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DISCRETE EVOLUTION EQUATIONS ON NETWORKS AND
A UNIQUE IDENTIFIABILITY OF THEIR WEIGHTS

SOON-YEONG CHUNG

ABSTRACT. In this paper, we first discuss a representation of solutions
to the initial value problem and the initial-boundary value problem for
discrete evolution equations

l
Z cndfu(z, t) — p(z)Avu(z, t) = H(z,t),
n=0

defined on networks, i.e. on weighted graphs. Secondly, we show that the
weight of each link of networks can be uniquely identified by using their
Dirichlet data and Neumann data on the boundary, under a monotonicity
condition on their weights.

1. Introduction

Over recent years, studying the structure of networks has attracted great
attention from many researchers in various fields. Among these studies, solving
forward and inverse problems for equations by means of an elliptic operator,
called an w-Laplacian A, on networks, which can be interpreted as a diffusion
equation on graphs modeled by electric networks, have been investigated by a
lot of authors, because of their applications to many practical examples such as
identification of conductivity or finding perturbation of electric networks. See,
for example, [4], [5], [8], [9], [10], [12] and [13].

Recently, the author and C. A. Berenstein published a paper [6], which of-
fered another approach, so called the partial differential equations on networks,
on studying inverse problems for the w-Laplace operator A, on networks. In
their paper, they defined discrete analogues of some notions on vector calculus
such as integration, directional derivative, gradient and so on, and showed that
some fundamental properties on vector calculus, for example Green’s theorem,
are nicely behaved on networks. By using these properties, they proved the
solvability of direct problems such as Dirichlet and Neumann boundary value
problems for the w-harmonic equations on networks and then, based on the
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results, proved the global uniqueness of the inverse problem for the equation
under the monotonicity condition.

On the other hand, in the paper [7], by using the operators % —A, and % -
A, the author, Y.-S. Chung and J.-H. Kim introduced w-diffusion equations
and w-elastic equations, which are mathematical models of flowing heat (or
energy etc.) through a network and vibration of molecules, respectively, and
discussed their direct problems, such as Cauchy problems and Dirichlet bound-
ary value problems.

In this paper, motivated by [6] and [7] we discuss direct and inverse problems
for equations on networks of the type

l
> endfulm,t) — p(a)Ayu(z,t) = H(z,t), (,t) €V x[0,T)
n=0

where V is the set of vertices of the given network, p : V — R and H :
V x [0,T) — R are given functions, cp,c1,...,c, € R are given constants and
u(zx,t) is the unknown, which are generalizations of the w-diffusion equations
and w-elastic equations on networks. The main concern of this paper is to
solve the Cauchy problems and the Dirichlet boundary problems for the above
equations and, based on these results, to study an inverse conductivity problem
of identifying conductivities on edges of a given network under the monotonicity
condition. This paper is organized as follows. In Chapter 2, we study vector
calculus on networks, by recalling the paper [6]. In Chapter 3, we introduce the
evolution equations on networks, which are generalizations of the w-diffusion
equations and the w-elastic equations on networks discussed in the paper [7].
The existence and the uniqueness of the solution of the Cauchy problems and
the Dirichlet boundary value problems for the equations are discussed. Finally
in Section 4, based on the results of these direct problems discussed in Section 3,
the main result of this paper - a global uniqueness of the conductivity on edges
under monotonicity condition - is proved by applying Laplace transform and
a discrete version of Dirichlet principle for a certain type of nonlinear Poisson
equations on networks, called the Schrédinger equations on networks.

2. Preliminaries

By a graph G = G(V, E) we mean a finite set V of vertices with a set F
of two-element subsets of V' (whose elements are called edges). A graph G is
said to be simple if it has neither multiple edges nor loops, and G is said to be
connected if for every pair of vertices x and y there exist a sequence of vertices
T=Tog~ Ty ~Tygr~ -~ Ty 1~ T, =Yy where r ~ y means that two vertices
x and y are connected (adjacent) by an edge in E. A weighted (undirected)
graph is a graph G(V, E) associated with a weight function w : V xV — [0, 00)
satisfying

(i) w(m,y) = w(yax)a T,y €V,
(ii) w(x,y) =0 if and only if {z,y} ¢ E.
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In particular, a weight w satisfying w(z,y) = 1, = ~ y, is called the standard
weight on G. From now on, the term network denotes a finite, connected, simple
and weighted graph. A network S = S(V', E’) is said to be a subnetwork of
GWV,E)ift V' CV and E' C E. If E' consists of all the edges from E which
connect the vertices of V' in its host network G, then S is called an induced
subnetwork. Throughout this paper, all the subnetworks in our concern are
assumed to be induced subnetworks. For a subnetwork S of a network G =
G(V, E), the (vertex) boundary 0S of S is the set of all vertices z € V not in S
but adjacent to some vertices in S, i.e., S := {z € V' |z ~ y for some y € S}.
Also, by S we denote a network whose vertices and edges are in S and vertices
in 0S.

The integration of a function f : V — R on a network G = G(V, E) is

defined by
/G f(x) dx (or /Gf) :zzezvf(x).

For the directional derivative of a function f : V — R to the direction y, we

Doy f(2) = [f(y) = f(@)]Vw(z,y), zyeV

and the gradient V,, of a function f is defined to be a vector
wa(l'> = (Dw,yf(x))yev'
The (outward) normal derivative ;—f(z) at z € 05 is defined to be

S @)= T - Tt

yeS
The w-Laplacian A, of a function f : G — R on a network G is defined by
Auf(@) == Duy(Duyf(@) = [f(y) = f@)w(z,y), =€V
yev yev

Remark 2.1. From now on, it is assumed that for each z; and 25 in 085,
w(z1,22) = 0, which means that every pair of vertices in the boundary does
not connected by an edge.

The next theorem can be proved easily by following the proof of Theorem
1.2 and Corollary 1.3 in the paper [6] by S.-Y. Chung and C. A. Berenstein.

Theorem 2.2. Let S be a subnetwork of a host network G. Then for any pair
of functions f: S - R and h : S — R, we have

(i)
2/_h(*Awf) - / vwh waa

S El

/ghAwf:/ngwh.
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3. Evolution equations on networks and its direct problems

Let a network G = G(V, E) and a weight w be given. Consider a function
u:V x[0,T) = R, where u(z,t) represents the temperature at each vertex
x €V at time t € [0,T), where T is a positive real number or infinity. Assume
that heat flows from a vertex x to its adjacent vertex y through edges. Then
the velocity of flowing heat from x to y is proportional to (i) the difference of
the temperature of two vertices  and y and (ii) the heat conductivity w(z,y)
of the edge between = and y. Thus it is easy to see that the function w satisfy
the equation

Opu(z,t) = Z [u(y,t) — u(z, )] w(z,y), (x,t) eV x[0,T),
yev

or equivalently,
(3.1) Opu(x,t) — Apu(z,t) =0, (z,t) € V x[0,T).

In this paper, as a generalization of the equation (3.1), we deal with the
following type of evolution equations
1
> endfula,t) — pla)Apu(z,t) = H(z,t), (,t) €V x[0,T),
n=0
where g, ¢1, ..., ¢ be given real constants and p(x) and H(x,t) be given func-
tions.

In what follows, T always denotes a given positive number or infinity. For a
network G(V, E) and an interval I C R, we say that a function f:V x I - R
belongs to C™(V x I) if for each x € V, the function f(z,-) is a C"-function on
1.

We now discuss the existence and the uniqueness of the Cauchy problems
for the evolution equations. For a function f: V — R, with |V| = N, we may
consider it as an N-dimensional vector. By the same sense, the w-Laplacian
operator A, also can be considered as a matrix defined by

Au(z,y) = {

For a given positive valued function p : V' — (0, 00), let D, denotes the diagonal
matrix with (z,z)-th entry having the value p(z) for each z € V and define

Lpw = (D},/Z)Aw (Dé/2). Then it is easy to see that,

Lyuf@) =Vp(x) ) [\/p(y)f(y) - \/p(w)f(w)}w(w,y), zeV.

yeVv

—dyzr, ifx=y
w(z,y), otherwise.

Moreover, —L, ., is a nonnegative definite symmetric matrix, so that it has the
eigenvalues 0 < \g < A\ < A9 <--- < Ay_1, and corresponding eigenfunctions
Dy, Py, Po, ..., Py_1, which are orthonormal in the sense that for each pair
of distinct ¢ and j, [, ®i(x)®;(z)dx = 0, while, for all j, [, |®;(z)]*dz = 1.
Moreover, it is easy to show that \g = 0 and \; > 0.
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Theorem 3.1. Let G(V,E) be a network with a weight w, p be a positive
valued function defined in V and constants cg,c1,...,¢; € R be given, where
at least one of ¢; among j = 1,2,...,1 is not zero. For given functions H €
C(V x [0, T)) and fr, -V => R, n=0,1,...,1—1, the following Cauchy problem
for the evolution equation

(3.2) { (Z;:o n0f — p(x)Ay)u(x,t) = H(z,t), (2,t) €V x(0,T),
' Oru(x,0) = fo(x), n=0,1,...,1—1, xeV

has a unique solution in Cl_l(V X [O,T)) represented by using the eigenvalues
Ao <A1 < - Ayj—1 of £, and their corresponding orthonormal eigenfunc-
tions @, @1,..., Py -1 as

Vi-1

(3.3) u(z,t) = v/p(x) Z a;()®;(x), (z,t) eV x[0,T)

where a;(t) is the solution in C'=1[0,T) of the following initial value problem

(3.4) ch (M () + Aja (t) (y)dy, telo,T),

/Fy’
0=, Zo

(y)dy, n=0,1,...,1—1,

for each 5 =0,1,...,|V|—1.

Proof. Let N denote |V|. Suppose that the equation (3.2) has a solution u(x,t)
€ C'71(V x [0,T)). Consider the following expansion

#u(z,t) = Z_ a;(t)®;(x), (z,t) eV x(0,T),
p(x) i

where a;(t) = [, D, S12y, y,t) ®;(y)dy, 7 =0,1,..., N—1. Since Ewa_l/Q
D;/2 A, we have for te (O,T),

_)‘jaj(t) = /GD;l/Qu(yat) ‘Cp,wq)j(y)dy

= /GD,ﬁ/QAMU(y,t) ®;(y)dy

l

= Yean- [

n=1

H(y,t) ®;(y)dy.
p(y)

Therefore if (x,t) € V x (0,T), then u(x,t) satisfies

N—

(3.5) u(z,t) = v/p(x) a;(t)®;(x), (z,t) eV x(0,T)

J=0

—
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where a;(t) is a solution of the equation

l

(n)( )+ Aja, / d
> en i T H(y,t)®;(y)dy, te(0,7),
n=0

foreach j = 0,1,..., N—1. We now extend the domain of u(z,t) in (3.5) to V X
[0, T) continuously. Take any n =0, 1,...,] — 1. Since u(z,-) € C'~1[0,T), =

V, we have

N—

fulz) = au,rO—hm\/ Za(n) D,(x)

j=

and hence for each j =0,1,..., N — 1, we obtain

/\/_ )dyfhmak Z/@k dy—hma " (¢).

Thus, we finally conclude that for each (z,t) € V x[0,T), u(x, t) satisfies (3.3),
where a;(t) is the (unique) solution in C'=1[0,T) of the initial value problem
(3.4), for each j =0,1,..., N —1. Now, it is easy to verify by substitution that
such u(x,t) is the solution of the equation (3.2). O

Let us now turn to the boundary value problems. For a subnetwork S of a
network G with a weight w and for a given function p : S — (0, 00), the Dirichlet
eigenvalues of —L, ., = —(D;/Q)Aw (D;/Z) are defined to be the eigenvalues
v vy < -+ < vy, of the matrix —£, ., ¢ where £, , 5 is a submatrix of £, ,
with rows and columns restricted to those indexed by vertices in S and n = |S|.
It is well known that there is an eigenfunctions ¢1, ¢o, .. ., ¢, corresponding to
v1,Vs, ...,y which are orthonormal in the sense that for each pair of distinct
iand j, [ ¢i(z) - ¢j(z)dz = 0, while, for all j, [q[¢;(x)>dz = 1. As usual, it
is easy to show that the first eigenvalue 14 > 0.

We are now ready to solve the Dirichlet boundary value problems of the
evolution equations on networks.

Theorem 3.2. Let S be a subnetwork of a network G with a weight w with 0S #
0, p be a positive valued function defined in S and constants co,c1,...,c; € R,
where at least one of c¢; among j = 1,2,...,1 is not zero, be given. For o €
C(0S x [0,T)), H € C(S x [0,T)) and f, : S = R, n = 0,1,...,1 — 1, the
following Dirichlet boundary value problem for the evolution equation

(Yo endf — pla)Au)ule,t) = H(z, 1), (z,1) €S x (0,T)
(3.6) u(z,t) = a(z,t), (2,t) € S x [0,T)
Ofu(z,0) = fn(z), n=0,1,...,01—1, xeS

has a unique solution in C'=1(S x [0,T)) represented by using the Dirichlet
ergenvalues v1 < vp < -+ < Vs of L, and their corresponding orthonormal
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eigenfunctions ¢1,...,Pys| as
S|

3.7) u(z,t) = /p(@) Y _a;(t)g;(x), (x,t) € S % [0,T),
j=0

where a;(t) is the solution in C'=1[0,T) of the following initial value problem
1
(n) 1
CnQ,; (t) +)‘a(t) = / T [B ,w,a(yat) +H(y’t)] ¢(y)dya
nz:;) 3 j s Vo) ° j

(3.8) al™(0) =

> n=0,1,...,01—1,

1
[, s
t €10,00), for j =0,1,...,]S|.
Here, B, o(y,t) == fas oz, t)w(y, z)p(y)dz.
Proof. Let aj : S — R be the function satisfying q% (x) = ¢j(x), x € S and
q;j () = 0, = € 3S. Suppose that the equation (3.6) has a solution wu(z,t) €
C'=1(S % [0,T)). Consider the following expansion

S|

ﬁu@,w =200, @ eSxOT)

where a;(t) = [ D;1/2u(y, t) ¢j(y)dy, for j = 0,1,2,...,]S]|. Since L, , D;1/2
= Dé/2Aw, we have for ¢t € (0,7,
—Aja;(t)

= /SD,?I/QU(y,t) Ly w59i(y)dy

= /7D;1/2u(y, t) Ep,ng (y)dy - D;1/2U(Z, t) Ep,wggj (Z)dz
S oS
_ 1/2 4 N 1 5
/SDp Auuly, t)g;(y)dy /S/BS o(z,t)w(y, 2)p(y)dz p(y)qﬁg (y)dy

l
= cnal™(t) — _1 }
=2 e /sm [Bpwo(:1) + H(y, t)] &;(y)dy.

Therefore if (x,t) € S x (0,T), then u(z,t) satisfies
|S|

(3.9) u(z,t) = /p(x) Zaj(t)aﬁj(w),

where a;(t) is a solution of the equation

l
P = [ 4
3 caa”0) + 00 /S o B ) + 1) 0100)dy
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foreach j = 0,1,...,|S]. By extending the domain of u(z, t) in (3.9) to Sx[0,T)
continuously just as we have done in the proof of Theorem 3.1, we conclude
that for each (z,t) € Sx[0,T), u(z,t) satisfies (3.7), where a;(t) is the (unique)

solution in C'~1[0, T') of the initial value problem (3.8), for each j = 0,1,...,|S]|.
Now, it is easy to verify by substitution that such u(z,t) is the solution of the
equation (3.6). O

Remark 3.3. In the previous theorems, the function p is assumed to be positive
valued. But the condition of p can be weaken as ‘p(x) # 0, for each z’, if we
extend the codomain of all functions in this section to the set of complex
numbers.

The following corollary is a special case of Theorem 3.2.

Corollary 3.4. Let H € C(S x [0,T)) and 0 € C(0S x [0,T)) be given the
same as above and f: S — R be a function. The following Dirichlet boundary
value problems for the discrete diffusion equation
Opu(x,t) — Ayu(z,t) = H(z,t), (x,t) €S x(0,T),
u(z,t) = o(z,t), (2,t) € 90S x [0,T)
u(z,0) = f(x), zesS

has a unique solution in C(S X [O,T)) represented by
t
u(l,‘,t) = / Ew,S(x7y7t) f(y)dy + // Ew,5($,y,t - T) [Bw,U(y7T) + H(va)} dy dr
s 0Js

for (z,t) € Sx[0,T). Here, E, s(z,y,t) := Z'Ji'l e Vitg;(x)p;(y), where vy <
- <y and ¢1,...,¢5 are Dirichlet eigenvalues and their corresponding

eigenfunctions of A, respectively, and B, o(y,t) = [,50(y, t)w(y, z)dy.

Proof. Solve the initial value problem of the ODE (3.8) in Theorem 3.2 with

p=1,1=1, co =0and ¢y =1 to get the result. (I
4. An inverse conductivity problem

By the direct problems we discussed in the last section, we have for a given
function o : 8S — R with o € C!1 (85’ x [0, oo)), the Dirichlet boundary value
problem for the equation

S _o cnOfu(x,t) — p(z)Apu(z, t) =0, (z,t) €S x(0,00),

n

(4.1) u(z,t) = o(z,t), (z,t) € 05 x [0, 00)
Ofu(x,0) =0, n=0,1,...,1—1, xeS
where cg, c1,...,¢ € R be given constants, has a unique solution in Cl_l(S X

[0,00)). Thus if we give a Dirichlet data o(z,t) on the boundary of a network,
then the Neumanil data %(z,t) = > yeslu(z,t) — u(y, t)]w(z,y) is uniquely
obtained in C'=1(.S x [0, 00)).

In this section, we discuss an inverse conductivity problem on networks with
nonempty boundary. The main concern is related to the problem of recovering
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the conductivity (or weight) w of the network by the Neumann data induced by
the Dirichlet data with one boundary measurement. Since, in many practical
examples, we can handle the weight of edges near to the boundary, so it is
natural to assume that ulss and w|ssxs are given, and % are known by
measurement.

But even though we are given all these data on the boundary, the uniqueness
of the conductivity w is still not guaranteed, that means, there can be different
conductivities on edges which induce the same boundary conditions. To avoid
this difficulty and guarantee the uniqueness of the conductivity, we need to
impose some more assumption than u|sg, % and w|psxs on the structure of
network, or on the conductivity. We impose the additional constraint so called
the monotonicity condition on conductivity on edges, following the paper [6]
and other literatures in the continuous case such as [1] and [11]. The main
result of this section shows that there is no different conductivities w; and
wy on edges satisfying wy < wa, in 05 x S which induce the same boundary
conditions.

In the paper [6], the problem of unique identifiability of conductivity for the
w-harmonic equations under monotonicity condition was proved by using the
Dirichlet principle for w-harmonic equations, which characterizes the solutions
of the Dirichlet boundary value problems for w-harmonic equations as the min-
imizer of an appropriate functional. But it is not easy to apply this method
directly to the problems for the evolution equations of the form (4.1), for it
is not an easy problem to find an appropriate functional whose minimizer is
the solution of the problem (4.1). To overcome this difficulty, we use Laplace
transform to transfer the system (4.1) to the system of the equations of the
following type,

g(z)u(z) — Ayu(z) =0, ze€V

which are said to be the Schrédinger equations on networks. We first discuss
the Dirichlet boundary value problem of the equations. For a subnetwork .S of
a network G with a weight w and for a given function ¢ : S — R, the Dirichlet
eigenvalues of Dy — A, are defined as the eigenvalues v < 1vp < -+ < Vs
of the matrix (Dy — A)s, which is a submatrix of D, — A,, with rows and
columns restricted to those indexed by vertices in S. Orthonormal functions

¢1,...,¢5) satisfying
(quAw)S(bj:de)jv j:172aa|S|

are said to be the corresponding orthonormal eigenfunctions of v1,...,v|g|,
respectively. Note that it is not, in general, true that the operator D, — A,
is positive definite, and therefore the first eigenvalue v; is not always greater
than 0.

We now discuss the existence and the uniqueness of the solutions of the
Dirichlet boundary value problems for the Schrédinger equations on networks.



1142 SOON-YEONG CHUNG

Theorem 4.1. Let S be a graph with 0S # O and q : S — R be given. For
0:05 = R and H : S — R, the Dirichlet boundary value problem for the
following Schrodinger equation

(2)u(z) — Apu(x) = H(z), x €S,
(42) { Z(Z) = a(2), z €08,

(1) has a unique solution, if 0 is not a Dirichlet eigenvalue of Dy — A,
(ii) has infinitely many solutions, if O is a Dirichlet eigenvalue of Dy — A,
and o satisfies that for each j € A,

/S [Bu,o(y) + H(y)] ¢;(y)dy =0,

(ili) has no solution, if 0 is a Dirichlet eigenvalue of Dg— A, and o satisfies
that there exists j € A such that

[ B+ 1) 050 # 0
where ¢1,...,¢ 5 are corresponding orthonormal eigenfunctions of Dirichlet
eigenvalues v1 < --- < yg of Dy — Ay, A:={i € N|v; =0} and B, +(y) =
Jos (2, t)w(y, z). Moreover, in the case of (i) we have the following explicit
solution

(4.3) W)=Y + /S 6,(@)6; () [Buw(y) + H(y)] dy,

x € S and in the case of (ii), the solutions are given by

@) o)=Y a4 Y o [ 60000) [Bual) + Hw) do
jeA jeAe IS

x € S where aj € R, j € A is chosen arbitrary and A° denotes the set

Proof. Let (Ej : S — R be the function satisfying qu (x) = ¢j(x), x € S and

(Ej (x) =0, x € 38, for j = 1,2,...,|S|. Suppose that there exists a solution

u(z) of the equation (4.2) and consider the expansion

15|

u(z) = Zajqﬁj(x), x €S,
where a; = [4u(y)¢;(y)dy. Then we have
vja, Z/_U(y)(Dq — AL)6;(y)dy —/ u(z)(Dg = Au)é;(2)dz
S as
(5 = /S (D, = A)uweswdy + [ | /6 Lo, 2)d=] 6 (u)dy

S
/S [Buo(y) + H(y)] ¢;(y)dy
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for j=1,2,...,]S|. From (4.5), the case (iii) is proved immediately and in the
cases of (i) and (ii), we have if v; # 0, then
1
aj=— [ [Buo(y)+H(y)] ¢;(y)dy
Vi Js

and if v; = 0, then a; can be chosen arbitrary. Now it is a simple calculation
to verify (4.3) and (4.4) are solutions of the equation (4.2) in the cases of (i)
and (ii), respectively. O

Note that the previous theorem guarantees the existence and the uniqueness
of the solution of every equation (4.2) with a nonnegative real-valued function
q (see [14]). Here, we characterize its solution as a minimizer of an appropriate
functional. This characterization can be called the discrete version of Dirichlet
principle for w-Schrodinger equations on networks.

For a given function ¢ : S — [0,00), we define a functional 1, , by

— 1 2, (@)
(4.6) I, 4[v] = /gz [Vov(z)|* + v (z) dx

for v: S — R. For a given o : S — R, we define an admissible set
Ay, ={v:S =R |v(z)=0(z), z€dS}.

Theorem 4.2. Let S be a subnetwork of a network G with a weight w with
S # 0 and functions q: S — [0,00) and o : 9S — R be given. Assume that u
is the solution of the following equation

()u(z) — Ayu(z) =0, z€S8
(4.7) { Z(z) = o(2), 2 € 98S.

Then we have,

(4.8) Logu] = min L[]

Conversely, if u € A, satisfies (4.8), then u is the solution of the equation
(4.7).

Proof. (=) Take any v € A,. Since

we have
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< [ GVoul@) + 3Vt @) + Ja@ @] + Fa@lo@] d
g
by using the inequality |ab] < 1(a®+b%), a,b € R. Therefore we finally get the
result.

(<) Take any z9 € S and define a continuous function i(7) = I, 4[u +
7d:,], T € R, where d,, is a function on S defined by d,,(r) = 1 if x = zg and
dz0(x) = 0 otherwise. Then it follows from the fact that v + 70,, € A,, T € R
and the assumption (4.8) that i(7) has a minimum at 7 = 0, which implies

(4.9) i'(0) = 0.

Since we have

i(r) = /S 1Vou(w) + TVl () + £ [u(z) + 780 ()] d

1
=1 /7 |un(:c)|2 + 27Vu(x) - Vg, (x) + 7'2|VW5zo (x)|2 dx
S

45 [ @] + 2@ (@) + P @) do

it follows from (4.9) that

1
0= [ ngu(x) - Vlze + qu(x)dz, () da
5

- /géxocc) [ - Avu(@) + qu(=)] d
= — Ay u(o) + qlzo)u(xo).

Since o € S is chosen arbitrarily, we get the result. (I

Remark 4.3. On preparing this paper, authors found a paper [2] and a preprint
[3] by Bendito, Carmona, Encinas and Gesto which also deal with the Schrod-
inger equations on networks and generalize Theorem 4.2 to allow more general
conditions on the function ¢ than the condition given in Theorem 4.2.

Now we are in a position to state and to prove the main result of this paper.
In the following theorem, the positive valued function p on S and constants
Co,C1,-..,c1, Where at least one of ¢; among j = 1,2,...,[ is not zero, are
assumed to be given.

Theorem 4.4. Let S be a subnetwork of a network G with 8S # 0 and wy and
wy be weights on the same network S with wy(x,y) < wa(z,y), (z,y) € S x S.
Suppose constants cg,c1,...,cn satisfy Z;ZO ent™ >0, ¢t € (0,00). Let uj :
S =R, j=1,2 be functions in Cl_l(g x [0, oo)) satisfying
(Stimp ndf = pla)Au, Juj(w,t) =0, (2,) € S x (0,00),
(4.10) uj(z,t) = o(z,1), (z,t) € 9S x [0,00)
0fuj(z,0)=0, n=0,1,...,1, x €S,
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for 7 =1,2. If we assume that

(i) wi1(z,y) = wa(z,y), (z,y) €IS xS,
(i) 2w = 2u2 ¢ l=1(98 x [0, 0)),

Ouwym — Ouym

(iii) for each z € 8S, there exists v > 0 such that o(z,t) = O(e7?),

then we have

(i) u1 = ug on S x [0, 00),
(i) wi(z,y) = walz,y) if u(z,t) # uly,t) for somet >0, where u :=uy =
ug.

Proof. Let 1 : 95 x [0,00) — R be the function defined by ¥(z,t) := aauln (z,1)
wy
= 9w (1) (2,t) € dS x [0,00). By (3.7) and (3.8) in Theorem 3.2 and

Owom
the C(z)ndition of o in the assumption (iii), it is easy to see that there exist
L > 0 such that u(z,t) = O(e™), 2 € 5. Now take Laplace transform f(s) :=
fooo f(t)e~s'dt with respect to the variable ¢ of the equation (4.10) to get the
following equation

(4.11) { P~ (@) P(s)is

z,8) — Ay uj(z,s) =0, (x,s5) €S x(L,00),
s),(z,8) € 9S8 x (L, 0)

j
Uj(z,8) = (2

for j = 1,2 with

2 (2,8) = (2, 5), (2,5) € 0S x (L, 0),

w1 wa T

where P(s) = Z;:o cns™. For each (fixed) s > L, (4.11) is a Dirichlet boundary
value problem for a Schrédinger equation with ¢(z) = p~!(x)P(s). Note that,
from Remark 2.1 and the coincidence of the Neumann data, we have

(4.12) Ay 11 (2, 8) = —1(z,8) = A,ia(z,8), (2,8) € S x (0,00).

By virtue of the condition w; < ws, we have for each v : S >R,

413)  [Vou@)? = 3 [o(@) — o)) wilz,y)

yesS

Z [v(x) — U(y)} 2w2(x,y) = |Vu,v(x)|?

yesS

IN

for € S. In what follows, since there is no worry of confusion, the notation
I,.,-1p(s) is denoted by I, , for simplicity. It follows from (4.12), (4.13) and
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FIGURE 1

Theorem 2.2 that for each s > L, we have

(4.14)
Lovslia ()] = %/§UA1($’ $)[ = Awytin(z, s) + p () P(s)U (2, )] dz
L [ i -1
=3 /35 Uz (x,8)[ — Duytiz(z, s) + p~ (@) P(s)Uz(, 5)| da
- %/§UA2($’ s)[ = Auytiz(w,8) + p~' () P(s)Ua(z, 5)] d

= [3Vanta(o ) + 357 0P i) do
S

2
> Loy s[tda (- 8)]-
Since (-, 8) € As(..5), 8> L, by virtue of Theorem 4.2, we have
iy =iy in S x (L, 00).
Let @ := 10y = 1ip on S x (L, 00). Since a calculation in (4.14) shows
Loy sl s)] = Ly sl s)], s> L,
we have, from an easy calculation, the following
% Z Z [ﬂ(z, s) — a(y, s)]2 [wg(:c,y) — w1 (z, y)} =0, s>1L,
zeSyes
which implies, w1 (z,y) = wa(x,y) whenever u(z, s) # u(y, s), for some s > L.

This completes the proof. (I

In the previous theorem, the unique identifiability of the weight w is guar-
anteed only if for each  ~ y € S, there exist at least one ¢ > 0 such that
u(z,t) # u(y,t). We give an example which illustrates that this condition
should not be omitted.

Consider a network (S, E), S = {21, 2,73, 24} with S = {z1, 22} which
are connected by edges as in the Figure 1. Suppose that w; is the standard
weight and wy is the weight given by w; = ws except for wa(z2,z3) = 2 (See
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Figure 1). A calculation shows that the eigenvalues and the eigenfunctions of
the operators A, j = 1,2 are given by

1 1
%1 25(5— \/17), V2:3, 1/3:47 Vy = 5(5—}-\/17),
b = 1 e 1
Y A
— 1 1 _ 1 1
¢2 _E70507ﬁ)5 ¢3_(07_E7E50 )

and

respectively. Then it follows from the result in Corollary 3.4 with a little
calculation that for any Dirichlet data o(z,t) € C(S x [0,00)) of the following
evolution equations

atuj(xvt) 7iju]'(1',t) :05 ($,t) €5 x (0,00),

uj(2,t) = 0(2,1), (2,t) € 98 x [0,0)

uj(z,0) =0,z € S,

for j = 1,2, we have u;(x2,t) = u;j(zs,t), t > 0, for j = 1,2. Now, although

w1 < wsg, their Neumann data 9ur and -2¥2. are calculated to be the same as
’ Oy m Owom
1= 1.5
duy _ ot 130—r) | 3G VIDCE-D) A GHVID(E-T)
aw1n(217t) = fo 5€ + o + 2 o(z1,7)dr
4
1 1
t 1_3(t—7) e§(5f\/ﬁ)(t—7) e§(5+\/ﬁ)(t—7—)
M S i FTANEAy o(za, T)dT
6 4 4 4 4
S u
+o(z1,t) = o (21,1)
and
1= 15
Juq _ _(t{_1.3¢-7) e3 (B=VID)(t=7) o3 GHVID(t-1)
6w1n(z27t) = IN S€ + pranes + P o(z1,7)dT

5—VI7)(t—7) e%(5+\/ﬁ)(t77)

1
t (1 3(t—71) , e2(
- fo € ( ) + 17 | VA7 + 17 /17 U(Zg,T)dT
1 1 1
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