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RESULTS ON MEROMORPHIC FUNCTIONS SHARING
THREE VALUES CM IN SOME ANGULAR DOMAINS

X1ao-MiN Li, Xue-FENG Liu, AND HONG-XUN Y1

ABSTRACT. We study the uniqueness question of transcendental mero-
morphic functions that share three values CM in some angular domains
instead of the whole complex plane. The results in this paper extend
the corresponding results in Zheng [13, 14] and Yi [12]. Some examples
are given to show that the results in this paper, in a sense, are the best
possible.

1. Introduction and main results

Let f : C — CU {oco} be a transcendental meromorphic function, where
C is the complex plane. We assume that the readers are familiar with the
Nevanlinna theory of meromorphic functions and the standard notations such
as Nevanlinna deficiency d(a, f) of f with respect to a € C and Nevanlinna
characteristic T'(r, f) of f. Moreover, the lower order pu(f), the order p(f) and
the hyper-order pa(f) of f are defined as

p(f) = liminf M, p(f) = limsup log T'(r. f)
r—00 logr r—o00 logr
and
() = limsup 2B T])
r—00 ogr

respectively. For the references, see, for example, Hayman [7]. Let f and g
be two meromorphic functions in the complex plane, and let a € C U {oco}
be a value. We say that f and ¢ share a IM (ignoring multiplicities) in a
domain X C C if in X, f(2) = a if and only if g(z) = a. We say that f
and g share a CM (counting multiplicities), if f and g share a IM (ignoring
multiplicities) in a domain X C C. In 1929, Nevanlinna [9] proved that if
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two meromorphic functions f and g have five distinct IM shared values in
X =C, then f = g. Later on, many mathematicians in the world treated some
uniqueness questions of meromorphic functions with shared values in the whole
complex plane, see, for example, Yang-Yi [10]. In this paper, we will consider
the uniqueness question of meromorphic functions sharing three values in some
angular X C C. Next we consider ¢ pair of real numbers {«;, 5;} such that

(1.1) TS <Br<ay<f2<---<ap< By,
and define

T T T
1.2 w = max , ey .
( ) {51041 B2 — ag ﬂqaq}

We recall the following result from Nevanlinna [9]:

Theorem A ([9]). Let f and g be two nonconstant meromorphic functions,
and let a1, as, as, a4, as be five distinct values in the extended complex plane.
If f and g share a1, a2, as, a4, as IM, then f = g.

Yi [12] proved the following result to consider the uniqueness question of
meromorphic functions sharing three values in the complex plane:

Theorem B ([12, Theorem 1]). Let f and g be two distinct nonconstant mero-
morphic functions such that f and g share 0, 1, co CM, and let a be a finite
complex number such that a # 0,1, 00. If

1
T(r,f)#AN (r,—— | + S(r, f),
f—a
then a is a Picard exceptional value of f, and that one of the following three
equations holds:

i) (f —a)lgta—1)=a(l—a)
(i) f=01-a)g+a
(iii) f = ag.

Zheng [13, 14] first took into the uniqueness question of meromorphic func-
tions with shared values in an angular domain or some angular domains instead
of the complex plane. We recall the following result from Zheng [14]:

Theorem C ([14, Theorem 1]). Let f and g be transcendental meromorphic
functions. Suppose that f is of finite lower order p and that for some a €
CU {oc} and an integer p >0, § = 6(a, fP)) > 0. Assume that q pairs of real
numbers {a;, B;} satisfies (1.1) and

a
(1.3) j:Zl(OéjJrl - B5) < %arcsin \/g,

where 0 = max{w, u}, w is defined as in (1.2), and assume that f and g share
ai, ag, as, as, a5 IM in X = U?Zl{z toy < argz < B}, where a1, ag, as,
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ay, as are five distinct values in the extended complex plane. If p(f) > w, then
f=y
Theorem D ([14, Theorem 2]). Let f and g be transcendental meromorphic

functions such that for some a € CU{oo} and an integerp > 0,5 = 6(a, fP)) >
0. Assume that ¢ radii argz = a; (1 < j < q) satisfies

(1.4) Tl <ay < <ag<mT, Qg1 = o1 +2m,

and assume that f and g share a1, aq, as, a4, a5 IM in X = C\ U?:f{z :

argz = «;}, where ay, a2, a3, a4, a5 are five distinct values in the extended
7/"- =

complex plane. If p(f) > min fajii—ag} then f = g.

Regarding Theorems B-D, one may ask the following question:

Question 1.1. What can be said about the relationship between f and g, if
two distinct transcendental meromorphic functions f and g share 0, 1, co CM
in an angular domain or some angular domains instead of the complex plane ?

We will prove the following result which deals with Question 1.1, improves
Theorem B and extends Theorems C and D:

Theorem 1.1. Let [ and g be two distinct transcendental meromorphic func-
tions. Suppose that f is of finite lower order p and that there exists some
a € CU\{0,1} such that § = (a, f) > 0. Assume that q pairs of real numbers
{aj, B;} satisfies (1.1) and (1.3), where o = max{w, pu}, w is defined as in (1.2),
and assume that f and g share 0, 1, 0o CM in X = Ug-:l{z ta; <argz < S5}
If p(f) > w, then one of the three equations (i)-(iii) of Theorem B holds.

We recall the following three examples:

Example 1.1. Let f(2) = €** +e* + 1, g(z) = e 2* + e * + 1, let ¢ be any
positive number and let

T T T T
m=-5-6 fi=-g+t5 m=-g-5 fh=-g+ts
Oészg—& ﬁ3=%+€; a4:g—5, 54=g+5.

Then, f and g share 0, 1 and co CM in X = U?Zl{z oy < argz < G5}
Moreover, we can verify that p(f) < w, where p(f) =1 and w = m =

1<j<a

7=, and that for any a € C\ {0,1} we have d(a, f) = 0. But f and g do not

satisfy one of the three relations (i)-(iii) of Theorem B. This example shows
that the assumption “§(a, f) > 0” in Theorem 1.1 is necessary.

Example 1.2 ([14, Remark A]). For each real number a satisfying 0 < a < 1,

we let sinz = = = a, where z = x + yi and z,y € R. Then we have
e Vcosz =a and e Ysinz = V1 — a2, and so e~2¥ = 1, which implies y = 0.

. . . . iz —iz
Hence z = =z is a real number. Similarly, if cosz = % = a, where
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z=x+yi and x,y € R, then we can deduce y = 0 and so z = z is also a real
number. Therefore, for each real number a satisfying 0 < a < 1, sin z and cos z
can take over a only on the real axis, and so all the x;-points of sin z and cosz
for 1 < j < 3 such that sin z and cos z CM share z1, 22, 3 in the domain C\ R,
where z1, T2, 3 are three distinct finite real numbers satisfying 0 < z; <1
for 1 < j < 3. Obviously, p(sin z) = p(cosz) = 1, d(c0,sin z) = §(o0,cosz) = 1
and p(f) = w = 1. But f(2) = sinz and g(z) = cosz do not satisfy one of
the relations (i)-(iii) of Theorem B. This example shows that the assumption
“o(f) > w” of Theorem 1.1 is best possible.

Example 1.3 ([14, Remark A]). We will give an example to show that u(f) <
oo in Theorem 1.1 can not be removed by using the theory of complex dynamics.
For the basic knowledge of complex dynamics, I suggest the readers see, for
example, Bergweiler [3]. We consider the following function:

1 e
=z — 1 — | —
f)=2~(a+ )+27r/Ltfzdt’

where L is the boundary of the region {z : Rez > 0, =7 < Imz < 7} described
in a clockwise direction. Then f is an entire function with infinite lower order.
From the proof of Theorem 2 in Baker [2] we can find that the Julia set J(f)
of f lies in the region {z : Rez > —a,—h < Imz < h} for suitable a and h.
Since J(f) does not contain any isolated Jordan arcs, there exists a horizontal
straight line which intersects J(f) at least three points. By a translation, we
conjugate g to an entire function f(z) such that the Julia set J(f) of f(z)
contains at least three real points ¢; (1 < j < 3). Then all the roots of
f(z)=¢; (1 <j<3)liein G={z:Rez > —a,—2h < Imz < 2h}. It is well
known that tanz = ¢; (1 < j < 3) have only real roots. Thus f and tanz
share three distinct CM shared values in C\ GUR, §(oo, f) = 1 and p(f) = .
But f(z) and g(z) = tan z do not satisfy one of the three relations (i)-(iii) of
Theorem B. This example shows that the assumption “u(f) < 00” in Theorem
1.1 is necessary.

If we remove the assumption *

following result:

‘w(f) < o” in Theorem 1.1, we can get the

Theorem 1.2. Let f and g be two distinct transcendental meromorphic func-
tions and let a € C\ {0,1} and an integer 6 = 6(a, f) > 0. Assume that for q
radii argz = o (1 < j < q) satisfying (1.4), f and g share 0, 1 and oo CM in

X =C\ qu{z:argz:aj}. If
j=1

™

. Y
e fon =)

p(f) >

then one of the three equations (1)-(iii) of Theorem B holds.
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2. Preliminaries

In this section, we introduce some important lemmas to prove the main
results in this paper. First we introduce Nevanlinna theory on an angular
domain, which can be found, for example, in [6, p. 23-26]:

Let f be a meromorphic function on the angular domain Q(a, 8) = {z: a <
argz < B}, where «, 8 € [0,2n] and so 0 < 8 — a < 27. Following Nevanlinna
notations (cf. [6, p. 23-26]), we define

1) Aaprf) =2 [ (= ) Gog" 17| + tog" 170 -

=
. .87, = — og re smw(lf — « ,
(2:2) Bas(r, f) — [ log™ [f(re”)] (0 — a)dd
mr a
and
1 b
(2.3) Cap(rf)=2 > <ﬁ| 21 )sinw(@ma)
1<|bm|<r [brm| "

respectively, where w = 7/(8—a), 1 < r < +00 and b, = |by,|e? are the poles
of f on Q(a, B) appearing often according to their multiplicities. Cy g(r, f) is
called the angular counting function of the poles of f on X(a, ) and the
Nevanlinna angular characteristic function is defined as

Sa,B(Ta f) = Aa,,(i’ (T, f) + Ba,ﬂ (T, f) + Coz,B(Ta f)
Similarly, for any finite value a, we define Ay g(7, fo), Ba,g(7, fo), Ca,8(7, fa)
and S, (7, fa), where f, = 1/(f —a). We denote by C\, 5(r, f) and Cy 5(r, fa)
the reduced forms of C, (7, f) and Cq g(r, fa) respectively. For the sake

of simplicity, next we omit the subscript of all the above notations and re-
spectively use the notations A(r, f.), B(r, fa), C(r, fa), C(r, f), C(r, fa) and

S(r, fa) instead of An (7, fu); Ba.s(ry fa), Cas(ry fa), Cap(r, f), Cap(r, fa)
and Sy g(r, fo) for any finite complex value a.

Lemma 2.1 ([6, p. 23-26] and [6, Theorem 3.1]). Let f be meromorphic on
Q(a, B). Then, for arbitrary complex number a € C we have

5 (nps ) =S (n)+00)
and for an integer k > 0,
S (r, /) <2450 f) + R(r, f)

AQﬁ@)+BQi@)=MUm

and

f f
where and in what follows, R(r, f) is such a quantity that if p(f) < oo, then
R(r,f) = O(1) as r — oo, if p(f) = oo, then R(r, f) = O(log(rT(r, f))) as
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r & E and r — oo, where and in what follows, E denotes a set of positive real
numbers with finite linear measure. It is not necessarily the same for every
occurrence in the context.

Lemma 2.2 ([6, p. 112, Theorem 3.3]). Let f be meromorphic on Q(a, ).
Then for arbitrary q distinct values a; € CU {oo} (1 < j < q) we have

) + R(r, f).

aj

(@-25(0) <30 (n 2o

The following three results play an important role in proving the main results
in this paper:

Lemma 2.3 ([12, Proof of Lemma 1]). Let f and g be two distinct nonconstant
meromorphic functions sharing 0,1 and co CM in Q(«, B). Then there exist two
meromorphic functions hy and hy such that

hy—1 At -1

2.4 = 5 = )
(2.4) I =m—1 YT h o0

where hy and he are meromorphic functions such that ho Z 1, hy # 1, hghl_l B3
1, and hj(z) & {0,00} for any z € Q(a, B), where j = 1,2. Moreover,

(2.5) S(r,g) + S(r,h1) + S(r,he) = O(S(r, f)) + R(r, f).

Lemma 2.4 ([12, Proof of Lemma 2]). Let f and g be two nonconstant mero-
morphic functions on_Q(a, B), and let c1, co and c3 be three nonzero constants.
If c1 f + cog = ¢35 on Q(«, B), then

S(r,f)<C (r, %) +C (r, é) +C (r, f) + R(r, f).

Lemma 2.5 ([12, Proof of Lemma 4]). Let f and g be two distinct nonconstant
meromorphic functions that share 0, 1, co CM in Q(«, ). Then

1 1
C'(2 <7’, ?> + C'(2 <7"7 ﬁ) =+ C'(2 (r, f) = R(r, f),

where and in what follows, Cy (r, %) is the angular counting function of those
zeros of f in C (r, %), here each such zero of f is of multiplicity > 2, and

each such zero of f is counted according to its multiplicity, C, (r, ﬁ) and

C2 (r, f) have the similar meanings.

Proceeding as in Case d) of the proof of Theorem 1 [12], we can get the
following result from Lemma 2.2, Lemmas 2.4 and 2.5:

Lemma 2.6 ([12, Proof of Theorem 1]). Let f and g be two distinct noncon-
stant meromorphic functions sharing 0,1 and oo CM in Q(a, ), and let hy
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and ho be defined as in Lemma 2.3 such that none of hi, ho and hghfl is a
constant. Then for any a € C\ {0,1} we have

(2.6) c <r, ﬁ) = S(r, f) + R(r, f).

The following result was proved by Edrei [5] and Yang [11] independently:

Lemma 2.7 ([5] or [11]). Let f be transcendental and meromorphic in C with
the lower order 0 < p < oo and the order 0 < p < oo. Then for arbitrary posi-
tive number o satisfying p < o < p and a set E with finite linear measure, there
exists a sequence of positive numbers {r,} such that (i) r, ¢ E and lim = =
n—oo
.. . . log T (7, vee g
oo, (ii) hﬁ_l}gf% > o and (iii) T(t, f) < (1+o(1)) (%) T(rn, f).
A sequence {r,} satisfying (i), (ii) and (iii) in Lemma 2.7 is called a Pdlya
peak of order ¢ outside FE in this paper. For r > 0 and a € C, we define

(iv)

D(r,a) := {e € [-m 7) : log* ! . T(r, f)}

|f(rei®) — al - logr
and

D(r,00) := {9 € [—m,m) : log™ | f(re?)| > LT(r, f)}

log r
The following result is a special version of the main result of Baernstein [1]:
Lemma 2.8 ([1]). Let f be transcendental and meromorphic in C with the

finite lower order p and the order 0 < p < oo, and for some a € C U {oo},
d(a, f) =6 > 0. Then for arbitrary Pdlya peak {r,} of order o >0, p < o < p,

we have
- . 4 . 1)
lim inf mesD(ry,,a) > min < 27, — arcsiny/ = .
n—oo g 2

Remark 2.1. Lemma 2.8 was proved in [1] for the Pdlya peak of order p, the
same argument of Baernstein [1] can derive Lemma 2.8 for the Pélya peak of
order o, u < o < p.

The following result is due to Edrei [4]:

Lemma 2.9 ([4]). Let f be a meromorphic function with 6(co, f) = 6 > 0.
Then, given € > 0, we have

1
(T(r, f))=(logr)t+=’

mesE(r, f) > r¢F,

where
E(r,f) = {9 € [-m,7) : log" | f(re?)| > ZT(T, f)}

and F' is a set of positive real numbers with finite logarithmic measure depending
on €.
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3. Proof of theorems

Proof of Theorem 1.1. First of all, by the assumptions of Theorem 1.1 and
Lemma 2.3 we have

-1 |
(3.1) p=m _ X

Tha-1 T T

and

(3'2) Saj,Bj (T’ g) +S@j7ﬂj (T’ hl) +SO@',B]‘ (T, h2) = O(Saj”@j (T, f)) +R0¢j7ﬂj (T, f)

for 1 < j < g, where h; and hy are meromorphic functions such that hy # 1,

hi # 1, hohTt # 1, hi(2) & {0,00} and ho(z) &€ {0,00} for any z € X =
i {z:a; <argz < f;}. From (3.1) we have

(3.3) U—

We consider the following four cases:

Case 1. Suppose that none of hy, hy and hghl_l is a constant. Then, from
Lemma 2.6 we have

1 )
(34) Caj,ﬁj (7’, m) = Saj,ﬁj (7’, f) + Raj,ﬁj (Tv f)a 1 S J S q.
From (3.4) and Lemma 2.1 we have for 1 < j < ¢ that
1 1 1
A O = R G =) R )

< O(logr +logT'(r, f))

asr ¢ E and r — co. Now we prove

(3.6) olf) <w.
Suppose that, on the contrary, (3.6) does not hold. Then
(3.7) p(f) > w.

Therefore, from (3.7) and the assumptions of Theorem 1.1 we have a contra-
diction. To do this, we consider the following two cases:

Subcase 1.1. Suppose that p(f) > p(f). Then, by the fact 0 = max{w, u}
we have

(3.8) p(f) > o > u(f).

From (1.3) we can find some sufficiently small positive number e such that

a
4 . /0
(3.9) Z(%‘H —Bj) +4e < o 9¢ Aresin \/;

j=1

and

(3.10) p(f) > o +2e> pu(f).
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Applying Lemma 2.7 to f, we can find that there exists a Pélya peak of order
0 + 2¢ outside F. Combining this with Lemma 2.8 and

(3.11) 0+2e2>w+2>w;+ 2> 14 2,

4 , \/E
arcsiny/ — — e.
o+ 2¢ 2

Without loss of generality, we can assume that (3.12) holds for all the positive
integers n. Set

we have

(3.12) measD(ry,a) >

(3.13) K, =meas | D(ry,a)N

j
Then, by (3.9), (3.12) and (3.13) we have

(Ozj +€,ﬂj *E)

q
=1

-

K, > measD(ry,a) —meas | [0,2m)\ | )(oj +¢,8; —¢)

Jj=1

q
(3.14) = measD(ry,a) — meas U (Bj —e,ajp1 +¢)
j=1

q

= measD(ry,,a) — Z(%‘H — Bj + 2e¢)
j=1

> e

By (3.14) we can find that there exists some positive integer jo satisfying 1 <
jo < g such that for infinitely many positive integers n, we have
Ky

(3.15) meas (D(ry,a) N (aj, + €, B, —€)) > — > =)

q q
Without loss of generality, we can assume that (3.15) holds for all the positive
integers n. Next we set E,, = D(ry,,a) N (aj, +¢€, 55, —€). Then, by (3.15) and
the definition of D(r,a) in (iv) of Lemma 2.7 we have

Bio—¢ 1 T T
(3.16) / log* : do > (rn, f) measkE, > EM.
avjote |f(rne®®) —al log 7, q logr,

On the other hand, by (3.16), Lemma 2.1 and the definition of B, g(r, f) in
(2.2) we have
(3.17)

Bjg—¢ 1 T . 1
log™ : 6 < “0B. a0 (1, ———
/+ % e —al T gy sin(ewy,) ( Frne®) - >
< Kjy.ern™® log(r,T(rn, f))
= Kj, 0’ (logry, +1og T (7, f)),
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™

where r, € E and wj, = 7o Ko, Is a positive constant depending only
J0 J0

on jp and €. By (3.16) and (3.17) we have
(3.18)  logT(rn, f) <loglog T'(ry, f) + wj, logry, + 3loglogr, + O(1),

where 7, ¢ E and r, — co. Noting that {r,} is a Pdlya peak of order o + 2¢
of f outside E, we can get by (3.18) that

logT'(ry,
oc+2< lim 08\, /) (T’ﬁg

<w
rn—oo  logry,

o )
which contradicts the assumption ¢ = max{w, u}, and so we have (3.6). By
(3.6) and the assumption of Theorem 1.1 we get a contradiction.

Subcase 1.2. Suppose that p(f) = u(f). By the same argument as in Case
1 with all o + 2¢ replaced with o = u(f) = p(f), we can derive p(f) = 0 < w,
which contradicts (3.7). Therefore, we have (3.6). By (3.6) and the assumption

of Theorem 1.1 we get a contradiction.

Case 2. Suppose that ha = ¢, where ¢ is a constant such that ¢ € C\ {0, 1}.
Then, by (3.1) we can see that h; is not a constant such that

h1 —1
1 =

(3.19) gt
and so

hi—1-—a(c—1)
3.20 = _
(3.20) f-a —
By (3.20) and Lemma 2.1 we have
(3'21) SO@',B]‘ (T, f) = Saj,Bj (T’ hl) + O(l)a 1<j<q

If a(c — 1)+ 1 #0, by (3.20), (3.21), Lemmas 2.1 and 2.2 and the assumption
—
that f and g share 0, 1, oo CM in X = (J{z:qa; <argz < f3;} we have
=1

=
(3.22)
_ — 1 — 1
s i 7h S g i 7h s i 7_ s i ,—
S, 3B (T 1) c Jﬁ](r 1)+C 3B <T hl) +C 3B (7’ hl—l—a(c—l))
+ Raj,B]‘ (Ta hl)

— 1
— Caj,ﬁj (7’, f — a> +Raj,ﬁj(7"7 hl)

1
< Co, .8, (r, f—) + O(logr +log T'(r, h))
—a

< Sa;.p, (1 ) + O(logr +1og T'(r, f))

asr ¢ E and r — oo, where j is a positive integer satisfying 1 < j < ¢. Again
by (3.21), (3.22) and Lemma 2.1 we have (3.5). Next, in the same manner as
in Case 1 we can get a contradiction. Therefore. we have a(c —1)+1 = 0, and
so ¢ = (a — 1)/a. Combining this with (3.19) and (3.20), we get the conclusion
(i) of Theorem B.
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Case 3. Suppose that hy = ¢, where ¢ is a constant such that ¢ € C\ {0, 1}.
Then, (3.1) can be rewritten as

c—1 cl—1
3.23 - . g= :
(3.23) I =m=1 97T
and so
(3.24) f_a:_a(hg—(a—i—c—l)/a)-

hy —1
Noting that f is a nonconstant meromorphic function, we can see by (3.23)
that (a+c—1)/a # 1. Combining this with the assumption that f and g share
0,1,00 CM in X = JI_ {2 : a;j < argz < B}, we have

1 1
2 8. — | = B 1<5<q.
(3:25) sty (T’ fa) Caj 6, (r, ho — (a+cl)/a)’ =7=4

If (a+c—1)/a # 0, then in the same manner as in the proof of (3.22), we have
by (3.25) that

(3.26) Sa;.8; (1, f) = Ca, (r, ﬁ) + O(logr +log T (r, f))

for1 < j<qasr ¢ FE and r — oo. By (3.26) we have (3.5). Next, in the
same manner as in Case 1 we can get a contradiction. Therefore, we have
(a+c¢—1)/a =0, and so ¢ = 1 — a. Combining this with (3.23), we have the
conclusion (ii) of Theorem B.

Case 4. Suppose that hlhgl = ¢, where c is a constant such that ¢ €
C\ {0,1}. Then, (3.1) can be rewritten as

chy — 1 cinyt—1
(3.27) f= hy —1° g:ﬁa
and so
_(c=a)(ha —(a—1)/(a—c))
(3.28) f—a= - .

Suppose that a = ¢. Then, by (3.27) we have the conclusion (iii) of Theorem B.
Next we suppose that a # ¢. Then, by the assumption that f is a nonconstant
meromorphic function, we can see by (3.28) that (a—1)/(a—c) # 1. Combining
this with the assumption that f and g share 0, 1,00 CM in X = U?Zl{z toy <
argz < (3}, we have

(3.29) C, ( ! > C ( L > 1<5<
. a8 |7 ) = Cajp; | 7 , <j3<gq.
"= P\ he = (@-D/(a=<) 7=t

Next, in the same manner as in the proof of (3.22), we get (3.26) by (3.29) and
the fact (a—1)/(a—c) # 0. By (3.26) we have (3.5). Next, in the same manner
as in Case 1 we can get a contradiction. This completes the proof of Theorem
1.1. ([
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Proof of Theorem 1.2. First of all, by the assumptions of Theorem 1.2 and
Lemma 2.3 we have

= >

-1
hy —1

-1

(3.30) f T

g:

and
Sessazir (T 9) + Sayasir (7 h1) + Say .y (7, )
= O(Sa;.0;: (1 f)) + Raja; (1, f)
for 1 < j < g, where hi and hy are meromorphic functions such that ho ié 1,

hy # 1, hohTt # 1, hy(2) € {0,00} and ho(z) & {0,00} for any z € X =
Uj—i{z : o <argz < aji1}. By (3.30) we have

fel
3.32 —— =h = =hih;".
(3.32) s B TR CL

We consider the following four cases:

(3.31)

Case 1. Suppose that none of ﬁl, iLQ and ﬁgﬁfl is a constant. Then, by
Lemma 2.6 we have

1 .
(333) Caj,aj+1 (Ta f—> = Saj,aj+1(rv f) + Ra]‘,a]url(,rv f)) 1 S J S q.

—a

By (3.33) and Lemmas 2.1 we have for 1 < j < ¢ that

1 1 1
Aa-a-l s T p Ba'a'1 sy 7 )] T laya4 [
(3:31) T <Tf—a)+ o <Tf—a) Hovies <Tf—a)
< O(logr +logT(r, f))

asr ¢ E and r — oco. Next we prove

(3.35) u(f) < oo.

Indeed, for the exceptional set F' in Lemma 2.9 and the exceptional set E in
(3.34),we have log dens(F'UFE) = 0. Applying this and Lemma 2.9 to f, we can
find that there exist a sequence of positive numbers r,, ¢ F'U E such that

1 1
(3.36) meask (r"’ fa) " @ D)) (log )12

as r, — 00. Set

1 1
© 2¢+1(T(rn, f))*(logr)t+e’
Then, by (3.36) and (3.37) we have

(3.37) €n

1
meas | E (rn, _—
f

q
) N U (aj +éen,aj41 — €n)
j=1
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1 q
> meask (rn, f—) — meas U (aj —enyaj +€n)
—a
j=1
> (2q + 1)en, — 2¢en,
= En,

which implies that there exists some jj satisfying 1 < jg < ¢ such that
1 En
(3.38) meas | E | rp, T N (jy + En, Qjot1 — €n) | > v

Without loss of generality, we can assume that (3.38) holds for all the positive
integers n. Next we set

- 1

(339) En =F (Tn, m) n (Oéjo + En, Ojo4+1 — En) .
By (3.39) and the definition of E (rn, ﬁ) we have

Qjo+1—En 1 1

logt —————db > / logt —————db
/OthJrEn |f(7’n619) - a| E, |f(7"n610) - a’|
-0
(3.40) > meas(Ey) (a4, 7) T(rn, f)
nd(a, f)
> SR ).
> 228l r, g)
On the other hand, by (3.34), Lemma 2.1 and the definition of B, g(r, f) in
(2.2) we have
Qjo+1=¢En 1
log" —————db
/%'o-i-an |f(7’"610) —al
T Y 1

<—FF nta~ Qo +1 mny p/ oo\
(3.41) ~ 2wj, sin(snwjo)r J0 %ot (r frpei?) — a)

< [(jo,srzjo log(rnT' (T, £))

= ~j0,574ﬁj0 (10g Tn + 1OgT(Tna f))
asrn, ¢ FUE and r, — 00, where w;, = —ZF——, f(jo,g is a positive constant

Ajo+1—%jq

depending only on jg and e. By (3.40) and (3.41) we have

8(a, F)(T(rn, f))'

3.42 e
G420 4ga+ DRy e (log )+ (log rm + log T(rms £)) + O(1)

as r, ¢ FUE and r,, — 0c0. By (3.42) we derive p(f) < wj, < w, which implies
(3.35). Next, by (3.34), (3.35) and in the same manner as in Case 1 of the
proof of Theorem 1.1 we can get a contradiction.



480 X.-M. LI, X.-F. LIU, AND H.-X. YI

Case 2. Suppose that hy = ¢, where ¢ is a constant such that ¢ € C\ {0, 1}.
Then, (3.30) can be rewritten as

hy —1 hit—1
4 - -
(3.43) f="—1 9= a7
and so
(3.44) foamzlzaleml)

c—1
By (3.44) and Lemma 2.1 we have
(3.45) Sajajn (1 f) = Sajay (rh1) +0(1), 1<j5<q.
If a(c—1)+1 # 0, in the same manner as in Case 2 in the proof of Theorem 1.1,
by (3.44), (3.43), Lemmas 2.1, Lemma 2.2 and the assumption that f and g
share 0, 1, co CM in U?Zl{z ta <argz < ajy1} we deduce (3.33), and so we
have (3.34). Next, in the same manner as in Case 1 we can get a contradiction.

Therefore, we have a(c — 1) + 1 = 0. Combining this with (3.43), we can get
the conclusion (i) of Theorem B.

Case 3. Suppose that i; = ¢, where ¢ is a constant such that ¢ € C\ {0,1}.
Then, in the same manner as in Case 3 in the proof of Theorem 1.1 we can get
the conclusion (ii) of Theorem B.

Case 4. Suppose that izlfzgl = ¢, where c¢ is a constant such that ¢ €
C\ {0,1}. Then, in the same manner as in Case 4 in the proof of Theorem
1.1 we can get the conclusion (iii) of Theorem B. This completes the proof of
Theorem 1.2. O

4. Concluding remarks

Regarding Theorem 1.1, Theorem 1.2 and Example 1.2, now we pose the
following questions:

Question 4.1. What can be said about the conclusion of Theorem 1.1, if we
change the assumption “ p(f) > w” in Theorem 1.17

Question 4.2. What can be said about the conclusion of Theorem 1.2, if we
change the assumption “p(f) > ———FF——=" in Theorem 1.27

i fagei—ag}
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