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SOLUTION FORMULAS FOR
SOME NONLOCAL HEAT EQUATIONS

HyunGJiN HuH

ABSTRACT. We obtain solution formulas for some nonlocal heat equa-
tions. As a simple application, we prove finite time blow-up of the solu-
tion.

1. Introduction

We are interested in the following heat equations with nonlocal terms
a
(1.1) Oy — Au—u (/ |Vu|pdac) + f(z,t)u=0, t>0, ze€qQ,
Q
or
t a
(1.2) O — Au—u/ (/ |Vu|pdac) ds+ f(z,t)u=0, t>0, x€q,
0 Q

with initial and boundary conditions

u(z, 0) = g(z), x€Q,

u(z,t) =0, t>0, xz¢€d.
Here p, ¢ > 1 are constants and f is a given smooth function. €2 is a smoothly
bounded domain of R™ or whole space R™. In the case of R™, the boundary

condition is understood as lim|,|_, o u(2, t) = 0.
The following equation has been studied in [2]

Oru — Au = u"(z,t) </ |Vu(y,t)|2dy> , t>0, xe€Q,
Q

u(z, 0) = up(xz), z€Q,
u(z, t) =0, t>0, xz€,
where m > 1 and r > 0. It was mentioned in Remark 4.2 of [2] that in the case
m =1, u can be written as
u(z,t) = eG(t)v(x,t),
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where G(t) = f(f (fo, IVu(y, s)[>dy)” ds and v is the solution of v; — Av = 0
and v(z, 0) = ug(z). If u blows up in finite time 7™, then we must have
G(T*) = o0, and u(z,t) blows up at every point of Q at t — T*. The model
(1.2) is a space-time generalization of (1.1).

We will derive more precise formulas for the nonlocal terms of (1.1) and (1.2),
as long as solutions exist. To state our results, let us consider an equation

ov—Av+ f(x,t)hv =0, t>0, xz€q,
(1.3) v(z, 0) =g(z), z€Q,
v(z,t) =0, t>0, xe€dN.

From now on, we assume that the equations (1.1) and (1.2) admit a unique,
classical solution w in time [0, T']. Our first result is concerned with the equation

(1.1).
Theorem 1.1. As long as it exists, the solution u of (1.1) is given by

(e, 1) = v(x, t) _

(1= pafi (o [Vely, )P dy)” ds) ™

where v is a solution of (1.3).

Our second result is concerned with the equation (1.2).

Theorem 1.2. As long as it exists, the solution u of (1.2) is given by

(@, ) = v(z, £) exp (piqh(t)) .

Here h(t) is a solution of the following ODE

d?h h
ﬁ = pque-,

h(0) =0, K'(0) =0,
where pu(t) = ([, |[Vo(z,t)[P dz)? and v is a solution of (1.3).

As a simple application of Theorems 1.1 and 1.2, we have Corollaries 2.1
and 3.1 which show finite time blow-up of solutions.

We prove Theorem 1.1 in Section 2. Theorem 1.2 is proved in Section 3. We
close this study giving a few remarks in Section 4.

2. Proof of Theorem 1.1

First of all, we reduce the equation (1.1) to heat equation without nonlocal
term. Define A(t) as

A(t) = ( ) |Vu|pd:c)q.



SOLUTION FORMULAS FOR SOME NONLOCAL HEAT EQUATIONS 569

Considering integration factor with respect to time variable, it seems natural
to transform

(2.1) w(z,t) = v(a, t)elo Ne)ds,

Then the function v satisfies a heat equation
ov—Av+ f(z,t)v =0, t>0, z€q,
v(z, 0) =g(x), x= €,
v(z,t) =0, t>0, xe€dN.

Note that u and v have the same initial data g.
We will derive more precise formula for the nonlocal term fot A(s)ds, as long
as it exists. From (2.1), we have

(Vu(z, t)[P = |Vo(z, t)[PeP fo Ms)ds,
Integrating on €2, we obtain
A(t) = p(t)ert e A,

where we use the notation u(t) = ([, |[Vol? dz)q. Taking logarithmic function
and derivative, we derive a Riccati equation for A

I
(2.2) N = pet.
W
Let us define 8(t) = e~P4Js A®)4s which implies
__1F
B
where we can check 5(0) = 1 and A(0) = fp—lqﬁ’(O). Then we obtain the
equation for 3, from (2.2),
pr=Lg,
W

from which we derive 8'(t) = cu(t). Considering —pgA(0) = 5/(0) = cu(0) =
c\(0), we have ¢ = —pq. Integrating and considering 5(0) = 1, we derive

MﬂlmAu@@

Then we arrive at
A O
Pa B 1—pg [ u(s)ds’

/Ot A(s)ds = fpiq log (1 pq/otﬂ(s)ds) .

A(t) =

which implies
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Then we derive, from (2.1), the desired formula
v(zx, t)

(1 =4 Jy (Jo [Voly, )l dy)* dS) "

As a simple application of the above formula, we can show finite time blow-
up.
Corollary 2.1. Let T* > 0 be finite. For a solution v such that

t a
1
lim /Vv ,S pd) ds = —,
dn ([ 1vewra) as=
u(z, t)| = o0 for x € S :={x € Q|v(x, T*) # 0}.

u(z, t) =

we have limy_y7+

3. Proof of Theorem 1.2
Define A(t) as

A(t)/ot </Q|Vu|pdx)qu/0t)\(s)ds.

As previous section, it seems natural to transform

(3.1) u(z,t) = v(x, t)edo Ae)ds,

Then the function v is a solution of a heat equation
v —Av+ f(z,t)v =0, t>0, €,
v(z, 0) =g(x), x=€Q,
v(z, t) =0, t>0, x€0d.

We will derive more precise formula for the nonlocal term fot A(s)ds, as long
as it exists. We have, from (3.1),

</Q|Vu(z,t)|p)q = eP1Jo Me)ds </Q|Vv(:c,t)|p)q.

Integrating on [0, t], we obtain

t
AW = [ nls)err )i O s
0

where we use the notation p(t) = (J,, |Vv|Pdz)?. Differentiating both sides,
we have

A = ,U/(t) ePd fof A(T)d‘l'-

Taking logarithmic function and derivative, we derive

)\/ A// MI t
3.2 N As)d
(32) A e [ s
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(10g %)/ =pq /Ot A(s) ds.

Taking derivative on both sides, we have

which leads to

)\ "
(3.3) (log —) = pgA.
1
Let log% = h. Considering the definition of A, u and (3.2), we can check
A0) / N(0)  #(0)
h(0) =log—= =0 and A'(0)= - =
( () O=%0) ~ o)
Then (3.3) can be rewritten as
(3.4) " = pg = pape”,
(3.5) h(0) =0, A'(0) = 0.

Integrating (3.4) on [0, ¢] and considering the initial data (3.5), we have

WWMAA@%MMU

Integrating again on [0, ¢] and considering the initial data (3.5), we derive

t
h(t) = pq/ A(s)ds.
0
Then we derive the desired formula
1
u(x,t) =v(z,t exp(—ht).
(z,t) = v(z,1) o (t)

As a simple application of Theorem 1.2, we can show finite time blow-up.
Corollary 3.1. Suppose that u(t) > m for a constant m > 0 and 0 < t <
\/%. Then the solution h of (3.4), (3.5) has the lower bound

2

1
3.6 ) > =
(36) c = 2—/pgmt
Proof. First of all, we can assume that h(t), h/(t) > 0. Then we have b’ > pgm,
which implies that h(t) > 24%¢2. Therefore we have h(t) > log2 for the time

log 4 1/2 log4 1/2 2
t > (i) . Note that (i) < . On the other hand, we have,
pgm pgm

from (3.4) and (3.5),

which implies
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where h(t) > log2 is used for the second inequality. Then we h’ > | /pgmez"
which leads us to (3.6).

4. Remarks

Let us give the following three remarks.
1. Let us consider an equation

o~ du—u ([ KG.0un)dy) + 1o 0u=0, >0, e,
Q

where K is a given function. Then we can apply the same argument as in
section 2 to derive

(»’C t)
1— fo Jo K )dyds

2. For a special function f(z,t), we have one more reduction as follows.
Consider an equation

ov—Av=(E-z)v, t>0, zeR",
v(z, 0) = vo(x), x eR”,

u(z, t) =

(4.1)

where E = (E1, Ea, ..., E,) is constant vector with |E|?> = 1. Applying the
modified Avron-Herbst formula [1]

t3
v(x, t) = w(x + t*F, t) exp (tE cx+ E) ,

the solution v of (4.1) is related with the solution w of
Oyw — Aw = 0,
w(z, 0) = vo(x).
3. For a special function f(z,t) = ¢t —z (¢ > 0) and n = 1, we have

traveling waves for (1.1). In fact, assuming the ansatz u(zx, t) = ¢(x — ct), we
have

¢ do B
E‘F d—+(y+a)¢( y) =0,

where y = x — ¢t and a® = ([, [¢o(z — ct)|Pdz)”. With the notation ¢(y) =
é(y — a?), we arrive at

>y dy
d2+ d—eryw 0,

which is an equation studied in Appendix A of [1]. The solution is given by

2
Dly) = e~ V2124 (CZ — x) ;

where Ai is the Airy function.
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