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S-ITERATION PROCESS FOR ASYMPTOTIC POINTWISE
NONEXPANSIVE MAPPINGS IN COMPLETE HYPERBOLIC
METRIC SPACES

THIKAMPORN ATSATHI, PRASIT CHOLAMJIAK, SUPARAT KESORNPROM,
AND AUTCHARA PRASONG

ABSTRACT. In this paper, we study the modified S-iteration process for
asymptotic pointwise nonexpansive mappings in a uniformly convex hy-
perbolic metric space. We then prove the convergence of the sequence
generated by the modified S-iteration process.

1. Introduction

Let C be a nonempty subset of a metric space (X, d). We say that z € C' is
a fixed point of T if
Tx =x.
The fixed point set of T' is denoted by Fiz(T'). A mapping T : C' — C' is said
to be asymptotic pointwise nonexpantive if for any x,y € C, there exists a
sequence of non-negative number {k,(x)} such that, for all z,y € C,
and lim k,(x) = 1.

n—oo

Example 1.1 ([2]). Let B denote the unit ball in the Hilbert space [* and let
T be defined as follows
T: (IL‘l, xT2,T3,.. ) — (0, ZL'%, AQZCQ, Agl'g, .. .),

where A; is a sequence of number such that 0 < A; < 1 and Hf; A = %
Then T is asymptotically nonexpansive, but not nonexpansive.

In 2013, Idn Dehaish et al. [3] studied the following modified Mann iteration
process defined by: z; € C and

(1) Tpp1 =t T" () ® (1 —tn)xn, neN
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where {t,} C (0,1). This iteration process was introduced by Schu [7]. They
proved that the modified Mann iteration process defined by (1) converges in a
weaker sense to a fixed point of T" in a complete uniformly convex metric space.

Agrawal et al. [1] introduced the S-iteration process defined by: z; € C and

Tl = 0T yn + (1 — )T xy,
Yn = BT "y + (]— - ﬂn)zna n €N,
where {ay,} and {3, } are sequences in (0, 1).
In this paper, motivated by [1] and [3], we consider the modified S-iteration
process defined by: z; € C and
Tl = ATy & (1 — )T xy,
Yn = ﬂnTnl'n ¥ (]— - ﬂn)zn; n e N,
where {a,} and {f8,} are sequences in (0,1). We prove the existence of the
fixed point of an asymptotic pointwise mapping defined on uniformly convex

hyperbolic metric spaces. Moreover, we study the convergence of the modified
S-iteration process associated with asymptotic pointwise mappings.

2. Preliminaries and lemmas

In this section, we provide some basic concepts, definitions and lemmas
which will be used in the sequel. Throughout this paper, (M,d) will denote
a metric space. Suppose that there exists a family F of metric segments such
that any two point x,y in M are endpoint of a unique metric segment [z, y] € F
([, y] is an isometric image of the real line interval [0, d(x, y)]). We shall denote
by Sx @ (1 — B)y the unique point z of [z, y] which satisfies

d(m,z) = (1 - B)d(xay) and d(zay) = 6d($,y),

where 8 € [0,1]. Such metric spaces are usually called convex metric spaces
[5]. Moreover, if we have

d(ap® (1 — a)z,aq ® (1 — a)y) < ad(p,q) + (1 — a)d(z,y)

for all p,q,z,y in M, and « € [0,1], then M is said to be a hyperbolic metric
space (see [6]).

Definition. Let (M, d) be a hyperbolic metric space. We say that M is uni-
formly convex if for any a € M, for every r > 0, and for each € > 0,

1 /1 1
o(r,e) = inf {1 - —d(§x ® §y,a);d($,a) <rd(y,a) <rd(zy) > re} > 0.
r

It is noted that if (M, d) is uniformly convex, then for every s > 0, ¢ > 0,
there exists 7(s, €) > 0 depending on s and e such that

o(r,€) > n(s,e) > 0 for any r > s.
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Theorem 2.1 ([3]). Assume that (M,d) is complete and uniformly convex.
Let C C M be nonempty, convex, and closed. Then for any x € M, there
exists a unique best approzimant of x in C, i.e., a unique xg € C' such that

d(x,x0) = d(z,C).

Lemma 2.2 ([4]). Let (M,d) be uniformly convex. Assume that there exists
r >0 such that

1 1
limsup d(x,,a) < r, limsupd(yn,a) < r and lim d(a, —Z, B —yn) =r.

Then

nhﬂn;o d(Xn,yn) = 0.
Theorem 2.3 ([4]). Let (M,d) be uniformly convex. Fiz a € M. For each
r >0 and for each € > 0 denote

1 1 1 1
U(r,e) = inf {QdQ(a,x) + §d2(a,y) —d? (a, 5% ® 53/) },

where the infimum is taken over all x,y € M such that d(a,z) <r, d(a,y) <,
and d(z,y) > re. Then U (r,e) > 0 for any 0 < r and for each e > 0. Moreover,
for a fixed r > 0, we have

(i) ¥(r,0) = 0;

(ii) ¥(r,e) is a nondecreasing function of &;

(iii) if lim W(r,t,) =0, then lim t, =0.

Definition ([4]). We say that (M,d) is 2-uniformly convex if

v
cMinf{ (r,€) T>0,€>0} > 0.

’
r2g2

Theorem 2.4 ([3]). Assume that (M,d) is 2-uniformly convexr. Then for any
a € (0,1), there exists Cay > 0 such that

d*(a,0x® (1 —a)y)+Cy min(a?, (1 —a)?)d?(z,y) < ad?(a,z) + (1 —a)d?*(a,y)
for any a,x,y € M.
Recall that 7 : M — Ry is called a type if there exists {x,} in M such that

7(z) = limsup d(z, x,,).
n—oo
Theorem 2.5 ([4]). Assume that (M,d) is complete and uniformly convex.
Let C' be any nonempty, closed, bounded, and conver subset of M. Let T be a
type defined on C. Then any minimizing sequence of T is convergent. Its limit
is independent of the minimizing sequence.
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In fact if M is 2-uniformly convex, and 7 is a type defined on a nonempty,
closed, bounded, and convex subset C' of M, then there exists a unique zy € C'
such that

72 (20) + 2cprd?(wg, ) < 72(2)
for any z € C.
Theorem 2.6 ([3]). Let (M,d) be a complete hyperbolic metric space which is
2-uniformly convezr. Let C be a nonempty, closed, convexr, and bounded subset

of M. Let T : C — C be asymptotic pointwise nonexpansive. Then T has a
fized point in C. Moreover, the fized point set Fix(T) is closed and conver.

3. Main results
In this section, we prove some lemmas which will be used in our theorem.

Lemma 3.1. Let C' be a nonempty, closed, convex, and bounded subset of a
complete hyperbolic 2-uniformly convex metric space (M,d). Let T : C — C
be asymptotic pointwise nonexpansive such that Fiz(T) # (. Assume that
S (kn(z) — 1) < oo for any x € C. Let {an} and {Bn} be sequences in

n=1
(0,1) such that 0 < a < ay,, B, < b < 1 for some a,b. The modified S-iteration
process is defined by

(1) Tnt1 = @ T"yn ® (1 — )T 2y
Yn = BTy ® (]. — ﬂn)l'n, n €N
where x1 € C is a fized arbitrary point. Then for any z € Fix(T), lim d(z,,2)

n—oo
and lim d(y,, z) exist.
n—oo

Proof. Let z € Fixz(T). Then
d(Yn,2) < Bnd(T™xy, z) + (1 — Br)d(2n, 2)
= Bnd(T"xn, T"2) + (1 — Bpn)d(2n, 2)
< Bukn(2)d(zn, 2) + (1 — Bn)d(2n, 2)
(2) = d(xn, 2)[Bn(kn(z) — 1) +1]
and
d(xpi1,2) < and(T"yn, 2) + (1 — an)d(T 2y, 2)
= nd(T"Yn, T"2) + (1 — an)d(T" 2y, T"2)
< nkn(2)d(yn, 2) + (1 — ap)k, (2)d(zy, 2)
< nkn(2)[Brn(kn(2) = 1) + 1]d(xn, 2) + (1 — an)kn(2)d(xn, 2)
= d(Tpn, 2)kn(2)[anfn(kn(z) — 1) + 1].
So, it follows that
d(xpi1,2) —d(xn, 2) < d(Tn, 2)kn(2)[@nfn(kn(2) — 1) + 1] — d(zp, 2)
(@n, 2)[kn(2)(anBn(kn(z) — 1) +1) — 1]

QU
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for any n > 1. Put §(C) = sup{d(m1,m2) : m1,ms € C}. Hence, we obtain

Ad(@ntr, 2) — d(an, z) < 0(C) Z[kn-l-i(Z)(an-i-iﬁn-i-i(kn-i-i(z) -1+1)-1].
i=0
Put anti(2) = knti(2)an+iBnti(knti(z) — 1) + 1. Then we have
d(@ptr, 2) = d(zn, z) < 6(C) Z(an-'ri(z) -1)
i=0

for any n,r > 1. Letting » — oo, we see that

o0

liiri}s;ip d(xr,2) < d(zpn, z) + 6(C) Z(anJri(z) -1)

for any n > 1. Next we let n — oo, since C is bounded,

lim sup d(,, z) < liminf d(x,,, z) + 6(C) lirginf Z(an_,_i(z) -1)

T—00 n—00

= hnn_1>1£f d(zy, 2).

This shows that limsup d(x,, z) = liminfd(x,,2) and thus lim d(z,,z) = p

r—o00 n— oo n— o0
exists.

We next prove that li_>m d(yn, z) exists. Consider
d(xpi1,2) < and(T"yn, 2) + (1 — ap)d(T" 2y, 2)
< nkn(2)d(yn, 2) + kn(2)d(xn, 2) — ankn(2)d(zn, 2),
which implies that
ankn (2)d(xn, 2) < ankn(2)d(Yn, 2) + kn(2)d(zn, 2) — d(Tpt1, 2).

Then
kn(2)d(xn, 2) < kn(2)d(Yn, 2) + Lkn(z)d(zn, z) — Ld(anrl,z)
n an
1
= kn(z)d(yna Z) + a—[k/’n(Z)d(.Tn, Z) - d(‘rn-l-la Z)]
This gives

liminf d(x,,, z) < liminf d(y,, 2).
n—oo n—oo

It follows that p < lirr_l> inf d(yn, z) and hence, by (2), we have
lim up (g, #) < lim sup d(m, 2)[Ba(kn(z) — 1) + 1]

n—oo n—oo
= limsup d(zy, 2).
n—oo
We have limsup d(y,,z) < p and thus limsup d(yn,2z) < p < liminf d(y,, 2).
n—oo

n— 00 n—r00
This shows that lim d(y,, 2) exists. O
n—oo
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Lemma 3.2. Let C' be a nonempty, closed, convex, and bounded subset of a
complete hyperbolic 2-uniformly convex metric space (M,d). Let T : C' — C be
asymptotic pointwise nonexpansive such that Fix(T) # 0. Let {x,} be defined
by (1). Then

lim d(z,,T"z,) =0 and lim d(z,,T™z,) =0 for allm>1,

n—oo n—oo
provided that L = supsup k,(x) < oo, i.e., T is a uniformly Lipschitzian
neNzeC
mapping on C.

Proof. Let z € Fix(T). First we will prove that lim d(z,,T"z,) = 0. By

n—o0
Theorem 2.4, we have

d*(z,yn) + Car min(B2, (1 — B,)*)d* (2, T"xy)
< Bnd?(z,20) + (1 — Bp)d* (2, T™x,),
which implies that
Cymin(B2, (1 — B2))d? (zn, T )

< Bnd®(z,20) + (1 = Bn)d?* (2, T"x,) — d*(2,y)

= Bud®(z,20) + (1 = Bn)d*(T" 2, T"wn) — d*(2,yn)

< Bud®(2,20) + (1 = Bn)kn(2)d* (2, 20) — d*(2, yn)

= Bud®(z,20) + kn(2)d° (2, 20) = Brkn(2)d (2, 20) — d*(2, yn)

= d2(z n)[Bn + kn(2) = Bukn(2)] — d* (2, yn)
d*(2,20) [kn(2) (1 = Bn) + Bn] — d*(2,yn) + & (20, 2) — (20, 2)
(2, 20)[(kn(2)(1 = Bp) + Ba) — 1] = &*(2,yn) + d*(zn, 2)
= d2(z, ) (kn(2) — D)1 = Bn) — d*(2,yn) + d*(2n, 2).
Thus nll}n;o d(xn, T"(xy)) =0, by Lemma 3.1 and ky(z) — 1.
Next we prove that nl;ngo d(xn, T™(x,)) = 0 for any m > 1. We see that
d(xn, Txy) < d(@n, T"xy) + d(T" 2y, Txy)
(1) < d(xn, T"xy) + LA(T" 2y, )
for any n > 2. Since
d(T" Y2y, ) < d(T" Yo, T ran 1) +d(T" 2y, x,)
(2) < Ld(zp, Tn1) + d(T" a1, x),
we get that, by (1) and (2),
(3)  d(xn,Txy) < d(zn, T"xy,) + L?d(zn, Tn_1) + Ld(xn, T" ‘2, 1)
for any n > 2. We see that
d(@n, T" 1) =d((1 — 1) T" 21 @ 1 T Yy 1, T" 1)
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= O‘nfld(Tn_lynflv Tn_lxnfl)
S an—lLd(yn—laxn—l)
= anflLd((l - ﬂnfl)xnfl b ﬂnflTnilznflvxnfl)

(4) =y 1 LBy 1d(T" a1, 20 1)
and
d* (2, Tn_1) = d*(1 = an_ ) T" 20 1 @ o 1T Myp1,0n_1)
(5) < an_1d2($n_1,T”_1yn_1) +(1- an_l)dQ(xn_l, T"_lxn_l).

On the other hand, we obtain
d(xp_1, T"  yp1) < d(@n_1, T" 1) +d(T" ey 1, T" tyn_1)
<d(@p_1,T" '2p_1) + Ld(zn_1,Yn_1)
=d(zp_1,T" 2,_1)
+ Ld(xp_1,(1 = Bu1)Zn1 ® B T" ‘ap_1)
=d(zp_1,T" 1)+ LBy 1d(T" *xp 1,20 1)
(6) = (14 LBn—1)d(T"  @n1, Tp—1)-
Substituting (6) in to (5), we obtain
d*(xp, 2n1) < an_1(1+ LBy_1)?d*(T" ‘ap_1,2,_1)
+ (1= an_1)d*(xn_1,T" rz,_1)
(7) = [an—1(1+ LBp-1)* + (1 — an—1)]d*(T" ' 2p_1, 2p-1).
Substituting (4) and (7) in to (3), we have
d(zp, Txy) < d(xn, T"x,)
+ LQ[(\/O‘nfl(l + LBn-1)?+ (1 - anfl))d(Tn_lznfla Tn-1)]
+ Loy 1 LB 1d(T™ a1, 1))

Hence we get lim d(zp,Tz,) = 0. On the other hand, we see that
n—oo

J

d(zy, T™x,) <Y d(T*z,, T" z,)

3

T
1L

IN

Ld(xy, Txy,),
0
which implies that d(z,,T™z,) < mLd(z,,Tz,) for any m > 1. Thus
lim d(x,,T™x,) =0 for any m > 1. O

n—oo

=
Il

Theorem 3.3. Let C' be a nonempty, closed, convex, and bounded subset of a
complete hyperbolic 2-uniformly convex metric space (M,d). Let T : C — C be
asymptotic pointwise nonexpansive such that Fix(T) # 0. Let {x,} be defined
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by (1). Assume that T is a uniformly Lipschitzian mapping on C. Consider
the type 7(x) = limsupd(xy,,x) on C. If z is the minimum point of T, i.e.,

n—oo
7(2) =inf{r(z) =2 € C}. Then Tz = z.
Proof. We see that

™ 1 1
d? (zn, HTZ) + Cpd*(2,T™z2) < §d2(zn, z) + idQ(zn, T"2).

If we let n — oo, and 7(x) = limsup d(z,, x), then for any m > 1
n—oo

r 1 1
72 <Z+TZ) + Cyd?(2,T™2) < 572(,2) + 57'2(Tmz).

This shows that
T(T™2) = limsupd(x,, T"z) < limsup[d(x,, T"x,) + d(T"x,, T™2)]

n—oo n—oo

<limsupd(T"z,,T"z).

n— oo

Therefore, we obtain

T(T"2) < kpm(2) limsup d(z,, 2)

n—oo

= km(Z)T(Z)a

for any m > 1. Since 7(z) < T<Z+€mz> and 7(T™z) < ky,(2)7(2), we get

72(2) + Cud?(2,T™z2) < 472(2) + m72(,2) for any m > 1. Hence

for any m > 1. This shows that lim d(z,7™z) = 0. We know that

m—00
d(z,Tz) <d(z,T™z)+d(T™z,Tz)
<d(z,T™z) + Ld(T™ 'z, 2).
Hence Tz = z by Lemma 3.2. This completes the proof. (]

Remark 3.4. The S-iteration process studied in this paper is quite different
from Mann iteration process defined in [3].
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