J. Korean Math. Soc. 53 (2016), No. 5, pp. 1037-1056
http://dx.doi.org/10.4134/JKMS j150367
pISSN: 0304-9914 / eISSN: 2234-3008

SOME RESULTS ON COMMON BEST PROXIMITY POINT
AND COMMON FIXED POINT THEOREM IN
PROBABILISTIC MENGER SPACE

HAMID SHAYANPOUR

ABSTRACT. In this paper, we define the concepts of commute proximally,
dominate proximally, weakly dominate proximally, proximal generalized
(-contraction and common best proximity point in probabilistic Menger
space. We prove some common best proximity point and common fixed
point theorems for dominate proximally and weakly dominate proximally
mappings in probabilistic Menger space under certain conditions. Finally
we show that proximal generalized ¢-contractions have best proximity
point in probabilistic Menger space. Our results generalize many known
results in metric space.

1. Introduction and preliminaries

An interesting and important generalization of the notion of metric space
was introduced by, K. Menger [18] in 1942 under the name of statistical metric
space, which is now called probabilistic metric space (abbreviated, PM-space).
The idea of K. Menger was to use distribution functions instead of nonnegative
real numbers as values of the metric. The notion of PM-space corresponds to
situations when we do not know exactly the distance between two points, but
we know probabilities of possible values of this distance. In fact the study of
such spaces received an impetus with the pioneering works of Schweizer and
Sklar [23, 24].

Schweizer and Sklar [23] developed the study of fixed point theory in proba-
bilistic metric space. Recently, the study of fixed point theorems in probabilistic
metric spaces is also a topic of recent interest and forms an active direction of
research. Sehgal et al. [25] made the first ever effort in this direction. Since then
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several authors have already studied fixed point and common fixed point the-
orems in PM-spaces, we refer to [16, 19, 20] and others have recently initiated
work along these lines.

In 1972, Sehgal and Bharucha-Reid [25] studied the Banach contraction
principle of metric space into the complete Menger space. In an interesting
paper [14], Hicks observed that fixed point theorems for certain contraction
mappings on a Menger space endowed with a triangular t-norm may be obtained
from corresponding results in metric spaces.

We first bring notation, definitions and known results, which are related to
our work. For more details, we refer the reader to [7, 12, 13].

Definition 1.1. A distribution function is a function F' : (—oo,00) — [0, 1],
that is nondecreasing and left continuous on R, moreover, inf;cg F(t) = 0 and
sup, g F(t) = 1.

The set of all the distribution functions is denoted by A, and the set of
those distribution functions such that F(0) = 0 is denoted by A™. The space
AT is partially ordered by the usual pointwise ordering of functions, and has
a maximal element €, defined by

0 =<0,
co(@) = 1 z>0.

Definition 1.2. A probabilistic metric space (abbreviated, PM-space) is an
ordered pair (X, F'), where X is a nonempty set and F': X x X — AT (F(p,q)
is denoted by F}, ;) satisfies the following conditions:

(PM1) F,, = eo, if and only if p = ¢,

(PM2)  Fpq(t) = Fop(2),

(PM3) IfF,,(t)=1and F,,(s) =1, then F,,(t +s) =1,

for every p,q,r € X and t,s > 0.

Lemma 1.3. Let (X, F) be a PM-space. If there exists ¢ € (0,1) such that
for allt >0, Fy ,(qt) > F, (t) > Fy ,(t) where z,y,z,w € X, then v =y and
z2=w.

Proof. As Fy ,(qt) > Fy (), we have
Fuy(t) > Fryq™'t) > Foy(q72t) 2 - 2 Foy(q7") > -

Taking the limit as n — oo, we get Fy ,(t) = 1 for all ¢ > 0, or in other words,
Fy.y = €9 = F. 4, so by the condition (PM1), z =y and z = w. O

Definition 1.4. A mapping * : [0,1] x [0,1] — [0, 1] is called a triangular norm
(abbreviated, t-norm) if the following conditions are satisfied:
(i) axb="bxa,
(ii) a*x (bxc) = (a*b) *c,
(iii) axb>cxd, whenever a>c and b > d,
(iv) ax1=a,
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for every a,b,c,d € [0,1]. Two typical examples of continuous t-norm are
a *)7 b=min{a,b} and a *xp b = ab.

An arbitrary t-norm can be extended (by (iii)) in a unique way to an n-
ary operation. For (ai,...,an) € [0,1]™ (n € N), the value *"(aq,...,a,) is
defined by *!(a1) = a1 and *™(ay,...,a,) = *""(ai,...,a,_1) * a,. For each
a € [0, 1], the sequence (x"(a)) is defined by *"(a) = *"(a,...,a).

Definition 1.5. A t-norm # is said to be of Hadzi¢ type (abbreviated, H-type)
if the sequence of functions (x"(a)) is equicontinuous at a = 1, that is

Vee(0,1), 30€(0,1): a>1-6=%"(a)>1—¢ (neN).

The t-norm x*,; is a trivial example of a t-norm of H-type, but there are
t-norms * of H-type with % # =7, see [13]. It is easy to see that if x is of
H-type, then = satisfies sup,e(gya*a = 1.

Definition 1.6. A probabilistic Menger space is a triplet (X, F,x*), where
(X, F) is PM-space and * is a t-norm such that for all p,¢,r € X and for all
t,s >0,

Fpr(t+s) > F,4(t) « Fy ().

Definition 1.7. Let (X, F, *) be a probabilistic Menger space. An open ball
with center z and radius A (0 < A < 1) in X is the set Uy(e,\) = {y € X :
Fpy(e) > 1— A}, for all € > 0. It is easy to see that 8 = {U,(e,\) : = €
X, € >0, A€(0,1)} determines a Hausdorff topology for X [23].

Lemma 1.8 ([27]). In a probabilistic Menger space (X, F, %), a*a > a, for all
a € [0,1], if and only if * = *p;.

Definition 1.9. Let (X, F) be a PM-space. For each A € (0,1), define the
function

dy: X x X = R,
by

da(z,y) =sup{t e R : F,,(t) <1-A}
teR

Since F; , is nondecreasing, left continuous with

inf £, (1) = 0, Foy(t) =1,
inf Fy 4 (t) Sup Fry (1)

then dy(x,y) is finite.

Proposition 1.10 ([6]). Let (X, F, ;) be a probabilistic Menger space. Then
the function dy is a pseudometric for each A € (0,1). Furthermore dy(x,y) =0
for all X € (0,1) if and only if x = y.

Theorem 1.11 ([6]). Let (X, F,*p) be a probabilistic Menger space. Then
the topology on X generated by the family of pseudometrics associated with the
probabilistic metric F' is the same as the topology induced by F'.
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Theorem 1.12 ([6]). Suppose X is a Hausdor(f space with a topology generated
by a family of pseudometrics dy : X € (0,1) such that for xz,y € X, da(x,y) is
a nonincreasing left continuous function of A such that dy(xz,y) = 0 for all
A € (0,1) if and only if x = y. Then there is a probabilistic metric F on X
such that dy is the family of pseudometrics associated with it.

Definition 1.13. A sequence (z,) in a probabilistic Menger space (X, F, )
is said to be convergent to a point x € X if and only if for every ¢ > 0
and A € (0,1), there exists ng(e,\) € N such that Fy, () > 1 — X for all
n > ng(e, A) or for every A € (0,1), dx(zp,x) — 0 or lim,, oo Fy, »(t) =1 for
all ¢ > 0, in this case we say that limit of the sequence () is x.

Definition 1.14. A sequence (z,) in a probabilistic Menger space (X, F, )
is said to be Cauchy sequence if and only if for every e > 0 and A € (0,1),
there exists ng(e,A\) € N such that F, . .. (¢) > 1— X forall n > ng(e, )
and every p € N or for every A € (0,1), dx(Zn4p,zn) — 0 for all p € N, or
limy, o0 Fi,p ey, (1) = 1, for all £ > 0 and p € N.

Also, a probabilistic Menger space (X, F,x) is said to be complete if and
only if every Cauchy sequence in X, is convergent.

The concept of Cauchy sequence is inspired from that of G-Cauchy sequence
(it belongs to Grabiec [11]).

Proposition 1.15. The limit of a convergent sequence in a probabilistic
Menger space (X, F,*) is unique.

Proof. Tt is obvious. O

Proposition 1.16. Let (X, F, ) be a probabilistic Menger space and (x,) be
a sequence in X . If sequence (xy,) converges to x € X, then F, ,(t) =1 for all
t>0.

Proof. Tt is obvious. O

Lemma 1.17 ([15]). Letn € N, g, : (0,00) — (0,00) and F,,, F : R — [0,1].
Assume that sup{F(t) : t > 0} = 1 and for any t > 0, lim, . gn(t) = 0 and
Fo(gn(t)) > F(t). If each F,, is nondecreasing, then lim,, o, F,,(t) = 1 for any
t>0.

Lemma 1.18. Let (X, F,*) be a probabilistic Menger space and ¢ : (0,00) —
>

(0,00) be a mapping such that lim, o ¢"(t) = 0. Ifz,y € X and Fy 4(p(t))
Fpy(t) for allt > 0. Then z =y.

Proof. By using the above lemma, the result follows. O

Definition 1.19. Let (X, F, %) be a probabilistic Menger space, A C X and
T : A — A be a mapping. The mapping T is said to be isometry if for all
z,y € X, we have

Frgmry(t) = F, 4(t), Vt>0.
It is easy to see that every isometry mappings are injective mappings.
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In nonlinear analysis, the theory of fixed points is an essential instrument
to solve the equation Tx = z for a self-mapping T defined on a subset of an
abstract space such as a metric space, a normed linear space or a topological
vector space. If T is a non-self-mapping from A to B, then the aforementioned
equation does not necessarily admit a solution. However, in such circumstances,
it may be speculated to determine an element x for which the error d(z, T'z) is
minimum, where d is the distance function, in which case x and T'x are in close
proximity to each other. In fact, best approximation theorems and best prox-
imity point theorems are applicable for solving such problems. In view of the
fact that d(z, Tx) is at least d(A, B), a best proximity point theorem guarantees
the global minimization of d(z,Tz) by the requirement that an approximate
solution z satisfies the condition d(x,Tx) = d(A, B). Such optimal approxi-
mate solutions are called best proximity points of the mapping 7. Further, it
is interesting to observe that best proximity theorems also emerge as a natural
generalization of fixed point theorems, for a best proximity point reduces to a
fixed point if the mapping under consideration is a self mapping. Investigation
of several variants of contractions for the existence of a best proximity point
can be found in [1, 2, 3, 4, 8, 10, 17, 21, 22]. Eldred et al. [9] have established a
best proximity point theorem for relatively non-expansive mappings. Further,
Anuradha and Veeramani have focussed on best proximity point theorems for
proximal pointwise contraction mappings [5].

Recently, Su and Zhang [26] presented some definitions and basic concepts
of best proximity point in a new class of probabilistic metric spaces and to
proved the best proximity point theorems for the contractive mappings and
weak contractive mappings.

In this paper, we establish some definitions and basic concepts of the com-
mon best proximity point in the framework of probabilistic metric spaces.

Definition 1.20. Let A and B be nonempty subsets of a PM-space (X, F).
Let

Fap(t)= sup Fpu(t), t>0,
r€A,yeB

which is said to be the probabilistic distance of A, B.

Definition 1.21. Let A and B be nonempty subsets of a PM-space (X, F).
We define the following sets:

Ay={r€eA: JyeBstVit>0, F,,(t) = Fa ()},
By={yeB: 3z AstVt>0, F,,(t)=Fan()}
Definition 1.22. Let A and B be nonempty subsets of a PM-space (X, F)

and T,S : A — B be non-self mappings. We say that an element z € A is a
common best proximity of the mappings if

Fyp 5:(t) = Fap(t) = Foa(t)
for all ¢t > 0.
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It is clear that the notion of a common fixed point coincided with the notion
of a common best proximity point when the underlying mapping is a self map-
ping. Also, it can be noticed that common best proximity point is an element
at which both function z — F, g,(t) and x — F, 7,(t) for all ¢ > 0, attain
global supremum.

Definition 1.23. Let A and B be nonempty subsets of a PM-space (X, F') and
T,S : A — B be non-self mappings. We say that T, S are commute proximally
if

Fu,Sx (t) = FA,B(t) = Fv,T:n (t)
for all t > 0, then Sv = Tu, where z,u,v € A.
Example 1.24. Let (X, F') be a PM-spaceand T, S : X — X be two mappings
such that T'S = ST. Clearly Fx x(t) =1 for all ¢ > 0 and so if
Fu,Sx(t):FX,X(t):Fv,TI(t) (SC,’LL,’UGX, tZO)a
then by the hypothesis, © = Sz and v = Tx. Therefore Sv = STx = TSz =

Tu, hence T', S are commute proximally.

Definition 1.25. Let A and B be nonempty subsets of a PM-space (X, F)
and T,S : A — B be non-self mappings. We say that the mapping T is to
dominate the mapping S proximally if
FuhSZl (t) = Fu2,512 (t) = FA,B(t) = F’U17TZ1 (t) = F’U27TI2 (t)
for all ¢ > 0, then there exists a o € (0,1) such that for all ¢ > 0,
Fuyuy(at) > Foy 0, (1),

where w1, us, v1, V2, 21, T2 € A.

Example 1.26. Let X = [0,2] and F, ,(t) = eo(t — |z —y]|) for all z,y € X, it
is easy to see that (X, F') is a PM-space. Define self mappings S and T on X

as ) )
Sx = 3% Tx = 5% (z € X).

It is easy to see that Fx x(¢) = 1. If
Fuy 50,(t) = Fuy,820 (1) = Fx,x (t) = 1= Fy, 14, (t) = Fuo, 10, (t) (£ 20),

where wuy,use,v1,v9, 21,22 € A. Then u; = Sz; and v; = Tx; (i = 1,2) and so
for @ = 1/4 we have Fy, 4, (at) = Fy, 4,(t), hence T dominates S proximally
for a = 1/4.

Definition 1.27. Let A and B be nonempty subsets of a PM-space (X, F)
and T,S : A — B be non-self mappings. We say that the mapping T is to
weakly dominate the mapping S proximally if

FuhSIl (t) = Fu21512 (t) = FA,B(t) = F'UlyTxl (t) = Fv27TI2 (t)
for all ¢ > 0, then there exists a a € (0, 1) such that for all t > 0,
Fui us (at) > min{Fm,vz (t), Fo (t), Foy us (t), Foy iy )},
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where w1, us, v1, V2, 21, T2 € A.

Obviously, if T dominates S proximally, then T" weakly dominates S proxi-
mally. The following example shows that the converse is not true, in general.

Example 1.28. Let X = [0,1] x [0,1] and d : X x X — [0,00) be given by

d((z1,22), (y1,y2)) = \/(1131 —y1)2 4+ (22 — y2)? and define F : (—o0,00) :—
[0’ 1] by

t
B t+ d((‘mla :EQ)a (ylanQ)) .
Clearly, (X, F) is a PM-space. Let A ={(0,z) : z € [0,1]}, B={(1,z) : z €
[0,1]} and S, T : A — B be defined as T'(0,x) = (1, ) for all x € [0,1] and

Flay ), (51,92) ()

L3); x<1,

S(0,5) = { ¢ g) v (V€ 0,1]).
(1, 5) 3 xr = 1,

It is easy to see that FA,B(t) = t% We show that T does not dominate S

proximally. To show the claim, suppose that there exists a € (0,1) such that

for all t > 0,

FU17U2 (at> > FVLVZ (t>a
where U1 = (0,’&1), UQ = (O,Ug), ‘/1 = (0,’01), ‘/2 = (0,’[)2), Xl = (0,1‘1) and
X2 = (0,22) be elements in A satisfying
(1) Fu, sx,(t) = Fu,,sx,(t) = Fa,s(t) = Fv, 1x, (t) = Fy, rx,(t)
forallt > 0. Let Uy = (0,3), U2 = (0,3), V1 = (0,2), Vo= (0,1), X1 = (0,2)
and Xo = (0,1) where 0 < 2 < 1. Then Uy, Us, Vi, V2, X7 and X, satisfy (1)
and then, we have

t t
FUquZ (at> = ; 1 > FVl,Vz(w (V T e [07 ]-))a

- t+(1—=x)

a contradiction. Then we show that 7" weakly dominates S proximally for
a = 1/4, to verify this, let z1, za, u1, us, v1,v2 € [0,1] and

F(0,u1),5(0,21) (t) = F(0,u2),5(0,22) (t) = Fa,5(t)
= F(0,01),7(0,21)(t) = F(0,00),7(0,22) (1)
Now we need to consider several possible cases.

Case 1. Let x1,22 € [0,1). Then u; = ug = % and

1 .
F(O,ul),(O,UQ)(Zt) = 12> min{F(o,1,),(0,02) (1) F(0,01),(0,u1) (£)
F(O,v1),(O,UQ)(t>a F(O,Uz),(O,ul)(t)}'
Case 2. Let 21 =1 = x9. Then u; = ug = % and
1 .
F(O,ul),(O,uz)(Zt) = 12> min{Fo,1,),(0,v2) (1), F(0,01),(0,u1) (t)
F0,01),(0,u2) ()5 F(0,05),(0,u) (1) }-
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Case 3. Let 21 € [0,1) and 2 = 1. Then u; = %, Uy =

t

) , v3 = 1 and
Flo.1).002) (1) = 77 = Flowa).0.u1) (1), 50

1 )
F(O,u1),(O,UQ)(Zt) > min{ Fg,v,),0,02) )5 F(0,01),(0,u1) (),

F0,01),(0,u2) ()5 F(0,02),(0,u) () }-

Case 4. Let 1 = 1 and 22 € [0,1). Then u; = %,
t

Flo.u).00u2) (31) = 77 = Flown). 0ua) (), 50

uQ:%,m:land

1 .
F(O,ul),(O,ug)(Zt) > min{ F(o,u,),0,02) (1), F(0,01),0,u1) (t),
F0,01),0,u2) () F(0,02),(0,u) (1) }-

Definition 1.29. Let (A, B) be a pair of nonempty subsets of a PM-space
(X,F)and T : A — B be a mapping. We say that the mapping 7 is to proximal
generalized p-contraction, if there exists a function ¢ : (0,00) — (0,00) such
that

Fu,Tm (t) = FA,B(t) = FU,Ty (t) - Fu,v((P(t)) > Fm,y(t)
for all u,v,z,y € A and t > 0.

Example 1.30. Let X = [0,2] and T be a self mapping on X as Tz = tx. If
F, ) = m, then it is easy to see that Fx x(t) = 1. If F,r,(t) =1 =
Fy1y(t), then for (t) = £t, we have Fy ,(p(t)) = Fuy(t), where u, v, 2,y € X.
Therefore T is a proximal generalized ¢-contraction.

In this article, we introduce a new class of non-self mappings, called weakly
dominate proximally in probabilistic Menger space. We provide sufficient con-
ditions for the existence and uniqueness of common best proximity points and
common fixed points for weakly dominate proximally non-self mappings in
probabilistic Menger space. Finally we show that proximal generalized ¢-
contractions have best proximity point in probabilistic Menger space. Our
results generalize many known results in metric space. Examples are given to
support our main results.

2. Main results

Now we state and prove our main theorem about existence and uniqueness
of a common best proximity for dominate proximally and weakly dominate
proximally non-self-mappings in probabilistic Menger space under certain con-
ditions.

Theorem 2.1. Let A and B be nonempty subsets of a complete probabilistic
Menger space (X, F,xp), Ao and By are nonempty and Ag is closed. If the
mappings T,S : A — B satisfy the following conditions:

(i) T weakly dominates S proximally,
(ii) S and T commute proximally,
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(iii) S and T are continuous,
(iV) S(Ao) C By and S(Ao) C T(Ao)
Then, there exists a unique element x € A such that
Fm,Sm (t) = FA,B(t) = Fz,Tz(t)
for allt > 0.

Proof. First, suppose that there exists an element u € Ag such that Su = Tu.
By the hypothesis, there exists an element € Ay such that

(2) Fz,Su(t) - FA,B(t) - Fz,Tu(t); vt Z Oa

so, Sx = Tz. Once again, by the hypothesis, there exists an element v € Ay
such that

(3) F, s5:(t) = Fa p(t) = Fyra(t), Vt>0.
Since T weakly dominates S, then from (2) and (3), we get
Fyo(at) > min{Fy ,(t), Fy 2 (t), Fpu(t), Fou(t)} = Fpu(t), Vt>0,
which implies * = v, by Lemma 1.3. Therefore, it follows that
Fi52(t) = Fy 5:(t) = Fap(t) = For2(t) = Forae(t), Vt2>0.

So, z is a common best proximity point of the mappings S and 7. If 2’
is another common best proximity point of the mappings S and T, in other
words

Fx/,Sz’(t) = FA,B(t) = Fz’,Tz’(t)7 vt > 0;
then by using the same argument as above we can show that z = z’.

Second, we claim that there exists an element u € Ay such that Su = Tu.
To support the claim, let 2y be a fixed point element in Ag. By the hypothesis,
there exists an element 1 € Ap such that Sxg = Tx;. This process can be
carried on. Having chosen z,, € A, by the hypothesis, we can find an element
Znt+1 € Ap such that Sz, = Tx,y1. By the condition (iv), there exists an
element u,, € Ag such that Fy,, gz (t) = Fa p(t) for allt > 0 and n € N.

Further, it follows from the choice x, and u, that

Fun+1,51n+1 (t) = FA,B(t) = Fun,Tﬂﬂn+1 (t)’ Vi>0.
So, by the condition (i), we have
Fup s (at) > min{Fy, ; u, ), Fu, s u, (), Fu, 1 unia (t)s Py u, ()}
for all £ > 0. Thus, we have
(4) Fun7un+1 (at) > min{Funq,un (t), Funflaun+1 (t)}

for all ¢ > 0. In the following we show by induction that for each n € N and
for each t > 0, there exists 1 < m <n + 1 such that

(5) Fumun+1 (t) > Fuo,um (a_nt).
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If n =1, then by (4), we have
F'U«17'U«2 (at) Z min{Fuo,’ul (t)’ Fuofuz (t)}
= Fuo,um (t)

for some 1 < m < 2 and for all ¢ > 0. Thus (5) holds for n = 1. Assume
towards a contradiction that (5) is not true and take ng > 1, be the least
natural number such that (5) does not hold. So there exists tg > 0, such that
for all 1 <m < ng+ 1, we have

(6) Funo yUng+1 (to) < Fu()aunL (a_noto)'
If min{Funofl,uno (a™ o), Fng—1tng i1 (a't0)} = By -1ty (a™'to), then by
the hypothesis we have

F

UngUng+1

(t0) > Fupy1uny (@7 0) = Fug u,, (@7 t0)
for some 1 < m < ng, a contradiction. Thus
min{ Fy,, 1 un, (@), By 1,tng 41 (@t} = Py 1,tng 41 (@™ tg),
and form (4), we have
(7) Fung g1 (10) = Fupy 1 ung i1 (@ o).
By the condition (i), we get
Funy vingen (07 ) =min{Fy, o, (072), Fuy g (072t),
Py a1 (0 2t), Py ung 2 (771)}
for all t > 0. If
min{Fou, . yuny (@ %0), Funy _avumg 2 (@ o),
Pty ing i1 (@7 240), Fup g (@7 2t0)} = Py g (@ 2t0),
then from (7) and the above, we have
Py timg11(10) = Fung 1 ungin (@7 H0) > Fup g (@7 t0)
= Py 1suny (@7 %t0) > Fug o, (™0 D)
> Fug ., (7 "00)
for some 1 <m < ng < ng+ 1, a contradiction. Therefore

Funoflquno«#l (ailto) > min{FuTLUnyung (0472150), Fun[)nyunUfl (O‘72t0)ﬂ

Fupyasungsr (@ ?t0)},
from (7) and the above, we get
Pty ing 1 (80) ZFuny 11 (@7 o)
>min{ F, a”?ty), Py 2 ting -1 (a™2ty),
By s tngia (O‘_Qto)}

=F, (aiQto)

T Ung—2,Um

ng—2,Ung (

(8)
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for some 1 < m € {ng—1,n9,n0 + 1} < ng+ 1. Again by the condition (i), we
get

F.

Ung—2,Um

(a_Qt) Z min{FunOfoUfmfl (a_3t)’ Fun,[)fSaunUfZ (a_3t)’
F,

Upg—3,Um (Ofgt) F (aigt)}

T Ung—2,Um—1

for all t > 0. If m = ng — 1, then

min{Fy, sy (@t0), Fupysung o (@ o),
Py s tim (@™ 3tg), P2 tim_1 (@ 3t)}
= min{Fu, s 1 (010), Funy —siing -2 (@ 2t0), Fupy s unm (0 %t0)}.
If m = ng, m #ng — 1 and
min{ Fo, s (@ 210), Fupy s uny o (@ 2t0),
Fungfs,um (OfStO)a Fun0721um71 (0473150)}
= Fupy s (@7t0) = Fuyy sy (@ 2t0),
then from (8) and the above, we have

F

-3
Ung,Ung+1 « tO)

(t0) 2 Fuupg—2yum (O7240) = Fupg a0y 1 (
> Fuo,um/ (a_(no_Q)(a_%O))
> Fugu,, (@ "tg)

for some 1 < m/ < ng + 1, a contradiction. Therefore

min{FunUis’umi1 (@ 3tg), Py _3,ting_2 (@ 3tg),
Fupy_s,tm (a™3tg), Py tim_1 (a™3to)}
= min{Fu, st (@ 10), Funy s iung—2 (@ *t0), Fupy_su, (@ %t0)}.
Ifm=ng+1, m#ny—1and m # ng, then

F.

Ung—2,Un

(0‘72t0) > Fun0721um (0‘72t0)-
Now if

min{ Fy,, 5.um 1 (a™3tg), Py _3ting—2 (a™3tg)

Fuag s (@t0), Py (@ t0)}

= Fupysum (@ %t0) = Fu, g, (@ t0),
then from the above, we have

F

Ung—2,Ung (a_2t0) > Fupysum (a_QtO)
> Fungfzyung (a_3t0)

2 Fun,0727un0 (a72t0)a
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a contradiction, since if the above inequality becomes equality, then we can
assume that m = ng. Therefore from the above, we get

Furgting 1 (to) > Fupy—oum (a_QtO)
> min{Fun[)quumfl (aigto)v Fu'n.OquunOfZ (a73t0)7
Fun,0737um, (a_3t0)}

= Funo,g,um/ (OZ?StO)

for some 1 < m’ < ng + 1. Therefore by continuing this process, we see that
for each 1 < k < ng, there exists 1 < m < ng + 1 such that
(9) Fun07un0+1 (to) Z Funofkauwn (aikto)

If £ = no in (9), then this is a contradiction by (6). So (5) holds for all n € N.
Suppose that (dx)xe(o,1) is the family of pseudometrics in Definition 1.9, by
Theorem 1.11 the family of pseudometrics (dx)xe(o,1) generates the topology
induced by F' on X. We obtain by (5) that for u,, and every A € (0, 1),

(10) dx(tn, Ung1) < " 1SI£E§%)7§+1{d>\(u0,um)}.

Indeed, if maxi<m<nt1{dr(uo,um)} < r, then Fy ., (r) > 1 — X for all
m € {1,...,n+ 1} and (5) implies Fy,, 4,,,(a"r) > 1 — X\, which means that
d(Un,Unt1) < a™r. From (10) we get

dx(Un, Unt1) < @ (dx(uo, u1) + dx(ur,u2) 4 - - + dx(Un, Unt1)) -
Let ap = dx(un—1,uy,) and let s, =Y " | an. So we have

(11) an < o ls,.

We now show that fo:l an = lim,, o S, < 00. Assume towards a contradic-
tion that lim,_,~ s, = co. By the hypothesis we can assume without loss of
generality that s,, # 0 for all n € N. So by the hypothesis the series
oo
an,
12 — < 00
(12) ; .

is convergent. From (12), we get there exists n € N such that for every m € N,

m
1_ Sn :Sn+m_sn:an+1+"'+an+mSzan—i-j<1

)
Sn+m Sn+m Sn+m j=1 SnJrj 2

taking the limit as m — oo, we get 1 < %, a contradiction. Therefore for every
A€ (0,1) and p € N, we have

lim d(tn, Untp) = 0.

n—o0
Then (u,) is a Cauchy sequence and by the hypothesis there exists some element
u € Ag such that lim,,_,. u, = u. By the hypothesis it is easy to see that

Sty = Tupt1, for all n € N, now by the continuity of the mappings S and T’
we get Su = T'u, so the desired result is obtained. (I
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The following corollary, is immediate.

Corollary 2.2. Let A and B be nonempty subsets of a complete probabilistic
Menger space (X, F,xp), Ao and By are nonempty and Ag is closed. If the
mappings T,S : A — B satisfy the following conditions:

(i) T dominates S prozimally,

(ii)) S and T commute prozimally,
(iii) S and T are continuous,
( ) (Ao C By and S(Ao) C T(Ao)

Then, there exists a unique element x € A such that
Fy5:(t) = Fap(t) = Fpra(t)
for allt > 0.
Corollary 2.3. Let (X, F, ) be a complete probabilistic Menger space, S be

a self map on X and T : X — X be a continuous mapping such that commutes
with S. If S(X) C T(X) and there exists a constant o € (0,1) such that

(]-3) FSI,Sy (at) > min{FTm,Ty (t)7 Fry se (t)7 FTz,Sy (t)7 FTy,Sz (t)}

for every x;y € X andt > 0. Then S and T have a unique common fized
point.

Proof. We used the assumption of continuity of S in Theorem 2.1 to show that

lim up, =u, Tuy,=Sup_1, & lim Tu, =Tu, Vné€N,

n—oo n—oo

= lim Su,_1 = Su.

n—oo

By (13), we have
Fsuy,, su (at) > min{FTun,Tu(t); Fru, su, (t)7 Fry, su (t)7 Fry,su, (t)}7 vVit>0.

Since limy, oo Sty = limy—y oo TUup+1 = Tu, then Fpy, sy(at) > Fry s.(t) for
all £ > 0. By Lemma 1.3, we have T'u = Su or

lim Su, = hm Tupy1 =Tu = Su.
n—o0

Also, it is easy to see that F'x x(t) =1 for all ¢ > 0, Xo = X, S and T satisfy
the condition (i) and (ii) of Theorem 2.1. So there exists € X such that

Fz,Sz(t) = Fz,T:n(t) = FX,X(t) =1
for all t > 0 or Sx = z = T'x, as required. O

If we take T to be the identity mapping in the above corollary, we get the
following:

Corollary 2.4. Let (X, F, ) be a complete probabilistic Menger space and
S: X — X be a mapping. If there exists a constant a € (0,1) such that

(14) Fsg,sy(at) > min{Fy (), Fiu,s50(t), Fr,sy(t), Fy,s2(t)}
for every x,y € X andt > 0. Then S has a unique fized point.
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Theorem 2.5. Let (A, B) be a pair of nonempty subsets of a complete prob-
abilistic Menger space (X, F,*) such that  is a t-norm of H-type and Ay is a
nonempty closed set. Let a function ¢ : (0,00) — (0,00) be such that, for any
t>0,

0<e(t)<t, and nl;ngo " (t) = 0.
If T : A — B is a proximal generalized o-contraction such that T(Ap) C By.
Then there exists a unique © € Ay such that Fy 14(t) = Fa,p(t) for allt > 0.

Proof. Since Ag is nonempty and T'(Agp) C By, then there exist x1,29 € Ap
such that Fy, 74,(t) = Fa,p(t). Since Tzy € By, then there exists o € Ag
such that F,, 74, (t) = Fa p(t). Continuing this process, we obtain a sequence
(xn) € Ag such that F, | 7o, (t) = Fa,p(t), for all n € N and t > 0. Since for
alln € N,

Fﬂcn,Tﬂcnq(t) = FA,B(t) = an+17TIn (t), (t > O),

and T is a proximal generalized (-contraction, then we have
(15) Frpiran(p(t)) = Fopz,_i(t), (T >0).

Observe that, for any ¢ > 0, the sequence (F, ,, ., (¥"(t))) is nondecreasing.
Indeed, given n € N, so by (15), we get

Frpiran (9" (1) = Fopir o, (‘P(‘Pn_l(t))) 2 Frn,znq(‘Pn_l(t))v (t>0).
(¢™(t)) > Fy,.20(t), so, by Lemma 1.17,
(t)=1 for any t > 0.

Hence, we infer that F, s,

(16) nh_}ngo F,

n+1,Tn
Now let n € N and ¢ > 0. We show by induction that, for any k € NU {0},

(17) oz () 2 *k(Fwn+1,zn (t — (1))

This is obvious for k = 0, since Fy,, 5, (t) = 1. Assume that (17) holds for some
k. Hence, by (15) and the monotonicity of %, we have

Fﬂﬂn+k+17ln (t) = Fln+k+1,$n((t - @(t)) + (p(t))

> Fopiiir,onin (P() % Fop g e, (E— (1))

2 Foppron (t) % Fopyy 0, (= (1))

> 4Py (t = 0(1)) * Fay iy, (E— (1))
=Py, (E— (1)),

which completes the induction. We show that (x,) is a Cauchy sequence, let
t >0 and € > 0. Since # is a t-norm of H-type and *™(1) = 1, so there is 6 > 0
such that

(18) a>1-3d=x%"(a)>1—¢ (neN).

Since, by (16), limy, o0 Fi, , 1,0, (t — @(t)) = 1, there is ng € N such that, for
any n > ng, Fp, 0,(t—¢(t)) > 1—0. Hence, by (17) and (18), we get
F, (t) > 1—¢€ for any k € NU {0}. This proves the Cauchy condition

Tn+kTn
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for (z,). By the hypothesis, the sequence (x,) converges to some x € Aj.
With use of the assumption T'(Ag) C By again, Tz € By. Then there exists an
element u € Ay such that F,, p,(t) = Fa p(t) for all t > 0. Since for all n € N,

Fu,Tx(t> - FA,B(t> - an+1,TIn (t)ﬂ (t > 0)5
then by the hypothesis we have

Fu7ln+1 (t) Z Fu,wn,+1 (@(t)) Z FIJn (t)’ (t > 0)

Letting n — oo shows that z, — u and thus = u, s0 Fy 1.(t) = Fa p(t).
Suppose that there is another element y such that F, p,(t) = Fa p(t). Since
T is a proximal generalized ¢-contraction, we have Fy ,(p(t)) > Fy ,(t) which
implies that = and y are identical by Lemma 1.18. O

If A = B in the above theorem, then we get the following:

Corollary 2.6. Let A be a nonempty closed subset of a complete probabilistic
Menger space (X, F,*) such that * is a t-norm of H-type. Let a function ¢ :
(0,00) = (0,00) be such that, for anyt >0,

0<pt)<t, and lm "(t)=0.
n—o0

If T : A — A is a proximal generalized p-contraction, then T has a unique fixed
point.

Proposition 2.7. Let (A, B) be a pair of nonempty subsets of a probabilistic
Menger space (X, F, ) such that Ay is a nonempty set. If T : A — B is a
prozimal generalized @-contraction such that T(Ag) C By and g : A — A is an
isometry mapping such that Ag C g(Ap). Denote G = g(A) and

Go = {Z eG: dyeB st Vt>0, Fzyy(t) = FgﬁB(t)}.
Then Tg~! is a prozimal generalized p-contraction and Gy = Ag.
Proof. Since G C A, so Fg p(t) < Fa p(t) for all t > 0. Assume that z € Ag C
g(Ap), then x = g(2') for some =’ € Ay and so there exists y € B such that
FaB(t) = Fyry,y(t) < Fg p(t) for all t > 0. Thus Fa p(t) = Fg,p(t) for all

t > 0. Now we show that T¢g~! is a proximal generalized (-contraction, to do
this, suppose that u, v, z,y € G such that

Fu,Tgflm(t) = FG,B(t) = FA,B(t) = Fv,Tgfly(t)a (t > 0)
Since T is a proximal generalized (p-contraction and g is an isometry, we have

Fuyv(cp(t)) > Fg—lzﬁg—ly(t) = Fgg—lzﬁgg—ly(t) = Fzﬁy(t), (t > 0)

Therefore Tg~! is a proximal generalized y-contraction. If x € Gy, then x €
G C A and there exists y € B such that F; ,(t) = Fg p(t) = Fa,p(t) for all
t>0,s0x€ Ag. If . € Ag C g(Ap) C g(A) = G, then there exists y € B such
that Fy ,(t) = Fa,(t) = Fg p(t) for all ¢ > 0. Therefore z € Gy. O
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Corollary 2.8. Let (A, B) be a pair of nonempty subsets of a complete prob-
abilistic Menger space (X, F,*) such that  is a t-norm of H-type and Ay is a
nonempty closed set. Let a function ¢ : (0,00) = (0,00) be such that, for any
t>0,
0<ept)<t, and lm ¢"(t)=0.
n—oo

If T : A — B is a proximal generalized -contraction such that T(Ag) C By
and g + A — A is an isometry mapping such that Ay C g(Ao). Then there
exists a unique © € Ay such that Fyz 7. (t) = Fa ().

Proof. By Proposition 2.7, Tg~! : G = g(A) — B is proximal generalized -
contraction and Tg~(Go) = Tg~ (Ao) C T(Ap) C By. Now by Theorem 2.5,
there exists a unique 2’ € Ay such that F, pg-1,/(t) = Fa,p(t). Since Ag C
g(Aop), then there exists x € Ag such that o' = g(z), s0 Fy) 12(t) = Fa,B(t).
Note that g is injective mapping, therefore by Theorem 2.5, x is unique and
hence the result follows. O

In what follows, we present some illustrative examples which demonstrate
the validity of the hypotheses and degree of utility of our results proved in this

paper.
Example 2.9. Consider X = [—1, 1] and define Fy ,(t) = €y(t — |z —y|) for all

x,y € X. Then (X, F,*)s) is a complete probabilistic Menger space. Define
continuous self mappings S and T on X as

x x

Sx) =— T(x)=—=

@=3% T@=-%

One can verify all the conditions in Theorem 2.1, thus there exist unique ele-
ment € X such that

Fps:(t) = Fx x(t) = 1= Fpr.(t)

(x e X).

for all t > 0.

Example 2.10. Let X = [0,1] x [0,1] and d : X x X — [0,00) be given by

d((z1,22), (y1,y2)) = \/(acl —41)2 4+ (22 — y2)? and define F : (—o0,00) :—
[0,1] by

t

t+d((z1,22), (y1,%2))

Clearly, (X, F, ) is a complete probabilistic Menger space. Let A = {(0,x) :
x € [0,1]}, B = {(1,2) : « € [0,1]} and S,T : A — B be defined as
T(0,z) = (1,z) for all z € [0,1] and

Flaym2),(1,02) (1) =

ﬂm@:{gfk ii? (V€ [0,1]).

It is easy to see that Ag = A, By = B, S,T commute proximally and by
Example (1.28), T weakly dominates S proximally for o = 1/4. Therefore, all
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the hypothesis of Corollary 2.3 are satisfied, then there exist unique element

x € X such that
t
F,s.(t)=F t) = —— = Fo1.(t
sa(t) = Fa,(t) | (1)

for all t > 0.

Example 2.11. Consider X = [0, 3] and define F;, ,(t) = ¢o(t — |z — y|) for all
x,y € X. Then (X, F,*)s) is a complete probabilistic Menger space. Define
continuous self mappings S and T on X as

1 1 12
szax—i—l, T:C:§(x+€), (x € X).

It is easy to see that ST = T'S and so S and T’ commute proximally, Fx x (t) =
land Xo=X. If
FU17SI1(t) = Flu,,Sa, (t) = Fx x (t) =1=Fy 1o, (t) = Fyy T, (t), (t > 0),

where uy,ug, v1,v2, 21,22 € A. Then u; = Sz; and v; = Tx; (i = 1,2) and so
for @ = 1/2 we have Fy, u,(at) = Fy, 4,(t), hence T dominates S proximally
for a« = 1/2. Therefore, all the hypothesis of Corollary 2.2 are satisfied, then
there exist unique element z € X such that

Fps:(t) = Fx x(t) = 1= Fypr.(t)
for all t > 0.

Example 2.12. Consider X = [—1,1] and define F, ,(t) = ¢o(t — |z — y]|) for
all z,y € X. Then (X, F, x,/) is a complete probabilistic Menger space. Define
self mapping S on X as follows:

0; -1 <z <0,

Sz =4 wira 0<z<tori<az<l, (Vzelo1]).
T . 4 7
16 gg.’l]gg,

To verify condition (14) in Corollary 2.4 we need to consider several possible
cases.
Case 1. Let z,y € [-1,0). Then

1 1
d(Sz,Sy) =[Sz — Sy| =0 < glx -yl = gd(x,y)-

Case 2. Let # € [-1,0) and y € [0,2) U (£, 1]. Then
Y
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Case 4. Let z,y € [0,3) U (%,1]. Then

X
d(Sz, Sy) = |Sz — Sy| = _ _
(Sz,Sy) =[Sz — Sy| |16(1+z) 16(1 )|_8| yl = (wy)
Case 5. Let z € [0,2) U (Z,1] and y € [2, Z]. Then
T Y 1 T 1.1 7 11
d = S-Syl = |—— L < — —
(Sz, Sy) = |Sz=Sy| |16(1+:c) 16 16032 <1668 S
and
123 4 11 x T
b D T — S
60 5 163=Y Te0to) SV Teagay - dW5)
Thus 11 123 1 123 1
d <—<—==-x-—<=
(57, 8y) < 795 < To80 — 8 * To0 =~ 34w 52):
Case 6. Let 2,y € [2,Z]. Then
Sy Gy =Yy Y]
d(Sz,Sy) = |Sx Sylflm 16| Ix yl = 3 d(x,y).

Hence, we obtain
d(Sz, Sy) < émax{d(m,y),d(m,Sm),d(m,Sy),d(y,Sx)}, (x,y € [-1,1]),
or in other words
Fiusy(51) > min{Fy g (1), Fr 50 (0), Fr,sy (1), By 50(1))

for every x,y € X and t > 0. Then S has a unique fixed point 0 in X, by
Corollary 2.4.

Example 2.13. Let X =R?, A= {(0,y) : y € R} and B = {(1,y) : y € R}.
Suppose that T : A — B is defined by T(0,y) = (1,%), g : A — A is defined
by g(0,y) = (0, —y) and F(g 41,y (t) = W—Hw’—y’\ It is easy to see that
(X, F,*pr) is a complete probabilistic Menger space, Fia g(t) = Ag = A,
BO = B, T(AQ) - BO and

_t
t+1°

t
Fy0.0.000®) = Fo.—).0-0 (1) = 7= = Fo.om(®):
If (0,u), (0,z), (0,v), (0,y) € A such that
t t
- - F " z t)=F t) = F v t) = ’
t+1+|u—%| (0,u),T(0, )() A,B() (0, ),T(O,y)() t+1+|?}—%|
then v = § and v = ¢, so
Flo.0(8) = Fo g 0 () = g = (1)
(0,u),(0,v) (0,%),(0,%) r+ i|:c Y] F0,.2).00.9) % :
Therefore all the hypothesis of Corollary 2.8 are satisfied, and also we have
t
F0,0),7(0,0)(t) = Fl0,0),(1,0)(t) = 7— = Fa,s(t).

t+1
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