us = Int A5 be a nonempty set, where As C X5. Since
f is continuous and surjective, f~!(Us) = Intf~1(Us) is nonempty. By
Theorem 3.17, 0 # Int(g o f)(f~1(Uz2)) = Intg(Us) C Intg(A2). O

REMARK 3.19. If for every dense G4 set B in Xo f~1(B) is dense in
X1, then f satisfies (7) of Theorem 3.17, so f is almost quasi-open. The
converse is true as well if X is Baire.

DEFINITION 3.20. Let f : X1 — X5 be a continuous map. For z € X,
and Vi € Ux,, we call f is a Vi embedding at x if there exists Vo € Ux,
such that

(fVe)(x) = f1(Va(f(x))) C Vi(x).

This just says that the preimage of some neighborhood of f(z) is
contained in Vi(x). Clearly f is a V4 embedding at x if and only if the
associated surjective map f: X1 — f(X;) is a V4 embedding at z. If f
is surjective and is a V; embedding at x, then f is V; open at x because
Vo(f(x)) € f(Vi(z)). If f is a V4 embedding at = for all Vi € Ux,, then
we call f is an embedding at x.

THEOREM 3.21. Let f: X1 — Xo be a continuous map. For x € X,
the following conditions are equivalent.



Almost open and almost homeomorphisms 413

(1) f is an embedding at x.
(2) f~tu[f(x)] = ulz], where u[f(z)] is an uniform neighborhood of
f().
(3) For every Vi € Ux,, there exists Uy a neighborhood of f(x) such
that f~1(Us) x f~1(U2) C V1.
If f is an embedding at x, then f~'(f(z)) = E¢(z) is {z}. Conversely
if f is a closed map and Ey(x) = {z}, then f is an embedding at x.

Proof. If V.= V=1 and V? C Vi, then f~1(U) C V(x) implies
FHU) x f7YU) € V1. So (1)=(3). (3) obviously implies (1) which
is equivalent to (2), i.e.,{(f*Va) () = f~1(Va(f(x))) : Vo € Ux,} is
a base for the neighborhood of x. Clearly if f is a Vi embedding at
x, then E¢(z) C Vi(z). If f is an embedding at z, E¢(z) = {z}. If
V1 is open and f is closed, then f(X; — Vi(x)) is closed in X5 and
(X1 =Vi(z))N f(z) =0 if Ef(x) = {z}. In that case the complement
U satisfies f~1(U) C Vi(z). The last assertion is already true at the V3
level as previously discussed. O

Notice that f is an embedding at z, for all x € X; if and only if f is
an embedding, i.e., if and only if the surjective map f: X7 — f(X;) is
a homeomorphism.

DEFINITION 3.22. A continuous map f : X1 — X5 is called an almost
embedding if Uy is open and nonempty in X7, then there exists Us open
in X5 such that f~!(Us) is a nonempty subset of Uy.

THEOREM 3.23. Let f : X1 — Xo be a continuous map. The follow-
ing conditions are equivalent.

(1) f is an almost embedding.

(2) For every Vi € Ux,, {z € Xy : f~Y(U) x f~Y(U) C Vi for some
neighborhood U of f(x)} is open and dense in Xj.

(3) For every Vi € Ux,, {x € X1 : f is a Vi embedding at x} is dense
in Xl.

(4) For D C Xy, f(D) dense in f(X1) implies D dense in X;.

(5) For all U open in X; the open set:

Uf = X, — (G - 0)) = (X — f(X, — 1))

is dense in U.

Proof. (1)=(2). If Uy is open and nonempty, then we shrink to get
Uy x Uy C Vi. By (1), there exist x € Uy and Uy a neighborhood of f(z)
such that f~1(Uy) C Uj.

(2)=(3). This is obvious.
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(3)=(4). Assume f(D) is dense in f(X;). Given xp € X; and W €
Ux, , we show that W (zo)ND # (). Choose V; € Ux, symmetric such that
V2 C W. By (3), there exists #1 € V(z¢) and f is a V; embedding at 1.
This means that f~1(Va(f(x1))) = (f*Va)(z1) C Vi(z1) for some V5 €
Ux,. Since f(D) is dense in f(X7), we can find y; € f(D) N Va(f(x1)).
Thus there exists x2 € D such that f(x2) = y1 and f(z2) € Va(f(x1)).
Therefore z € f-1(Va(f(x1))) = (f*Va)(1) C Vi(1) C Vi(Vi(xo)) =
VEZ(zo) € W(xo). It means that x5 € D N W (xg). Thus D is dense in
Xi.

(4)=(5). Let D =U'N(X1-U) = f~H{Int(Xa— f(X1—U)))U(X1 —
U). f(D) = [f(X1)NInt(X2— f(X1—U))]U f(X1 —U) which is dense in
f(X1). By (4), Disdensein X, so DNU = (U/U(X,-U))NU = U/'NU
is dense in U.

(5)=(1). Let U; be open and nonempty in X;. Put Uy = Int(Xy —
f(X1—=U1)). By (5), f~1(Us) is dense in Uy. Thus f~1(Us) is nonempty.

O

DEFINITION 3.24. A continuous map f is called an almost homeo-
morphism if it is a surjective almost embedding.

ExAMPLE 3.25. Let X = {a,b,c} and 7 = {0,{a,b,c}}. Let Y =
{1,2} and 0 = {0,{1,2}}. Define a map f : (X,7) — (Y,0) as follows:
fla) =1, f(b) =1 and f(c) = 2. Then f is an almost homeomorphism.
However, f is not a homeomorphism.

THEOREM 3.26. If f is an almost homeomorphism, then for any V
closed in Ux,
{z: fisV) open at z} = {z : f is a V] embedding at x},
{z: fisopen at z} = {z : f is an embedding at x}.

Proof. In general, for a surjective continuous map f and V; € Ux,, if f
is V1 embedding at z, then there exists V5 € Ux, such that (f*Va2)(z) =
F*Va(f(x))) € Vi(z). It means that f(x) € Va(f(x)) C f(Vi(z)).
Thus f is V4 open at z.

If f is an almost embedding, A is closed in X1, and U is open in Xo,
then the following property holds ;

if U C f(A), then f~Y(U) C A.

If not, then U; = f~1(U) — A is a nonempty open subset of X;. Since
f is almost embedding, there exists nonempty open Uy in X9 such that
fﬁl(UQ) c U;. But Uy = f(ffl(Ug)) C f(Ul) cUC f(A) This is a
contradiction.

If V1 is closed and f is Vi open at x, then there exists open U of Xo
such that f(z) € U C f(Vi(x)). Hence there exists V2 open in Ux, such
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that Va(f(z)) C U C f(Vi(x)). By the above property, f~1(Va(f(z))) C
Vi(z). Hence f is V; embedding at .
{z: f is open at x} = {x : f is an embedding at z} is clear. O

THEOREM 3.27. Let f : X1 — Xs and g : X9 — X3 be continuous
maps. Then

(1) Assume f is surjective. go f is an almost homeomorphism if and
only if both f and g are almost homeomorphisms.

(2) Assume g is an almost homeomorphism. If g o f is almost open,
then f is almost quasi-open.

(3) Assume g is an almost homeomorphism. If g o f is almost quasi-
open and g is closed, then f is almost quasi-open.

Proof. (1) Let U; be a nonempty subset of X;. Since go f is an
almost homeomorphism, there exists nonempty open Us C X3 such that
(g o f)~Y(U3) is a nonempty subset of Uy, i.e., f~1(g7(Us)) C Uy. Put
Uy = g (U3). Since g is continuous, Us is a nonempty open subset
of Xo. It follows that f~'(Us) C U;. Hence f is an almost home-
omorphism. Let U; be a nonempty open subset of X5. Since f is
surjective continuous, f~!(Us) is nonempty open in X;. By the def-
inition of the almost homeomorphism of g o f, there exists nonempty
open Us C X3 such that (go f)"1(Us) C f~1(Uz). It follows that
g (Us) = (/Mg (Us)))  F(f(U)) = Us. Hence g is an almost
homeomorphism.

Conversely, let f and g be almost homeomorphisms and let U; be a
nonempty subset of X;. By the definition of the almost homeomorphism
of f and g, we can find nonempty open Us C X5 and Us C X3 such that
f~Y(U3) c Uy and ¢g~'(Us) C U,. This means that (g o f)~}(Us) =
fHg™ N (Us)) € f7H(Uz) C Un.

(2) Let A be a subset of X; with IntA # (0. Since g o f is al-
most open, Int(g o f)(IntA) # (. Since g is surjective and contin-
uous, g~ !(Intg(f(IntA))) is nonempty open in Xs. Since g is an al-
most homeomorhpism, there exists nonempty open Us in X3 such that
97" (Us) C g~ (Intg(f(IntA))).

(3) Let A be a subset of X; with IntA # (). Put U; = IntA. Since
g o f is almost quasi-open, Int(go f)(U1) # 0. Since g is continuous

and closed, Intg(f(U1)) = Intg(f(U1)). Put Us = Intg(f(U1)). Then
Us is nonempty open and satisfies Us C g(f(Uy1)) and g1 (Us) C f(Uy).
This means that () # g='(Us) C Intf(U;) C Intf(A). Thus, f is amlost

quasi-open. ]
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