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SOME INTEGRAL TRANSFORMS AND FRACTIONAL
INTEGRAL FORMULAS FOR THE EXTENDED
HYPERGEOMETRIC FUNCTIONS
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JYOTINDRA C. PRAJAPATI, AND HUI ZHOU

ABSTRACT. Integral transforms and fractional integral formulas involv-
ing well-known special functions are interesting in themselves and play
important roles in their diverse applications. A large number of inte-
gral transforms and fractional integral formulas have been established by
many authors. In this paper, we aim at establishing some (presumably)
new integral transforms and fractional integral formulas for the general-
ized hypergeometric type function which has recently been introduced by
Luo et al. [9]. Some interesting special cases of our main results are also
considered.

1. Introduction and preliminaries

The theory of special functions has been one of the most rapidly growing
research subjects in mathematical analysis. A lot of special functions in math-
ematical physics and engineering, such as Jacobi and Laguerre polynomials,
can be expressed in terms of the generalized Gauss hypergeometric functions
or confluent hypergeometric functions (see, e.g., [17]). Certain extensions of
the hypergeometric functions and several other familiar special functions have
been presented and investigated (see, e.g., [4], [5], [8], [12] and for a very recent
work, see also [2], [16]). Very recently, Luo et al. [9] introduced the following
extended generalized hypergeometric type function and investigated its various
properties. The extended generalized hypergeometric function is defined, for
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z € C, by

1y

(min {R(x), R(w)} = 0, min{R(e), R(B), R(7)} > 0)

whose coefficient is given by

o Bir a1,...,0Q -
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T gl (

(a1), IT

j=1

(p=q+ 1 R(b;) > R(aj1) >0; |2] <1),
ﬁ B (a; + by — ay)
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aji1+n,bj —aj1)
B(aj+1,bj — aj+1)

O (nlp,q) = B (aj,bj — aj)

(p=q;R(bj) > R(a;) >0),
r p aﬁnu)

(a; +n,by + 7 — a;)
H ];[ B(aJ’bT+j_aJ)

(r=q—p>0;R(b;)>R(a;)>0).
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Here the generalized beta function B{***) (2, y) is defined by

1
BlowBiron) ;:/t“l 1=t 41 (o 8 ————— ) dt
(12) vy (:C7y> ( ) 141 O[,ﬂ, tﬁ(l _ t)”
0

(min{R(z), R(y), R(a), R(B), R(7), R(x), R(u)} > 0).

Remark 1. The special case of (1.1) when p = 2 and ¢ = 1 would reduce
immediately to the extended Gauss hypergeometric type function defined by

Bk, 5 b = B(a,ﬂ;l{,u) (b + n,c— b) 2™
o m{a é“”]:230*17 Ble—b  w <D
(min {k, p} > 0; min{R (), R(B), R(y)} > 0; R(c) >R (b) >0).

Setting v = 0 in (1.1) and (1.2) is easily seen to yield the familiar generalized
hypergeometric function ,Fy[z] and the classical beta function B(z,y) function,
respectively.

(1.3)

The present investigation requires the concept of Hadamard product which
can be used to decompose a newly-emerged function into two known func-
tions. Let f(z) := Y.0" janz™ and g (z) := >~ 1 bnz" be two power series
whose radii of convergence are given by Ry and R, respectively. Then their
Hadamard product (see [13]) is the power series defined by

(f*g)( Zanbz
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The radius of convergence R of the Hadamard product series (f  g) (2) satisfies
R Ry < R. If, in particular, one of the power series defines an entire function,
then the Hadamard product series defines an entire function, too.

Consider the function ,F s(i’rﬁ k) [2; 7] one of whose Hadamard products can,
for example, be given as follows:

F(‘%ﬁ%“v#) L1y---yTs c 2
St Yty Ystr 7

1; . Ti,...,T

F, T z| x gFLBiR) T z] < 00),

! T|:y15"'ay7‘; :| e y1+7‘a"'ay8+7" 7 (| | )
where | F,. is a special case of the generalized hypergeometric functions ,Fj
(see, e.g., [17, p. T1]).

In diverse areas in engineering and mathematical physics, integral transforms
and fractional integral operators play an important role in the view point of
application. A remarkably large number of integral transforms and fractional
integral formulas involving various special functions have been investigated
by many authors. Very recently, certain interesting integral transforms and
fractional integral formulas involving the FISC‘*" ;m)(-) were presented (see [6]).
Here, we also aim to establish certain (presumably) new integral transforms
and fractional integral formulas involving the generalized Gauss hypergeometric

ﬁ;mu)(

type functions o F|” z;7) given by Luo et al. [9].

2. Integral transforms and generalized Gauss hypergeometric
functions

We present three transforms, which exhibit the connection between the Eu-
ler, Varma, Laplace and Whittaker integral transforms and generalized Gauss
hypergeometric type functions gFl(a”Bm’”) [I+m:b.yz:~] defined by (1.3). To do
this, we begin by recalling the following beta transform of a function f(z) (see
[14]):

(2.1) B{f(z):a,b} = /0 22711 = 2)P 71 f(2) da.

Theorem 2. Let min{R(l), R(m), R(a), R(B), R(y), R(k), R(x)} > 0 and
R(c) > R(b) > 0. Then the following beta transform formula holds true:

B{zFfo"ﬂ;”’”) [ l+;n’b ;yzw} :l,m}

Ib
C

(2.2)
B(mef“vﬂ;“’“)[ ;y;v] Iyl < 1),

where B is the beta transform in (2.1) and the beta transform of gFl(a'ﬂ""{’“)(-)
s assumed to exist.
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Proof. Let L be the left-hand side of (2.2). Applying the beta transform (2.1)
to the function (1.3), we get

! > B(a’ﬁ”{’“)(b +n,c—b) (yz)"
2. = i —2)m Yy n—r ’ dz.
(2.3) L /0 27 (1 —2) 7;0( +m) Blbc—0) e

By changing the order of integration and summation which may be verified
under the conditions, and using the classical beta function B(a, ) (see, e.g.,
[17, p. 8]), we obtain

= (o, B;6,18) n
B b+n,c=b)T{1+n)'(m)y
2.4 £=S"(+m), 2 ) v
(24) 7;)(“") B(b,c—b) T(l+m+n) nl
which, in view of (1.3), is seen to lead to the right-hand side of (2.2). O

The Varma transform of a function f(z) is defined by the following integral
equation (see Mathai et al. [11, p. 55]):

(2.5) V(f, k,m; s)/ooo(sz)m% exp (%sz) Wim(s2)f(z) dz (R(s) > 0),

where Wy, is the Whittaker function defined by (Mathai et al. [11, p. 55])
I'(—2m)

2.6 Wim(z) = — Mim

(2.6) em(2) = D TT k) e (2)

m,—m

where the summation symbol indicates that the expression following it, a sim-
ilar expression with m replaced by —m is to be added and

= 1
(2.7) My m(z) = ZtIeTE Ry (5 —k+m;2m+ 1;z) .

The following formula (see Mathai et al. [11, p. 56]) will be used:

® 1 1 Ll rr+ 3l —v+3)
2.5) /0 2P~ exp (—53,2) Wio(sz)dz=s Ta—%+p)
(R(s) >0, R(ptv)>-1/2).

Theorem 3. Let y > 0, R(s) > 0, min{R(a), R(B), R(7), R(x), R(p)} > 0,
R(c) > R(b) > 0, and |£| < 1. Then the following Varma transform formula

holds true:
— a,Bik ,b 1 I(Orem-+l1
V{Zl 12F1( B ,u)[a ;yz;,y]}_l (O ( )1
(2.9) ¢ ssT(m+1—k+3)
. w o Fr@Birn) a,b Yy, v I 2m+ 1,0y
24 c 78’/7 2141 m+l*k+%,s )

where V' is the Varma transform in (2.5) and both sides of (2.9) are assumed
to exist.
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Proof. Let L be the left-hand side of (2.9). Then, a similar argument as in the
proof of Theorem 2 is seen to give the following result:

(2.10) -

co L im) BB (b 4+, e — b) D(L+ n)D(2m + L+ n) (4)"
Cost et B(b,c—b) Lm+1—k+3+n) n!’

which, upon using Hadamard product series and (1.3), leads to the right-hand
side of (2.9). O

It is interesting to observe that, for k = —m—i—% in (2.9), the Varma transform
defined by (2.5) reduces to the well-known Laplace transform of a function f(z)
(see, e.g., [14]):

(2.11) L{f(z):s} = /000 e~ f(2) dz.

In fact, we have an interesting Laplace transform asserted by the following
corollary.

Corollary 1. Let y > 0, R(s) > 0, min{R(«), R(B), R(7), R(x), R(n)} > 0,
R(c) > N(b) > 0, and || < 1. Then the following Laplace transform formula

hOldS t7 ue:
_ o, Bk, 0 a,b

(2.12) () b l
a, Bk a, ;
:?2F1( o ’H)[ ;%;7:|*1F0[ g:|a

C -5 8

where L is the Laplace transform in (2.11) and both sides of (2.12) are assumed
to exist.

Theorem 4. Suppose that w > 0, () > 0, min{R(«), R(5), R(k), R(n)} >
0, R(c) > R(b) >0, and p, 6 € C are parameters. Then the following Whittaker
transform formula holds true:

/0 tpflefTMWA,u((St)2F1(a’ﬁm’#) [ a,cb ;wt;v} dt
1 1
@13) ool ntr)
)
@, Bik b w Lttt —putpow
F( B3k, ) a, L. F 2 ) y 2
Xo £y |:ca5a’7*21 %—)\—I—p;é’

provided that the integral transform converges.
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Proof. Let L be the left-hand side of (2.13). Then, by applying (1.3) and setting
0t = v, and changing the order of integration and summation, we obtain

oo (o, B;,10) n
o By (b+n,c—0) (w)
L=0 ;(a)n B(b,c—b) onn! v

o0
X / pPtn—le=" Wi, (v)dv.
0

(2.14)

Here we use the following integral formula involving the Whittaker function

(see Mathai et al. [11, p. 56])
0o . (L T(i_—
/ " lem2 W,y (1) dt = ( -|-,u+1y) (G—ptv)
0 F(§ *)\4’1/)
R tp) >-1/2).
Then, after a little simplification, we get
> B(a’ﬁ”{’“)(b +n,c—b) (w)"
L=§7F y— ’
nz:;)(a) B(b,c—b) onn!
y P +p+p+n)T (3 —p+p+n)
L(3-A+p+n)

which, upon using Hadamard product series and (1.3), leads to the right-hand
side of (2.13). O

(2.15)

(2.16)

)

It is noted in passing that the case Kk = p = m in Theorems 2 and 4, and
Corollary 1 is seen to yield the known results in [6].

3. Fractional calculus of the generalized Gauss hypergeometric
functions

Recently, fractional integral operators involving the various special functions
have been actively investigated (see, e.g., [1], [3], [7] and [15]). Here we establish
some fractional integral formulas for the generalized Gauss hypergeometric type
functions Féa’ﬂ;k’“)(a, b; c; z). To do this, we recall the following pair of Saigo
hypergeometric fractional integral operators (see Mathai et al. [11, p. 104]):
For R(u) > 0,

(31) sz O)) = wr‘(*;)” /Oz(x — "R (u Fv, =l — é) f(t) dt
and
(S f () ()
(3.2) 1 oo s B i
m/ﬁ (t—ax) 't oF (M+y,fn,u,1,?) F(t) dt,

where the function f(t) is so constrained that the defining integrals in (3.1)
and (3.2) exist.
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The operator Ij7,”"(-) contains both the Riemann-Liouville Ry ,(-) and the
Erdélyi-Kober E(’i 7(-) fractional integral operators by means of the following
relationships:

(3.3) (R&mf@D(w)=(I&§“”f@»(w)=-—l—¥41@*—ﬂ“‘1f@)dt

L'(w)
and
(34)  (ELIF0))(x) = (14" f(1)(z) = xr_:u_)n /Oz(zt)”_lt”f(t) dt.

It is noted that the operator (3.2) unifies the Weyl type and the Erdélyi-Kober
fractional operators as follows:

3:5)  (Wiaf()(x) = (Jo" " f(8)(2) = 1)/Oo(t:0)“_1f(t) dt

I'(p
and

(3.6) (KELF(1)(z) = (JEL"f(1))(x) =

:L"’]

o / (t = 2)P=14== F(1) dt.

We also use the following image formulas which are easy consequences of the
operators (3.1) and (3.2) (see Mathai et al. [11, p. 107]):

POTO —v+m) oy

(L") (@) =

(3.7) PA=v)I(A+p+n)
(R(A) >0, RA—v+n) >0)
and
pwvmpA—1 ) = F(V — A+ 1)F(77 - A+ 1) A—v—1
(3.8) (")) = Fr1—-XNI'(v+p—A+n+1)

Ry —A+1) >0, R(n—A+1) > 0).

The Saigo fractional integrations of the generalized Gauss hypergeometric

o, Bk,

type functions a, b; ¢; z) are given in Theorems 5 and 6.

Theorem 5. Let x > 0, min {R(y), R(x), R(p)} > 0 and R(p) > max{0, R(v —
n)}. Then the following fractional integral formula holds true:

(Ié‘,’:’" [tplel(a’ﬂm’”) [ a’cb ;etﬁ”) ()
(39) — :L,pfljfl F(p>r(p -V + 77)
Llp+p+v)'(p—v)

(aBirp) | @0 P, p—V+n;
X ok} { ¢ ’ex’v]*2F2{P—V,p+u+n; ez].
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Proof. Let L be the left-hand side of (3.9). Then, using (1.3) and changing the
order of integration and summation, which is valid under the given conditions,
we have

) (a, B35, 1) n
_ By (b+n,c—0) (e)
(3.10) L= (a)n Bl ) ;]

(L {7 1Y) (=)

Here, making use of the result (3.7), we obtain
e 12 B(QBW)(bJr” c—b)
B(b,c —b)

F(p+n)F( —v+n+tn) (ex)"
Flp—v+n)(p+p+n+n) n

(3.11)

which, in view of Hadamard product series and (1.3), gives the right-hand side
of (3.9). O

Theorem 6. Let z > 0, min {R(v), R(x), R(p)} > 0 and R(p) < 1+min{R(n),
R(v)}. Then the following fractional integral formula holds true:

(Jé‘,’;;" [tﬂ_lgFl(a’ﬁ;“’“) [ a’cb ;%VH) (x)

vy T —p4u)T(1—p+n)
B12) = S = p—n v+

(afimp) | a0 € l—p+v,l—p+mn; e
X oF) [ c ’x’v}*QFQ[lp,lerquz/n; -

Proof. Similarly as in the proof of Theorem 5, taking the operator (3.2) and
the result (3.8) into account will establish the result (3.12). So the details of
proof are omitted. O

Setting v = 0 in Theorems 5 and 6 yields certain interesting results asserted
by the following corollaries.

Corollary 2. Let z > 0, min {R(v),R(x),R(p)} > 0 and R(p) > R(—n).
Then the right-side Erdélyi-Kober fractional integrals of the generalized Gauss
hypergeometric type functions are given as follows:

(E&f [tpl G FL k) [ a’cb ;et;VH) ()

_ xpflr(PJFU) 2F1(a,5;mu) a,b cexsy| ¥ 1By p+mn; exl
L(p+ p) ¢ ;
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Corollary 3. Let x > 0, min {R(7y), R(u), R(p)} > 0 and R(p) < 1+ R(n).
The following identity holds true:

(Kﬁ,’& [tﬂlgFf“’ﬁ;”’“) [ a’cb ;g;VH) (x)
I'l—p+n)

F1—p—n+np)

X 2F1(Q’Bm7“) { @b 35;7] * 1 { L=p+m E} .

(3.14) =zt

c L—p+p—mn x

Further, replacing v by —p in Theorems 5 and 6 and making use of the
relations (3.3) and (3.5) gives the other Riemann-Liouville and Weyl fractional
integrals of the generalized Gauss hypergeometric type function in (1.3) given
by the following corollaries.

Corollary 4. Let x > 0 and min {R(y),R(x), R(p)} > 0. Then the following
formula holds true:

(Rgm {tpl zFl(a’Bm’“) [ aéb ;etw”> (x)

r a,Bik ;
— zpﬂklm pleBinam { a,b ;ex;’y] * 111 { P ez] :
Llp+p) o ¢ P+ i

Corollary 5. Let x > 0 and min {R(y),R(x), R(p)} > 0. Then the following
formula holds true:

(W;OO {t’leFfu’ﬂm’”) [ aéb ;%VH) (z)
Fl—p—p) T(A—p+n)
I'(l-p) TA=p—n)

. a,b e l—p—p,1—p+n; e
xQFfa’B’”’“){ . ;_;7]*2F2|: pl_/; 1_2_2.5

(3.15)

(3.16) = zgPtet

Concluding remarks

The results presented here are general enough to be suitably specialized
to yield a variety of integral transforms and fractional integral formulas for
each of the families of the generalized Gauss type hypergeometric functions
F,Sa”ﬁ;“)(a,b; c z), Féa’ﬁ)(a,b; ¢;z) and Fp(a,b;c; z), which have been investi-
gated by many authors (see, e.g., [4, 5, 8, 10, 13]), and other special functions
which are expressible in terms of the Gauss hypergeometric function.
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