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Abstract. In this paper, we study the modified S-iteration process for
asymptotic pointwise nonexpansive mappings in a uniformly convex hy-
perbolic metric space. We then prove the convergence of the sequence
generated by the modified S-iteration process.

1. Introduction

Let C be a nonempty subset of a metric space (X, d). We say that x ∈ C is
a fixed point of T if

Tx = x.

The fixed point set of T is denoted by Fix(T ). A mapping T : C → C is said
to be asymptotic pointwise nonexpantive if for any x, y ∈ C, there exists a
sequence of non-negative number {kn(x)} such that, for all x, y ∈ C,

d(T n(x), T n(y)) ≤ kn(x)d(x, y)

and lim
n→∞

kn(x) = 1.

Example 1.1 ([2]). Let B denote the unit ball in the Hilbert space l2 and let
T be defined as follows

T : (x1, x2, x3, . . .) → (0, x2
1, A2x2, A3x3, . . .),

where Ai is a sequence of number such that 0 < Ai < 1 and
∏

∞

i=2 Ai = 1
2 .

Then T is asymptotically nonexpansive, but not nonexpansive.

In 2013, Idn Dehaish et al. [3] studied the following modified Mann iteration
process defined by: x1 ∈ C and

xn+1 = tnT
n(xn)⊕ (1− tn)xn, n ∈ N(1)
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where {tn} ⊂ (0, 1). This iteration process was introduced by Schu [7]. They
proved that the modified Mann iteration process defined by (1) converges in a
weaker sense to a fixed point of T in a complete uniformly convex metric space.

Agrawal et al. [1] introduced the S-iteration process defined by: x1 ∈ C and

xn+1 = αnT
nyn + (1− αn)T

nxn

yn = βnT
nxn + (1 − βn)xn, n ∈ N,

where {αn} and {βn} are sequences in (0, 1).
In this paper, motivated by [1] and [3], we consider the modified S-iteration

process defined by: x1 ∈ C and

xn+1 = αnT
nyn ⊕ (1− αn)T

nxn

yn = βnT
nxn ⊕ (1 − βn)xn, n ∈ N,

where {αn} and {βn} are sequences in (0, 1). We prove the existence of the
fixed point of an asymptotic pointwise mapping defined on uniformly convex
hyperbolic metric spaces. Moreover, we study the convergence of the modified
S-iteration process associated with asymptotic pointwise mappings.

2. Preliminaries and lemmas

In this section, we provide some basic concepts, definitions and lemmas
which will be used in the sequel. Throughout this paper, (M,d) will denote
a metric space. Suppose that there exists a family F of metric segments such
that any two point x, y in M are endpoint of a unique metric segment [x, y] ∈ F
([x, y] is an isometric image of the real line interval [0, d(x, y)]). We shall denote
by βx⊕ (1 − β)y the unique point z of [x, y] which satisfies

d(x, z) = (1− β)d(x, y) and d(z, y) = βd(x, y),

where β ∈ [0, 1]. Such metric spaces are usually called convex metric spaces
[5]. Moreover, if we have

d(αp⊕ (1 − α)x, αq ⊕ (1− α)y) ≤ αd(p, q) + (1− α)d(x, y)

for all p, q, x, y in M , and α ∈ [0, 1], then M is said to be a hyperbolic metric
space (see [6]).

Definition. Let (M,d) be a hyperbolic metric space. We say that M is uni-
formly convex if for any a ∈ M , for every r > 0, and for each ǫ > 0,

δ(r, ǫ) = inf

{
1−

1

r
d

(
1

2
x⊕

1

2
y, a

)
; d(x, a) ≤ r, d(y, a) ≤ r, d(x, y) ≥ rǫ

}
> 0.

It is noted that if (M,d) is uniformly convex, then for every s ≥ 0, ǫ > 0,
there exists η(s, ǫ) > 0 depending on s and ǫ such that

δ(r, ǫ) > η(s, ǫ) > 0 for any r > s.
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Theorem 2.1 ([3]). Assume that (M,d) is complete and uniformly convex.

Let C ⊂ M be nonempty, convex, and closed. Then for any x ∈ M , there

exists a unique best approximant of x in C, i.e., a unique x0 ∈ C such that

d(x, x0) = d(x,C).

Lemma 2.2 ([4]). Let (M,d) be uniformly convex. Assume that there exists

r ≥ 0 such that

lim sup
n→∞

d(xn, a) ≤ r, lim sup
n→∞

d(yn, a) ≤ r and lim
n→∞

d

(
a,

1

2
xn ⊕

1

2
yn

)
= r.

Then

lim
n→∞

d(xn, yn) = 0.

Theorem 2.3 ([4]). Let (M,d) be uniformly convex. Fix a ∈ M . For each

r > 0 and for each ε > 0 denote

Ψ(r, ε) = inf

{
1

2
d2(a, x) +

1

2
d2(a, y)− d2

(
a,

1

2
x⊕

1

2
y

)}
,

where the infimum is taken over all x, y ∈ M such that d(a, x) ≤ r, d(a, y) ≤ r,
and d(x, y) ≥ rε. Then Ψ(r, ε) > 0 for any 0 < r and for each ε > 0. Moreover,

for a fixed r > 0, we have

(i) Ψ(r, 0) = 0;
(ii) Ψ(r, ε) is a nondecreasing function of ε;
(iii) if lim

n→∞

Ψ(r, tn) = 0, then lim
n→∞

tn = 0.

Definition ([4]). We say that (M,d) is 2-uniformly convex if

cM = inf

{
Ψ(r, ε)

r2ε2
; r > 0, ε > 0

}
> 0.

Theorem 2.4 ([3]). Assume that (M,d) is 2-uniformly convex. Then for any

α ∈ (0, 1), there exists CM > 0 such that

d2(a, αx⊕(1−α)y)+CM min(α2, (1−α)2)d2(x, y) ≤ αd2(a, x)+(1−α)d2(a, y)

for any a, x, y ∈ M .

Recall that τ : M → R+ is called a type if there exists {xn} in M such that

τ(x) = lim sup
n→∞

d(x, xn).

Theorem 2.5 ([4]). Assume that (M,d) is complete and uniformly convex.

Let C be any nonempty, closed, bounded, and convex subset of M . Let τ be a

type defined on C. Then any minimizing sequence of τ is convergent. Its limit

is independent of the minimizing sequence.
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In fact if M is 2-uniformly convex, and τ is a type defined on a nonempty,
closed, bounded, and convex subset C of M , then there exists a unique x0 ∈ C
such that

τ2(x0) + 2cMd2(x0, x) ≤ τ2(x)

for any x ∈ C.

Theorem 2.6 ([3]). Let (M,d) be a complete hyperbolic metric space which is

2-uniformly convex. Let C be a nonempty, closed, convex, and bounded subset

of M . Let T : C → C be asymptotic pointwise nonexpansive. Then T has a

fixed point in C. Moreover, the fixed point set Fix(T ) is closed and convex.

3. Main results

In this section, we prove some lemmas which will be used in our theorem.

Lemma 3.1. Let C be a nonempty, closed, convex, and bounded subset of a

complete hyperbolic 2-uniformly convex metric space (M,d). Let T : C → C
be asymptotic pointwise nonexpansive such that Fix(T ) 6= ∅. Assume that∑

∞

n=1(kn(x) − 1) < ∞ for any x ∈ C. Let {αn} and {βn} be sequences in

(0, 1) such that 0 < a ≤ αn, βn ≤ b < 1 for some a, b. The modified S-iteration

process is defined by

xn+1 = αnT
nyn ⊕ (1 − αn)T

nxn(1)

yn = βnT
nxn ⊕ (1− βn)xn, n ∈ N

where x1 ∈ C is a fixed arbitrary point. Then for any z ∈ Fix(T ), lim
n→∞

d(xn, z)

and lim
n→∞

d(yn, z) exist.

Proof. Let z ∈ Fix(T ). Then

d(yn, z) ≤ βnd(T
nxn, z) + (1− βn)d(xn, z)

= βnd(T
nxn, T

nz) + (1− βn)d(xn, z)

≤ βnkn(z)d(xn, z) + (1− βn)d(xn, z)

= d(xn, z)[βn(kn(z)− 1) + 1](2)

and

d(xn+1, z) ≤ αnd(T
nyn, z) + (1− αn)d(T

nxn, z)

= αnd(T
nyn, T

nz) + (1− αn)d(T
nxn, T

nz)

≤ αnkn(z)d(yn, z) + (1− αn)kn(z)d(xn, z)

≤ αnkn(z)[βn(kn(z)− 1) + 1]d(xn, z) + (1 − αn)kn(z)d(xn, z)

= d(xn, z)kn(z)[αnβn(kn(z)− 1) + 1].

So, it follows that

d(xn+1, z)− d(xn, z) ≤ d(xn, z)kn(z)[αnβn(kn(z)− 1) + 1]− d(xn, z)

= d(xn, z)[kn(z)(αnβn(kn(z)− 1) + 1)− 1]
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for any n ≥ 1. Put δ(C) = sup{d(m1,m2) : m1,m2 ∈ C}. Hence, we obtain

d(xn+r , z)− d(xn, z) ≤ δ(C)

r−1∑

i=0

[kn+i(z)(αn+iβn+i(kn+i(z)− 1) + 1)− 1].

Put an+i(z) = kn+i(z)αn+iβn+i(kn+i(z)− 1) + 1. Then we have

d(xn+r , z)− d(xn, z) ≤ δ(C)

r−1∑

i=0

(an+i(z)− 1)

for any n, r ≥ 1. Letting r → ∞, we see that

lim sup
r→∞

d(xr , z) ≤ d(xn, z) + δ(C)

∞∑

i=n

(an+i(z)− 1)

for any n ≥ 1. Next we let n → ∞, since C is bounded,

lim sup
r→∞

d(xr , z) ≤ lim inf
n→∞

d(xn, z) + δ(C) lim inf
n→∞

∞∑

i=n

(an+i(z)− 1)

= lim inf
n→∞

d(xn, z).

This shows that lim sup
r→∞

d(xr, z) = lim inf
n→∞

d(xn, z) and thus lim
n→∞

d(xn, z) = p

exists.
We next prove that lim

n→∞

d(yn, z) exists. Consider

d(xn+1, z) ≤ αnd(T
nyn, z) + (1− αn)d(T

nxn, z)

≤ αnkn(z)d(yn, z) + kn(z)d(xn, z)− αnkn(z)d(xn, z),

which implies that

αnkn(z)d(xn, z) ≤ αnkn(z)d(yn, z) + kn(z)d(xn, z)− d(xn+1, z).

Then

kn(z)d(xn, z) ≤ kn(z)d(yn, z) +
1

αn

kn(z)d(xn, z)−
1

αn

d(xn+1, z)

= kn(z)d(yn, z) +
1

αn

[kn(z)d(xn, z)− d(xn+1, z)].

This gives

lim inf
n→∞

d(xn, z) ≤ lim inf
n→∞

d(yn, z).

It follows that p ≤ lim inf
n→∞

d(yn, z) and hence, by (2), we have

lim sup
n→∞

d(yn, z) ≤ lim sup
n→∞

d(xn, z)[βn(kn(z)− 1) + 1]

= lim sup
n→∞

d(xn, z).

We have lim sup
n→∞

d(yn, z) ≤ p and thus lim sup
n→∞

d(yn, z) ≤ p ≤ lim inf
n→∞

d(yn, z).

This shows that lim
n→∞

d(yn, z) exists. �
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Lemma 3.2. Let C be a nonempty, closed, convex, and bounded subset of a

complete hyperbolic 2-uniformly convex metric space (M,d). Let T : C → C be

asymptotic pointwise nonexpansive such that Fix(T ) 6= ∅. Let {xn} be defined

by (1). Then

lim
n→∞

d(xn, T
nxn) = 0 and lim

n→∞

d(xn, T
mxn) = 0 for all m ≥ 1,

provided that L = sup
n∈N

sup
x∈C

kn(x) < ∞, i.e., T is a uniformly Lipschitzian

mapping on C.

Proof. Let z ∈ Fix(T ). First we will prove that lim
n→∞

d(xn, T
nxn) = 0. By

Theorem 2.4, we have

d2(z, yn) + CM min(β2
n
, (1− βn)

2)d2(xn, T
nxn)

≤ βnd
2(z, xn) + (1− βn)d

2(z, T nxn),

which implies that

CM min(β2
n, (1− β2

n))d
2(xn, T

nxn)

≤ βnd
2(z, xn) + (1− βn)d

2(z, T nxn)− d2(z, yn)

= βnd
2(z, xn) + (1− βn)d

2(T nz, T nxn)− d2(z, yn)

≤ βnd
2(z, xn) + (1− βn)kn(z)d

2(z, xn)− d2(z, yn)

= βnd
2(z, xn) + kn(z)d

2(z, xn)− βnkn(z)d
2(z, xn)− d2(z, yn)

= d2(z, xn)[βn + kn(z)− βnkn(z)]− d2(z, yn)

= d2(z, xn)[kn(z)(1− βn) + βn]− d2(z, yn) + d2(xn, z)− d2(xn, z)

= d2(z, xn)[(kn(z)(1− βn) + βn)− 1]− d2(z, yn) + d2(xn, z)

= d2(z, xn)(kn(z)− 1)(1− βn)− d2(z, yn) + d2(xn, z).

Thus lim
n→∞

d(xn, T
n(xn)) = 0, by Lemma 3.1 and kn(z) → 1.

Next we prove that lim
n→∞

d(xn, T
m(xn)) = 0 for any m ≥ 1. We see that

d(xn, T xn) ≤ d(xn, T
nxn) + d(T nxn, T xn)

≤ d(xn, T
nxn) + Ld(T n−1xn, xn)(1)

for any n ≥ 2. Since

d(T n−1xn, xn) ≤ d(T n−1xn, T
n−1xn−1) + d(T n−1xn−1, xn)

≤ Ld(xn, xn−1) + d(T n−1xn−1, xn),(2)

we get that, by (1) and (2),

d(xn, T xn) ≤ d(xn, T
nxn) + L2d(xn, xn−1) + Ld(xn, T

n−1xn−1)(3)

for any n ≥ 2. We see that

d(xn, T
n−1xn−1) = d((1− αn−1)T

n−1xn−1 ⊕ αn−1T
n−1yn−1, T

n−1xn−1)
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= αn−1d(T
n−1yn−1, T

n−1xn−1)

≤ αn−1Ld(yn−1, xn−1)

= αn−1Ld((1− βn−1)xn−1 ⊕ βn−1T
n−1xn−1, xn−1)

= αn−1Lβn−1d(T
n−1xn−1, xn−1)(4)

and

d2(xn, xn−1) = d2((1− αn−1)T
n−1xn−1 ⊕ αn−1T

n−1yn−1, xn−1)

≤ αn−1d
2(xn−1, T

n−1yn−1) + (1− αn−1)d
2(xn−1, T

n−1xn−1).(5)

On the other hand, we obtain

d(xn−1, T
n−1yn−1) ≤ d(xn−1, T

n−1xn−1) + d(T n−1xn−1, T
n−1yn−1)

≤ d(xn−1, T
n−1xn−1) + Ld(xn−1, yn−1)

= d(xn−1, T
n−1xn−1)

+ Ld(xn−1, (1− βn−1)xn−1 ⊕ βn−1T
n−1xn−1)

= d(xn−1, T
n−1xn−1) + Lβn−1d(T

n−1xn−1, xn−1)

= (1 + Lβn−1)d(T
n−1xn−1, xn−1).(6)

Substituting (6) in to (5), we obtain

d2(xn, xn−1) ≤ αn−1(1 + Lβn−1)
2d2(T n−1xn−1, xn−1)

+ (1− αn−1)d
2(xn−1, T

n−1xn−1)

= [αn−1(1 + Lβn−1)
2 + (1− αn−1)]d

2(T n−1xn−1, xn−1).(7)

Substituting (4) and (7) in to (3), we have

d(xn, T xn) ≤ d(xn, T
nxn)

+ L2[(
√

αn−1(1 + Lβn−1)2 + (1− αn−1))d(T
n−1xn−1, xn−1)]

+ L[αn−1Lβn−1d(T
n−1xn−1, xn−1)].

Hence we get lim
n→∞

d(xn, T xn) = 0. On the other hand, we see that

d(xn, T
mxn) ≤

m−1∑

k=0

d(T kxn, T
k+1xn)

≤
m−1∑

k=0

Ld(xn, T xn),

which implies that d(xn, T
mxn) ≤ mLd(xn, T xn) for any m ≥ 1. Thus

lim
n→∞

d(xn, T
mxn) = 0 for any m ≥ 1. �

Theorem 3.3. Let C be a nonempty, closed, convex, and bounded subset of a

complete hyperbolic 2-uniformly convex metric space (M,d). Let T : C → C be

asymptotic pointwise nonexpansive such that Fix(T ) 6= ∅. Let {xn} be defined
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by (1). Assume that T is a uniformly Lipschitzian mapping on C. Consider

the type τ(x) = lim sup
n→∞

d(xn, x) on C. If z is the minimum point of τ , i.e.,

τ(z) = inf{τ(x) = x ∈ C}. Then Tz = z.

Proof. We see that

d2
(
xn,

z + Tmz

2

)
+ CMd2(z, Tmz) ≤

1

2
d2(xn, z) +

1

2
d2(xn, T

mz).

If we let n → ∞, and τ(x) = lim sup
n→∞

d(xn, x), then for any m ≥ 1

τ2
(
z + Tmz

2

)
+ CMd2(z, Tmz) ≤

1

2
τ2(z) +

1

2
τ2(Tmz).

This shows that

τ(Tmz) = lim sup
n→∞

d(xn, T
mz) ≤ lim sup

n→∞

[d(xn, T
mxn) + d(Tmxn, T

mz)]

≤ lim sup
n→∞

d(Tmxn, T
mz).

Therefore, we obtain

τ(Tmz) ≤ km(z) lim sup
n→∞

d(xn, z)

= km(z)τ(z),

for any m ≥ 1. Since τ(z) ≤ τ

(
z+T

m

z

2

)
and τ(Tmz) ≤ km(z)τ(z), we get

τ2(z) + CMd2(z, Tmz) ≤ 1
2τ

2(z) +
k
2

m
(z)
2 τ2(z) for any m ≥ 1. Hence

CMd2(z, Tmz) ≤
1

2
τ2(z) +

k2
m
(z)

2
τ2(z)− τ2(z)

= τ2(z)

[
1

2
+

k2
m
(z)

2
− 1

]

= τ2(z)

[
k2
m
(z)− 1

2

]

for any m ≥ 1. This shows that lim
m→∞

d(z, Tmz) = 0. We know that

d(z, T z) ≤ d(z, Tmz) + d(Tmz, T z)

≤ d(z, Tmz) + Ld(Tm−1z, z).

Hence Tz = z by Lemma 3.2. This completes the proof. �

Remark 3.4. The S-iteration process studied in this paper is quite different
from Mann iteration process defined in [3].
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