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PULLBACK ATTRACTORS FOR 2D g-NAVIER-STOKES
EQUATIONS WITH INFINITE DELAYS

DAao TRONG QUYET

ABSTRACT. We consider the first initial boundary value problem for the
2D non-autonomous g-Navier-Stokes equations with infinite delays. We
prove the existence of a pullback D-attractor for the continuous process
associated to the problem with respect to a large class of non-autonomous
forcing terms.

1. Introduction

Let © be a bounded domain in R? with boundary I'. In this paper we study
the existence of a pullback attractor for the 2D non-autonomous g-Navier-
Stokes equations with infinite delays:

Ou —vAu+ (u-V)u+Vp = f(t)+ F(t,u) in (1,T) x £,

ot
(11) V(gu) =0 in (T,T) XQ,
u =0 on (r,T)xT,
u(r + s, x) = ¢(s,x), s € (—0,0], € Q,

where u = u(z,t) = (u1,u2) is the unknown velocity vector, p = p(x,t) is the
unknown pressure, v > 0 is the kinematic viscosity coefficient.

The 2D g-Navier-Stokes equations is a generalization of the 2D Navier-Stokes
equations, and arise in a natural way when we study the 3D Navier-Stokes
equations in thin domains (see [17]). As mentioned in [12, 17], good properties
of the 2D g-Navier-Stokes equations may be useful for the study of the Navier-
Stokes equations on the thin three dimensional domain Q, = Q x (0, g). In the
last few years, the existence and long-time behavior of solutions (in terms of
the existence and properties of attractors) to the 2D g-Navier-Stokes equations
have been studied extensively (see e.g. [1, 2, 3, 8, 10, 11, 12, 14, 15, 17, 19)]).

However, there are situations in which the model is better described if some
terms containing delays appear in the equations. These delays may appear, for
instance, when one wants to control the system (in a certain sense) by applying
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a force which takes into account not only the present state, but the complete
history of the solutions. It is noticed that the 2D Navier-Stokes equations with
delays have been studied recently in [4, 5, 13].

In the previous paper [2], we considered the 2D g-Navier-Stokes equations
with infinite delays and proved the existence of weak solutions and the expo-
nential stability of the stationary solution under some restriction of the term
containing delays. In this paper, we continue studying the long-time behavior
of solutions to problem (1.1) in terms of existence of a pullback attractor for
the process associated to the problem under a large class of non-autonomous
forcing terms. To do this, we also use the theory of pullback attractors that
has been developed recently and has shown to be very useful in the under-
standing of the dynamics of non-autonomous dynamical systems (see e.g. the
monograph [7]). The results obtained, in particular, recover and extend some
existing ones for the 2D Navier-Stokes equations with infinite delays in [13].

It is known that there are some technical difficulties in dealing with partial
differential equations with infinite delays due to the unboundedness of the delay
involved. This introduces a major obstacle for proving the existence of pullback
attractors. To overcome these difficulties, in this paper we try to exploit the
techniques used in [13] in dealing with the infinite delays.

Let X be a Banach space. Given a function v : (—o0,T) — X, foreacht < T
we denote by u; the function defined on (—oo, 0] by the relation u(s) = u(t+s),
s € (—00,0].

One possibility to deal with infinite delays, and which we will use here, is to
consider, for any v > 0, the space

C,(Hy) = {p € C((~00,0: Hy) : 3 lim_e7p(s) € Hy),

which is a Banach space with the norm

lllly == sup e™[p(s)].
s€(—00,0]
Here the space Hy is defined in Section 2 below and | - | denotes the norm in

H,

g
In order to study problem (1.1), we make the following assumptions:

(H1) g € W1°°(Q) such that
0<mp<g(x) <M for all z = (x1,22) € Q, and |[Vg|o < mo/\i/Q,

where A; > 0 is the first eigenvalue of the g-Stokes operator in 2 (i.e.,
the operator A is defined in Section 2 below).

(H2) F(t,u): (1,T) x Cy(H,) — L*(€, g) such that:
(i) V€ € Cy(Hy), the mapping (7,T)>t — F(¢,£) is measurable;

(ii) F'(t,0) =0 for all t € (7,T);

(iii) there exists a positive constant Lr < vA179/2, where v = 1 —
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% > 0, such that for all ¢t € (7,T') and §,n €C,(H,),
1

(H3) f e L*1,T; V;)), where the space V| is defined in Section 2, satisfies

0
/ AL £(5)[2ds < oo,

We now give an example of the delay term F(¢,u:). Let F : (7,7*) X
C,(Hy) — L*(9, g) be defined as follows

0
F(t,¢) :/ G(t,s,&(s))ds, Yt € (1,T7), £ € Cy(Hy),

where the function G : (1,7*) x (—o0,0) x R? — R? satisfies the following
assumptions:
(1) G(t,s,0) =0 for all (¢,s) € (1,T*) x (—00,0);
(2) There exists a function k : (—00,0) — (0, 00) such that
IG(t, s,u) — G(t, s,v)||re < &(8)||u — v||re
Vu,v € R%)V(t, s) € (1,T*) x (—0,0),

and the function & satisfies that x(-)e~(7+¢): € L?(—o0,0) for some .

Then one can check that (see [2] for details) the function F satisfies (H2).

The rest of the paper is organized as follows. In the next section, for con-
venience of the reader, we recall some auxiliary results on function spaces and
inequalities for the nonlinear terms related to the g-Navier-Stokes equations
and abstract results on the existence of pullback attractors. In Section 3, we
prove the continuity of the process U(t, 7) associated to the problem, and then
the existence of a pullback attractor in C.,(H,) for the process U(t, 7) by show-
ing this process has a pullback absorbing set and is pullback asymptotically
compact.

2. Preliminary results
2.1. Function spaces and inequalities for the nonlinear terms

Let L?(Q,g) = (L?(Q))? and Hg (2, g) = (Hg(2))? be endowed, respectively,
with the inner products

(u,v)g = /u ~vgdzx, u,v € LQ(Q,g),
Q

and
2
((o))y = [ 3 Vuy Tojods, = (un,ua), v = (v1,0) € HY(S ),
Q%
J=1

and norms |u|> = (u,u)y, ||u||> = ((u,u))s. Thanks to assumption (H1), the
norms |-| and ||-|| are equivalent to the usual ones in (L?(2))? and in (Hg (£2))2.
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Let
V={ue (C5*(Q)*: V- (gu) = 0}.
Denote by H, the closure of V in L*(12, g), by V, the closure of V in H} (€, g).
They are Hilbert spaces. It follows that V, C Hy, = H ; C Vg’ , where the
injections are dense and continuous. We will use || - | for the norm in V, and
(,-) for duality pairing between V; and V.
We now define the trilinear form b by

2
a .
b(U,’U,’w): Z /Qula_zjw]gdxa

i,j=1
whenever the integrals make sense. It is easy to check that if u, v, w € Vj, then
b(u,v,w) = —b(u, w,v).

Hence

b(u,v,v) =0, Yu,v € V.
Set A : Vy, — V] by (Au,v) = ((u,v))y, B : Vy x Vy = V] by (B(u,v),w) =
b(u,v,w). Denote D(A) = {u € V, : Au € H,}, then Au = —P,Au,Yu €
D(A), where P, is the ortho-projector from L?(2, g) onto H,. For u € D(A),
we have

1
,E(V -gV)ul,u) = /Q(Vu - Vu)gdz,

(A2, AY2u) = (Au,u) = (Py]
which implies that
|AY 2|2 = |Vul? = ||u||* for all u€ V.
We have the following results.
Lemma 2.1 ([1)). If n =2, then

calul 2 {lull 2 oll[w] 2wl 2, Y, v,w € V,
calul 2 [[ul| V2]l | Aw| 2 [w]' 2, Vu € Vg, v € D(A),w € Hy,

b(u,v,w)| <

Lt 0l SN 2 A2 o], Yu € D(A)v € Vw0 € H,
calul|[v]|[w|*?|w| 2| Aw|Y/?, Yu € Hy,v € Vy,w € D(A),

where ¢;,i = 1,...,4, are appropriate constants.

Lemma 2.2 ([3]). Let u € L*(1,T;V,). Then the function Bu defined by
(Bu(t),v)g = b(u(t), u(t),v), Yo € Vg, a.e. ter,T],

belongs to L?(t,T; Vi)

Lemma 2.3 ([3]). Let u € L*(1,T;V,). Then the function Cu defined by

(Cu(t), v)g = (*2 -

Vu,v)g = b(E,u,v), Y € Vg,
g g
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belongs to L*(1,T; Hy), and hence also belongs to L*(t, T V). Moreover,

|Cu(t)| < %Hu(zﬁ)” for a.e. t € (1,T),

and
Vg|eo
[|Cu(®)||« < | g|1 2||u(t)|| for a.e. t € (r,T).
/
mo)\l
Since v
1 g9
——(V-gV)u=-Au—(— - V)u,
g( gV) ( P )
we have
Vg Vg
(—Au,v)g = ((U,U))gjL((? ~V)u,v)g = (Au,v)ng((? ~V)u,v)g,Vu,v € Vg

2.2. Pullback attractors

Let (X, d) be a metric space. For A, B C X, we define the Hausdorff semi-
distance between A and B by

dist(A, B) = sup inf d(x,y).

zcAYEB
A process on X is a family of two-parameter mappings {U(¢,7)} in X having
the following properties:
Ut,r)U(r,7) =U(t,7) forallt >r >,
U(r,7) =1Id for all T € R.

Suppose that B(X) is the family of all nonempty bounded subsets of X, and
D is a non-empty class of parameterized sets D = {D(t) : t € R} C B(X).

Definition 2.1. The process {U(t,7)} is said to be pullback D-asymptotically
compact if for any t € R, any D € D, any sequence 7, — —00, and any sequence
Zn € D(7), the sequence {U (¢, 1)y, } is relatively compact in X.

Definition 2.2. The family of bounded sets B € D is called pullback D-
absorbing for the process U(t,7) if for any ¢t € R, any D € D, there exists
70 = 70(D, t) <t such that

U v D) c B).

770
Definition 2.3. A family A = {A(t) : t € R} € B(X) is said to be a pullback
D-attractor for {U(t,7)} if
(1) A(t) is compact for all ¢t € R;
(2) A is invariant, i.e.,

U(t,7)A(T) = A(t) for allt > 7;
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(3) A is pullback D-attracting, i.e.,
lim dist(U (¢, 7)D(7), A(t)) =0 for all D € D, and all t € R;
T——00
(4) If {C(t) : t € R} is another family of closed attracting sets, then
A(t) Cc C(t) for all t € R.
Theorem 2.1 ([6]). Let {U(t,7)} be a continuous process such that {U(t, )}
is pullback D-asymptotically compact. If there exists a family of pullback D-
absorbing sets B = {B(t) : t € R} € D, then {U(t,7)} has a unique pullback
D-attractor A= {A(t) : t € R} and
Aty = JU(t.m)B(r).

s<tT<s
3. Existence of a pullback D-attractor
Definition 3.1. A weak solution of problem (1.1) is a function u € C((—o0, T';
H,) N L*(7,T;V,) with u; = ¢, and such that for all v € V,

%(U(t), v)g +v((u(t), v))g + b(u(t), u(t), v) + v(Cu(t), v)g
= (), ) + (F(t,ut), v)g,

in the sense of D'(7,T).

(3.1)

It is noticed that if u is a weak solution of (1.1), then u satisfies the following
energy equality

|u(t)|2+21// Hu(r)||2dr+21// b(%,u(r),u(r))dr

S

_ |u(5)|2+2/ (£, ) + (), ulr), | dr.

The following existence theorem was proved in [2].

Theorem 3.1. Assume that hypotheses (H1)-(H3) hold. Suppose that ¢ €
C,(Hy) are given, and that 2y > v 17yo, where vo = 1 — oo > 0. Then

0A1/2
there exists a unique weak solution u of problem (1.1).

We now prove the continuity of the weak solutions with respect to the initial
data.

Proposition 3.2. Under the assumptions of Theorem 8.1, the solutions of
(1.1) are continuous with respect to the initial condition. Namely, denoting
u', for i = 1,2, the corresponding solution to initial datum ¢' € C,(Hy), the
following estimates hold:

max |u1(r) — uQ(r)|2
re(r,t)

(3.2) t 2
< (|¢1(0)*¢2(0)I2+g—§ll¢1*¢2||3)exp{/ (3LF+V—%||u1(S)||2)dS},
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L ¢ 2
33) lluf =l < (1+ 510" = FIBespl | GLr + [l (5)|P)ds),

V9|

> 0.
mo)\}/z

where v = 1 —

Proof. Consider the equations satisfied by u? for ¢ = 1,2, acting on the element

u' —u?, and taking the difference. This gives

1d 1 2 2 1 2 2
5 grlu' (0 = v O + vilu' (1) — u?(®)]]

(T (0,01 (0) = w2(0) — (S 0,01 1)~ (1)

+b(u (1), u' (1), u' (t) — u?(t)) — b(u(t),u (t),u' (t) — u?(t))
= (F(t,u; — F(t,ui),u'(t) — u2(t))g.
Using Lemmas 2.1 and 2.3, we have

1d 1 2 2 1 2 2
5 gl ) = w?(OF + vilu' ) — w* (O]

< cul (t) —u?(@O)|llu’ (8) — w*@)l[[]u’ @)

V|Vl

1/2

lut () = w11 + Lrllug = wf|ly[u’ () = u?(#)].
mo)\l

Using the Cauchy inequality, we have

St (1) — w0+ vollet (1) — (1)

< %Ilul(t) —u? (@O + Jut () — (1) *[Ju’ ()]

2v79
+ Lp||ug — il Ju' (t) — u?(t)].

Hence
1d, 4 20,112
S Sl () — v o)
2
c
< 3 [ul (8) = * (@) (| O + Lellu; — uflly|ul (t) — u®(t)]-

Since the Lipschitz assumption on F', and the fact that, for s € [, ],
(34)  [jul — u2lly = supe??lul(s +0) — u(s + )]
0<0
- 70| 41 2 .
=max{ sup €’p'(s—7+0)—¢°(s—7+0);
0e(—oo,7—s)

sup  e"[ul (s +0) —u*(s+0)|}
oc[T—s,0]

mase(e? 76! = 6%, s [u'(0) — (O]},

IN
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so we conclude that, for all ¢ € [1,T],

1 1 2 2
Sl (t) — w2(0)

| N

t
l|<251(0)*¢>2(0)I2+LF||¢1f<z52||v/ T ul (s) — u?(s)lds

+LF/ lut(s) — u?(s)] m[ax lu'(0) — u?(0)|ds

o [ o)~ Pl o) s

If we now substitute ¢ by r € [r,t] and consider the maximum when varying
this r, from the above we can conclude that

274712 1 2 2 4 Lr
max ul (t) = u?(t)]> < 61 (0) — ¢*(0)]* + 27||

—¢*I12

t 2
c
—|—/ (3LF+—||u (s || max |u (s) u2(s)|2ds.
T Yo

Hence, by the Gronwall lemma, we obtain (3.2). Fmally, (3.3) follows from
(3.2) and (3.4). O

By Theorem 3.1 and Proposition 3.2, one can define a continuous process
U(t,T): Cy(Hy) — Cy(Hy), with 7 < t, given by
U(ta T)(,b = Uy,

where u is the unique weak solution of (1.1) with the initial datum ¢.
To prove the existence of a pullback attractor for the process U(t, 1), we
first show that U(¢,7) has a family of D-pullback absorbing sets.

Proposition 3.3. Under the assumptions (H1)-(H3), the family D = {D(t) :
t € R}, with D(t) = Be,(m,)(0, p(t)), where

2 t
PP =14+—— [ e 2| £(s)|2ds,
is a pullback D-absorbing set for the process U(t, 7).
Proof. From (3.1) substituting v by u(t), we obtain

%(U( t),u(t))g + v(Au(t), u(t))g + v(Cult), u(t))g + b(u(t), u(t), u(t))

u(
= (f(®);u(®)) + (F(t,ur), u(t))g-
Because b(u(t), u(t), u(t)) = 0 and (Cu(t),u(t))y = b(%,u(t),u(t)), from (3.5)

we have

(3.5)

SO0y + V(Aue), u(0) + 2 ut), u(t)
= (P u0) + (), (D),
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and therefore,
(3.6) %IW)I2 +2v][u(®)]? = 2(f(t), u(t)) + 2(F(t,ur), u(t))
- 21/b(%, u(t), u(t)).
Using Lemma 2.3, we get

L)+ 20t < 27(0), w(e) + 2(F (b, w), u(t))y + 20 'V9L°72 (eI

and using the Cauchy inequality, we have

d VY0 2| fOI2
E|u(lﬁ)|2 +2vy0llu@)l® < —=llw@)I” + e 2Lp|utlf3,
where 79 = 1 — |vg‘1/2 > 0. Then, we have
moA
d 3v 2
60 ShoP+ 22l < 2Lk o).

Noting that [|u(t)||* > A1|u(t)|?, we also have

d (] JOl[E
S0P + a2 o) < 2(LOE 4z 2).

Hence

t
(38)  lu®)P+5° e-w<f-s>||u<s>||2ds

-
2

<e —vA170(t—s) |u( )|2 +9 7U/\1'Yo(t s)(”f( )H +LF||ut||2)ds.

T (0] v
Furthermore,
2 < max{ sup eMg(o t— )% sup [HImA0TE ()2

€ (—oo,7—t] oe[r—t,0]
6
+ 26270 /t+ efv)\l’yo(tJrGfs) ( ||f(t)||£
T V7o

On one hand,

sup |0+t —7)| = supe? @ G(0)] = e
0c(—oo,7—t] 0<0

+LF||ut||5)ds}}.

On the other hand, as we are assuming that 2y > v\,

sup 627671/)\170(th+6) |’U,(T) |2 < efv)\l'yo(tf'r) |u(7_)|2,

oe[r—t,0]
and

t+6 2
t
sup eQV@/ e—uklﬁ’o(t-l-e—s)(Hf( )H* +LF||Ut||,2Y)dS
T

0e[r—t,0] L0
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t+6 2
< / e—u>\1’)’0(t—8) ( ||f(t)||* + LF||ut||2)dS
- T VYo K

Collecting these inequalities we deduce that

2 — v Aivo(t—T) | 412 L s (IO 2
lud < et 2 [ et (BIOE 4 g2 s,

T Yo

By the Gronwall lemma we have
2 t
(3-9) ||Ut||»2y < e—(z/)\w(,—2LF)(t—'r)||¢||’2Y+V_%/ 6_(V>\1’YU_2LF)(t_s)||f(5)||id3-

This completes the proof. (I

Proposition 3.4. Under the assumptions of Proposition 3.3, the process
U(t,7) is D-asymptotically compact.

Proof. Let to € R, u™(+) be a sequence of solutions in their respective intervals
[Tn, to], with initial data ¢™ € Bo(7n) = Be, (m,)(0, p(7n)), where 7, — —o0 as
n — +o0c. Then we will prove that sequence £" = uf, is relatively compact in
Cy(Hy). _
Step 1. Denote 0 = vA1y9 — 2Lp. Consider two arbitrary values 0 < T < T,
we will prove that £n|[—i0] is relatively compact in C([-T,0]; H,).

From (H2) and (H3), there exits ng(to, ") such that 7, < to — T for n >
no(to, T), and with

2 fo
Rit, T)i= 14 e @0 [ e p(s) 2,
V7o

so we have

(3.10) luf|2 < R(to, T) Yt € [to — T’ tol, ¥n > no(to, T).
Thus

(3.11) [u™(#)[* < R(to,T) ¥t € [to—T,to], Yn > no(to, T),

llup, 7l < R(to,T) Vn > no(to, T).
Let y™(-) = u™(- + to — T), then for each n > 1 such that 7, < to — T, the
function y™(-) is a solution on [0, 7] of a similar problem to (1.1), namely with
f replaced by f(s) = f(to— T +s) and F replaced by F(s,-) = F(to—T +s,"),
and with yg = ul 7, yp = up, = £". Then ||yg||, satisfies the estimates in
(3.11), for all n > ng(to, T).

On the other hand, from (3.8), we have:

2 t
eim(t=r) 2 / u(s)|Pds
vyo Jr

t 2
f(t
< |’LL(T)|2 2/ . vA170(t s)(” ( )H* I ||Ut||»2y) Is.

V7o
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Combining this with (3.9) and applying the Fubini theorem, we have

2 ! v —T —T
W/ [[u(s)[[Pds < 700D u(r)[2 4 2L g3

2 t
(3.12) + _671/)\1’707/ e’ 05| £(s)]|2ds
V7o r

t
+ ieQLpt—uklyo‘r / e(l/)\lyo—QLp)st(s)'|ids.
VYo T

Then, we have
Ny [720.7v,) < K (to. T).

Hence, {y"} is bounded in L>°(0, T; H,) and L2(0,T’; V,), and {(y™)'} is bound-
ed in L*(0,T;Vy). Thus, exists a subsequence (relabelled the same) such that
{y"} converges weakly-star to y in L>°(0,T; Hy),
{y"} converges weakly to y in L*(0,T;V,),
{(y™)'} converges weakly to ¢ in L*(0,T;V}),
{y"} converges strongly to y in L?*(0,T; Hy),
{y"(t)} converges to y(t) a.e. t € (0,T).
Moreover, the same argument in proof Theorem 3.1, we obtain y™(t,) — y(to)
weakly in Hy if ¢, — to € [0,T].

From (H2)(iii) and (3.10), we have

t
/ |F(s,y™)|2ds < Ct,
0
where C' > 0 independ on n and ¢, and also

F(,y") — & weakly in L*(0,T; L*(Q, g)),
t

[ 1FCamPar < cte - ),

st t

/ 1€(s)Pds < hmJirnf/ |F(r,y")|?dr <C(t —s), YVO<s<t<T.
s n——+00 s

Then, we can prove that y(-) is the unique weak solution to the problem

@—UAU-F(U-V)U-FVP = f(t) +&(t)

ot
(3.13) V- (gu) =0
U =0
u(0, ) =y(0,z), x € Q.

By the energy inequality

1

L 2 - 1Vgloo ! 2
S0 +v(1 = D22 [ ja(o) ar
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< S0P + [ (2 09, VOS5 <e<T,

where z = y" or z =y, the maps J,,,J : [0,7] — R defined by
1 b
70 = 3lulo)? = [ (). ptrar —c

120 = 5l OF = [ (.9 =,

are non-increasing and continuous.

The same argument in proof Theorem 3.1, for a fixed ¢y > 0, using a sequence
i, with ¢ * to, we have the convergence of the norms. and with the weak
convergence already proved, deduce that y™ — y in C([6,T]; Hy), for any 6 > 0.

Now, with 7' < T, we obtain that &" — 1 in C([-T,0]; H,), where 9(s) =
y(s +T), for s € [-T,0]. Repeating the same procedure for 27,37, ..., for a
diagonal subsequence (relabelled the same) we can obtain a continuous function
Y 1 (—00,0] — H, and a subsequence such that " — ¢ in C([-T,0]; H,) on
every interval [~T',0]. Moreover, for a fixed T' > 0,u" (s +to), with s € [-T,0],
satisfies the estimate (3.11) for any n > ng(to,T), it is clear that we also have

(3.14) [(s)|? <14 Me°T, Vs € [~T,0], VT >0,
where

2 fo
M= e [ e ()|

Y —00
Step 2. We will prove that {™ converges to ¢ in C,(Hy). Indeed, we have to
show that for every e > 0, there exists n. such that

(3.15) sup  |€"(s) — ¥ (s)]?e?* <€ Vn >n..
]

S€(—00,0
Fix T. > 0 such that max{e=2"T< Mee(®=20Tc} < ¢/8, and take n. >
no(to, Te) such that
[€"(s) —¥(s)[?e* <€ Vs € [-Te,0], 7 <to—Te, Vi 2ne.

(This is possible since the convergence of ™ to ¢ holds in compact intervals of
time.) So, in order to prove (3.15) we only have to check that

W [€7(s) = ¥(s)[?e** < e YV > me.

s€(—o0,—Te

By (3.14) and the choice of T, it is not difficult to check that, for all £ € N,
and for all s € [-(T. + k + 1), —(Tc + k)], it holds that

21 |p|? < e 2TAR) (1 4 Ao TtktD)
= e~ 2 Teo=27k | preoe(o=27)Te jk(o—27)
<e€/8+¢/8
=e€/4.
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Thus, we have

sup  |€"(s)|*e?° < €/4 V> n..
s€(—o00,~T.]

We remember that £" has two parts:
£n(s) = " (s+to— 1) if s € (=00, Ty — to),
T uw(s +to), if s € [, — to,0].
Thus, the proof is finished if we prove that

max{ sup e21%|¢" (s + to — ) |%; sup 275 |u" (s + to)|*} < ¢/4.
SE(—00,Tn—t0) SE[Tn—to,—Te]

The first term above can be estimated as follows:

sup 6278|¢"(s +tg — 7'n)|2

s<tp—to

_ sup 627(S+t0—7'n,)62’y(7'n—t0)|¢n(s + tO - 7_n)|2
s<7n—to

= g2

< V(i) (7))

< 21(n=t0) 4 pfe(21=0)(rato)
< e/4.

For the second term, we have

sup 275 |u" (s + to)|?
s€[Tn—to,—Tc]

1 O=T) |y (tg — T. + 0)

= sup

SE€[Tn—to+Te,0]
—2~T, n 2

€ ¢ | |ut07 ¥

IN

Te
6727TER(t0, TE)

— 6—2’YT6 + M€(0_2'Y)Te
€/4,
where we have used (3.11) with T' = T.. O

IN

IN

Theorem 3.5. Suppose (H1)-(H3) hold, and vA1vy < 2. Then the process
U(t, ) defined in Cy(Hy) associated to problem (1.1) has a pullback D-attractor

A, = {Ay(t) : t €R}.

Proof. The existence of the pullback attractor is a direct consequence of Propo-
sitions 3.3 and 3.4. O
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