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GENERALIZED GOLDEN SHAPED HYPERSURFACES IN
LORENTZ SPACE FORMS

XIMIN L1u AND YAN ZHAO

ABSTRACT. In this paper, we define the generalized golden shaped hy-
persurfaces in Lorentz space forms. Based on the classification of proper
semi-Riemannian hypersurfaces in semi-Riemannian real space forms, we
obtain the whole families of the generalized golden shaped hypersurfaces
in Lorentz space forms.

1. Introduction

The Golden ratio has many applications in many parts of mathematics, for
example, natural sciences, music, art, philosophies and computational science
[8]. In the past few years, the Golden ratio has played a more and more
significant role in modern physical research and atomic physics [4]. The Golden
ratio also has interesting properties in topology of four-manifolds, in conformal
field theory, in mathematical probability theory, in Cantorian spacetime [7] and
in differential geometry.

The notion of golden structure on a manifold M was introduced in [2, 5] as
a (1,1)-tensor field on M which satisfies the equation: J2 = J + I, where I is
the usual Kronecker tensor field of M. It attracts many authors’ attentions to
focus on a class of well-known objects namely hypersurfaces in real space forms.
Recently, the golden shaped hypersurfaces in real space forms were defined and
the whole families of the golden shaped hypersurfaces were obtained in [3]. The
golden shaped hypersurfaces in Lorentz space forms were defined and the whole
families of the golden shaped hypersurfaces were obtained in [9]. In this paper,
we define the generalized golden shaped hypersurfaces in Lorentz space forms.
Based on the classification of proper semi-Riemannian hypersurfaces in semi-
Riemannian real space forms, we obtain the whole families of the generalized
golden shaped hypersurfaces in Lorentz space forms.
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2. Preliminaries

Let RT be an n-dimensional real vector space together with an inner product
given by

n+1
(2,2) = —a3+ 3 a2,
i=2
where & = (1, ...,2,) is the natural coordinate of RY.
n+1 1
St(e) = {(@1, ., np) ERPT | —af 4+ > af = ~1 (>0,
i=2
n+1

H'(c) = Ty Ry - 0).
1(c) ={(z1,...,2n41) € Zx1+2x —} (c<0)

These spaces are complete and of constant curvature c. In general relativity, the
Lorentz manifolds R}, S7"(c), H{*(c) are respectably known as the Minkowski,
de Sitter and anti-de Sitter space, which is called Lorentz space form and is
denoted by Ni*(c).

Let M be a hypersurface in Lorentz space form N7"'(c). For a certain
normal vector field N, we put ¢ = (N, N). Let A = Ay be the associated
shape operator and p1, ..., tt, be the principal curvatures of M. If A can be
expressed by a real diagonal matrix with respect to an orthonormal frame at
each point of the semi-Riemannian manifold M, then A is said to be proper.
M is said to be proper if A is proper for a unit normal vector N at each point
of M.

Definition 1. A hypersurface M in Lorentz space form NJ"'(c) is called
golden shaped hypersurface if A is a golden structure, i.e., A2 = A+ I.

In this paper, we give the definition of generalized golden-shaped hypersur-
faces:

Definition 2. A proper hypersurface M in Lorentz space form N"!(c) is
called generalized golden shaped hypersurface if A is a generalized golden struc-
ture, i.e., A2 = aA + bl, where a,b are constants satisfying a® + 4b > 0.

3. The classification of golden shaped hypersurfaces

Let M be a generalized golden shaped hypersurface. Then the principal
curvatures of M, {11, .., ftn, which are the eigenvalues of A4, are \; = =va~+ib ngHb

and \gp = 4=va =0 VgZHb if a2 4+ 4b > 0. Especially, the principal curvatures of M,

which are the eigenvalues of A, are \; = Ay = 5 if a® +4b = 0. According to
[6], the manifold M is an isoparametric hypersurface and based on [1], we get
the following theorems.
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Theorem 1. The only generalized golden shaped hypersurfaces in Minkowski
space RY™ are as follows:
Case 1: a®> + 4b = 0:

(1) Ifa#0,

(i) Sp(%) = {z e Ry | —a2 4 S0 02 = ;2} with A= 2T and & = 1.

(ii) H”(—“;) = {r € R¥ | —2? —l—Z"H > = — 4} with A = 21 and
e=—1.

(2) If a=0,

(i) R} = {z e R | 2"+ =0} with A= O and e = 1.
(i) R" = {z e RY™ | 2! =0} with A= O and e = —1.
Case 2: a® + 4b > 0:

(1) Ifb#0,
3 n(\2) — n+1 2 n+1 1 . _ .
i) T - Y — Nt — L
(i) SPA) ={x e RY™ | —af + 300, a7 = 52} with A = NI, i = 1,2
and e = 1. '
(il) H*(—=A2) = {z e Ry | 2243200 a2 = = Sy with A= NI, i=12
and € = —1.
(2) Ifb =0,

(i) R} = {z e R"™* | 2"t =0} with A= O and e = 1.
(ii)) R» ={z € R;H'l | 2t = O} with A =0 and e = —1.
) S(a?) ={x € R"Jrl | —af +Zn+1 xi = az} with A =al ande = 1.
) H'(—a?) = {z € R”+1 | —22 JanH = falQ} with A = al and
e=—1.
() B X SEa) = o€ BT a4 Tt = ) it A =
- Dal,—, and € =
(vi) H;T ExB zinfr(fa;) - {zle Ry | —23 + 00 a2 = L) with A =
- @ al,_, and e = —1.

Proof. Case 1: Suppose a2 +4b=0, \; = \y = 5, we distinguish the following
two cases:

(1)Ifa7é0,/\1:/\g#O,wegetm:M2:~~~:Mn:%andc:e:“;;éo
for e = £1, then M is totally umbilical and is as follows:

() M = S7(%) = {z e R | —a? + S0 22 = 4} with A = 21 and
e=1.

(i) M = H"(-%) = {z e R+ | —a2 + 37 02 = — 4} with A = 27 and
e=—1

(2)fa=0, A =X =0, weget uyg =p2 =---=p, =0 and ¢ =0, then

M is as follows:

(i) M =R} = {z ¢ R | 2"+ =0} with A =0 and ¢ = 1.

(i) M =R" = {z e RI™ | 2! =0} with A= 0O and e = —1.

Case 2: Suppose a? + 4b > 0:

(DIbA0, 1 =po="-=p, =X\ #0, we get c=¢eA? #0 for e = +1
and i = +1, then M is as follows:
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(i) M =Sp(\2) = {z e RV | —ad + 0 a2 = sr}with A= NI, i=1,2
and € = 1.

(i) M = H*(-)?) = {z € R | =23 + 200 a? = — 5} with A = A1,
i=1,2and e = —1. '

(2) Ifb=0, then a # 0 and A\; =0, 2 =a or A\ =a,\y =0.

Suppose p1 = pg =+ = ppn, = 0, we get ¢ = 0. Then we have

(i) M =R} ={x | 2" =0} with A=0 and e = 1.

(ii)M:R":{x|x1:0}withA:Oand€:71.

Suppose p1 = po = =, =a#0, we get c = 5@2 # 0. Then we have

(i) M = S (a?) = {x eRPT | —a? + 30 2? = L) with A = ol and
e=1.

(iv) M = H*(—a?) = {& e R} | —23 + 20 2? = — L} with A = al and
e=—1.

Suppose for 1 <r <n, uyg = -+ =p, =a #0and pp41 = -+ = pp = 0,

then ¢; = ea? # 0 and c; = 0. Then we have

() B x S777(@?) = {o € BT | —a? + Y0 ,a? = L) with A =
O,®al,_, and ¢ = 1.

(vi) R" x H" "(=a?) = {z € R{* | =2} + 00! a2 = — L) with A =
O,®al,_, and e = —1. O

Theorem 2. The only generalized golden shaped hypersurfaces in de Sitter
space ST are as follows:
Case 1: If a®> 4+ 4b = 0:

(i) Sp(1+ %) ={z e ST CRY? | zpge = \/%} with A = §1 and
e=1.

(i) If a = £2,
R" = {z € SPT C R | 21 = @ppn + to}(to > 0) with A = +1 and
e=—1.

(iii) If |a| > 2,
H'(1—-%) ={z €S CRI™? | 2,40 =
e=—1.

(iv) If -2 < a <2,

\/%} with A = $1 and

S™(1 I ) ={r e ST Cc R |1 = T = 51 and
e=—1.
Case 2: If a® 4+ 4b > 0:
(1) Suppose py = pg = -+ = pp = A1, there are the following four cases:
(1) SPA+A2) ={z € ST C R | 2py0 = \/W} with A = M1 and
e=1.

(i) If (a,b) € {(a,b)|a—b+1=0,a < -2} U {(a,b)|a+b—1=0,a < 2},
R* = {z € ST C RY? | 21 = @pyo + to}(to > 0) with A = +1 and
e=—1.
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If (a,b) € {(a,b)]a+b—-1<0,-2<a <2} U{(a,b)]a—b+1<
0,a+b—1<0,a< -2},

n(1 _ \2) _— n+1 n+2 _
SPM1—=A)={xe ST CRY™ |21 = \/W
e=—1.

If (a,b) € {(a,b) |[a+b—1>0,a <2} U{(a,b)|a>2} U{(a,b)|a<
—2,a—b+1> 0},

H'(1-X2) = {z €SP C R | mpy0 = 2L} with A= M\T and

} with A = M1 and

1 VAL
e=—1.
(2) Suppose p11 = pia = -+ = i, = Ao,
() ST+ A3) = { € 57 CRY™? | angn = 22 with A = Aol and
2

e=1.

If (a,b) € {(a,b0) |a—b+1=0,a> -2} U {(a,b) |a+b—1=0,a > 2},
R* = {z € SPT C RY? | 21 = @pyo + to}(to > 0) with A = +1 and
e=—1.

If (a,b) € {(a,b)|]a—b4+1>0,-2<a <2} U{(a,0)]a—b+1>
0,a+b—1>0,a > 2},

n n n Ao

R R e I

e=—1.

If (a,b) € {(a,b)|]a—b+1 < 0,a > =2} U {(a,b)]a < -2} U
{(a,b)|a>2,a+b—1<0},

H'1—X2) ={z e St cRY™? | 2,0 = \/'j;_} with A = X1 and

} with A = \aI and

e=—1.

(3) Suppose i1 = p2 = -+ = pp = X1, and ppy1 = -0 = fin = Ay, for
1<r<n:

(1)

Ifb= -1 and a > 2,

S(1=X8) x HY7(1 - M) = (@ € 57 C Ry Yl =
et —a}+ 3 el = T} with A= XLy ® MLy and e = —1.

Ifb——l and a < =2,

ST(l — )\2) X H"™"(1 = A2) = {z € Pt < RyP2 | 272 =

- )\2, —xf +E?+r2+3 fz 1_)\5} with A = M1, ® Mol,,_, and e = —1.

Ifb— 1,

ST(l +A2) X SPTT(1+ A = {z e Sptt o RYPP | a2 =
n+2 .

1+A2’ $1+Zz 43 f:ﬁ} with A = NI, & NI, 1,7 = 1,2,

i#j ande=—1.

Proof. Case 1: If a2 +4b =0, \{ = Ay = 5, we distinguish the following four

cases:

(i) Ife=1, wegetcf1+—2. ThenM:S?(lJr%z):{:EGS{H'1 CRIH? |

Tn+2 =

\/T} with A = §1.



652 XIMIN LIU AND YAN ZHAO

(i) f e = =1 and a = £2, we get p3 = pa = -+- = pp, = £1 and ¢ = 0.
Then M =R"” = {z € S C RI"*? | 21 = 240 +to}(to > 0) with A = +1.

(iii) If e = =1 and |a| > 2, we get ¢ = 1 — %= < 0. Then we have M =
H(1— %) = {z €SP+ CRIF? [ 2,40 =

(iv)Ifszfland72<a<2,weg;etcflf%2 > 0. Then we have

M=8"1-%)={zeSy CRI™? | = s} with A =
Case 2: If a® 4+ 4b > 0:
(1) Suppose p1 = pa =+ -+ = py, = A1, there are the following four cases:
(i) Ife =1, we get c=1+ A} > 1. Then we have M = S7(1+ \}) = {z €
SPHL C R | gy = JL} with A = A\ 1.

(ii) If e = —1 and (a,b) € {(a,b) |]a—b+1=0,a < =2} U {(a,b) |a+b—1=
0,a < 2}, we get ¢ = 1 — A} = 0. Then we have M = R” = {z € S} C
RYT2 | 2y = 240 + to}(to > 0) with A = £1.

(ili) If e = —1 and (a,b) € {(a,b) |a+b—-1<0,-2<a <2} U {(a,b)|a—
b+1<0,a+b—1<0,a < -2}, weget 0<c=1-)} <1. Then we have
M:S"(l—)\%):{:veS?HCR?”|:z:1_\/l’\l_}wrchA M.

(iv) If e = =1 and (a,b) € {(a,b)|a+b—1 > 0,a < 2} U {(a,b)|a > 2}
U {(a,b)|]a < —2,a —b+1 > 0}, we get ¢ = 1 — A2 < 0. Then we have

M=H"1-X)={zecS cRIM*? | 2,0 = \)%} with A = A 1.
1
(2) Suppose pi1 = po =+ ++ = pp = A2,
(i) Ife =1, weget c=1+ A3 > 1. Then we have M = S7(1+ \3) = {z €
SPHLC R | gy = J%} with A = Ao 1.

(ii) If e = —1 and (a,b) € {(a,b) |]a—b+1=0,a > -2} U {(a,b) |a+b—1=
0,a > 2}, we get ¢ = 1 — A3 = 0. Then we have M = R” = {z € S} C
RIT2 | @y = 240 + to}(to > 0) with A = £1.

(iii) If e = —1 and (a,b) € {(a,b)|la—b+1>0,-2<a <2} U{(a,b)|a—
b+1>0,a+b—1>0,a>2}, weget 0 <c=1-A3 <1. Then we have
M:S"(l—)\g):{zGS?“CR?+2|z1f\/l’\Q—}vmthA Aol

(iv) Ife = —1 and (a,b) € {(a,b)|a—b+1<0,a > -2} U {(a,b)]|a < -2}
U {(a,b)|a > 2,a+b—1 < 0}, we get ¢ = 1 — A3 < 0. Then we have
M=H"1-X)={zec S CR'"™? | x40 =

[Az] ; —
\/E} with A = Ao1.
(3) Suppose p1 = po = -+ = g = A1, and 41 = -0 = py, = A9, for

1<r<n:
(i)Ife=—-1,b=—1and a > 2, we get M2 =1, ¢ =1— A2 >0 and
co=1-X3 <0. Then we have M = S"(1=M\) x H" "(1=)2) = {z € S7* C

Rn+2 | 22+7‘ 2 2 _|_ Z?+T2+3 (512 = 1}A%} Wlth A = )\217‘ @ )\lln—’r'
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(i) Ife=—-1,b=—-1land a < —2, we get \id2 = 1,¢; =1— )} <0 and
co=1-X3>0. Then we have M = S"(1-X2)x H" "(1—-X\3) = {z e ST C
Rn+2 | Z2+T 12 - 1— AZ ’ _xl + Z?+r2+3 12 = ﬁ} Wlth A = )‘1[7‘ > )\QIn—T-

(iii) fe=1and b=1, we get M2 =1, ¢; =1+ A2 >0 for i =1,2. Then
we have M = S7(1+ A7) x ST7"(14+X3) = {z € Sptl c R | T2 =

+2 . .
H_}\Q, —xf 4+ Y gal = ﬁ} with A = NI & N\jL,—p, 4,7 = 1,2 and

i # 7. O

Theorem 3. The only generalized golden-shaped hypersurfaces in anti-de Sitter
space HT1(=1) are as follows:
Case 1: If a®> + 4b = 0:
() H'(-1— %) = {z € HP"'(-1) C RY™ | 2y = 4} with A =
and € =
(i) Ifa =42, R} = {x € H™(-1) C RY™? | 21 = 2py2 + to}(to > 0)
with A=+1I and e = 1.
(iii) Ifa € {la| > 2}, SP(% —1) = {w € HPTH(~1) C Ry ™2 |2y =
with A= 31 and e = 1.
(iv) Ifae {-2<a<2}, H(% 1) = {z € SP™ C R | 2,00 =

(l
4
—1.

a| }
Va2—4

\/%} with A= §I and e =1
Case 2: If a® + 4b > 0:
(i) Suppose p1 = pa = -+ = py = A1, there are the following four cases:
(1) H* (=1 =X) ={z € H'(-1) CRy™? | 2, = \/W} with A = M\ T
and € = —1.

(2) If (a,b) € {(a,b) |]a—b+1=0,a < -2} U {(a,b) |a+b—1=0,a < 2},
Ry = {z € H'™ (=1) C Ry | 1 = @ppo +to}(to > 0) with A = +1
and € = 1.

(3) If (a,b) € {(a,b)|]a+b—-1<0,-2<a <2} U{(a,b)]a—b+1<
0,a+b—1<0,a< -2}, HP(\} = 1) = {z € H'"'(-1) c Ry |
zn+2:\/‘/\l—} with A = M1 and e = 1.

(4) If(a,b)el{(g b)la+b—1>0,a <2} U{(a,b)]a>2} U{(a,b)|a<

—2,a—b+1> 0}, SP(A3—1)={zx € H™(-1) c Ry |2y = \/%}
with A= M1 and e = 1.
(ii) Suppose p1 = po = -+ = uy = Aa, there are the following four cases:
(1) H (-1 -=X\) ={z € H''(-1) CRy"? | 2, = \/W} with A = XoI
and € = —1.

(2) If (a,b) € {(a,b) |a—b+1=0,a> -2} U {(a,b) |a+b—1=0,a > 2},
R} = {z € H™' (1) C RS | 21 = 2pq0 + to}(to > 0) with A = +1
and e = 1.
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(3) If (a,b) € {(a,b)]a—b+1>0,-2<a<2}U{(a,b)]a—b+1>
0,a+b—1>0,a>2}, HY(A\3—1) = {x € H'(— 1)CR"+2|:cn+2
|)‘2 }wzthA Aol and e = 1.

4) If (a,b) € {(a,0)]a—b+1 < 0,a > =2} U {(a,b)|]a < =2} U
{(ab Ya>2,a+b—1<0}, HH (M —1) ={z € H''(-1) Cc R}*™?|
:\/"\2_} with A = Mo and e = 1.

(i) Suppose p1 = po = -+ = pp = A1, and fpp1 = -+ = fiy = A2, for

1<r<n:

(1) Ifb=—1 and a > 2, ST(\? — 1) x H"*T(/\2 1) ={xec H'"'(-1) C
R5*? | —af JFZQJFT i = ,\gl_la —z3 + 27+T2+3 r? = ﬁ} with A =
ML ® Xl and e =1.

(2) Ifb=—1anda < -2, S (A%—l)xH" "\ —1)={x e H'"' (1) C
R;HQ | —af +22+T ai = ,\gl,la -3 + Z?+r2+3 xj = ﬁ} with A =
AQIT D Al n—r and e = 1.

(3) Ifb=1, H" (-1 — )\2) x HP7"(=1 =A%) = {x € H{"'(-1) C Ry |
T +22+T Q= /\2’ —x3 +27+r2+3 x} = 2} with A= NI ©
ANln—r)), 4,5 =1, 2 z7é] and e = —1. ’

Proof. Case 1: If a®* +4b =0, then Ay =Xy = £

(i)IfE:fl,wegetc:f%fl<0. ThenM:H"(flf%):{xG
HYTH(-1) C Ry™? |21 = 5 =4I

(i) If e = 1 and a = +2, we get ¢ = —1 4 % = 0. Then M = R} = {z €
HH(=1) CRY? | 2y = 40 + to}(to > 0) with A = £1.

(ifi) If ¢ = 1 and |a| > 2, WegetC——1+—2>0 Then M = Sp(& —1) =
{z e HM' (-1) cRY™? | oy f\/—}w1thA g1

(iV)Ifsf1and—2<a<2,wegetcf—1+ @ < 0. Then M =
Hp(% —1) = {z € 7+ CRIM? [ 240 = ~} with A = 27,

Case 2: If a® + 4b > 0:

(i) Suppose p1 = pi2 = - -+ = puy = A1, there are the following four cases:

(1) Ife=—-1,weget c=—-X —1<0. Then M = H"(-1 - X\3}) = {z €
HY Y (=1) c RP2 |y = \/‘Al_}wruhA M.

(2) Ife =1 and (a,b) € {(a,b)|]a—b+1=0,a < -2} U {(a,b)|a+b—-1=
0,a <2}, weget c =X —1=0. Then M =R} = {x € H'"'(~1) c R}*?|
X1 = Tpta + to}(to > 0) with A = +1.

(3) If e = 1 and (a,b) € {(a,b)|a+b—1<0,-2<a <2} U{(a,b)]a—
b+1<0,a+b—1<0,a < -2}, weget =1 < c= X —1<0. Then
M=Hp\ —1)={z € HP™(~1) CRI"? | 210 = — 2L} with A= A 1.

=

\/7
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(4) If e =1 and (a,b) € {(a,b)|]a+b—1>0,a <2} U {(a,b)|a > 2} U
{(a,b)]a < —2,a—b+1>0}, weget c=A} —1>0. Then M = SP(\? —1) =
{z € H'(=1) C RIF? | 2y = -2l ) with A = A1

VAI-1
(ii) Suppose p1 = p2 = -+ = fip, = A2, there are the following four cases:
(1) Ife=—1,weget c=—-X3—1<0. Then M = H"(—-1 - )\3) = {z €
HY Y (=1) cRY2 |y = \/‘%} with A = o1

(2)Ife =1and (a,b) € {(a,b) [a—b+1=0,a> -2} U {(a,b) [a+b—1=
0,a > 2}, weget c =X\ —1=0. Then M =R} = {x € H!'"'(~1) c Ry+? |
T1 = Tp42 +t0}(t0 > 0) with A =+1.

(3)Ife =1 and (a,b) € {(a,b) |a—b+1>0,-2 < a <2} U{(a,b)|a—b+1 >
0,a+b71>0,a>2},weget71<cf)\271<0 M=HX-1)={z¢
HH(=1) C R | 2py0 = } with A = Ao 1.

1 )\2
()IfE*land(ab)E{(ab)|a—b+1<0a> -2} U {(a,b)|a < -2} U
{(a,b)|a>2,a+b—1< 0}, wegetcfA271>0 Then M = H(\3 — 1) =
{z e H'" (=1) c RFT? | 2y _\//\Q_}WmhA Aol

(iii) Suppose 1 = po = -+ = pr = A1, and fpp1 = -+ = pp = A9, for
1<r<n:
(DIfe=1landb=—1anda >2, weget g =1landec; =X —1>0
and c; = A3 — 1 < 0. Then we have M=ST(M—-1)xH" "M -1)={z €
n n 24r n+2 .
H{TH(-1) c R3T? | 9U1+Z+ x? = )@1,1, ‘T2+Zz+r+3 12:$} with
A=ML D NI,
(2)Ife=1landb=—-1landa < —2, weget Mg =landec; =X —1<0
and c; = A3 — 1 > 0. Then we have M = ST()\2 — ) x H""(\2 -1)={x €
n n 2 r n+2 .
H1+1(_1) CR2+2| 951"’2 - ‘T2+Zz+r+3 12— )\%al}vvlth
A=l ®ONI,_,.

(B)Ife =—land b = —1, we get \Ady = Land ¢; = =1 — A2 < 0
for i,7 = 1,2. Then we have M = HT( 1—)\2)><H"7T( 1-X) ={ze
n n 247 n+2
H1+1( ) R +2 | 71‘1+Z+ = 1 ,\27 z2+21+r+3 12* 1+/\?}
with A = NI, ® N\jl—p, 4,5 =1,2 and 1 7. O

Remark 1. Theorem 1, Theorem 2 and Theorem 3 are the generalization of the
corresponding results in [9] respectively. That is , when a = 1 and b = 1, these
theorems are the same as theorems in [9].
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