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ROUGH SET THEORY APPLIED TO FUZZY FILTERS IN

BE-ALGEBRAS

Sun Shin Ahn and Chol Kim

Abstract. The notion of a rough fuzzy filter in a BE-algebra is intro-
duced and some properties of such a filter are investigated. The relations
between the upper (lower) rough filters and the upper (lower) approxi-
mations of their homomorphism images are discussed.

1. Introduction

The notion of rough sets was introduced by Pawlark [15]. The theory of
rough sets has emerged as another major mathematical approach for managing
uncertainty that arises from inexact, noisy, or incomplete information. It is
turning out to be methodologically significant to the domains of artificial intel-
ligence and cognitive sciences, especially in the representation of and reasoning
with vague and/or imprecise knowledge, data analysis, machine learning, and
knowledge discovery [15, 16]. The algebraic approach to rough sets was studied
in [8]. Biswas and Nanda [4] introduced the notion of rough subgroups, and
Kuroki and Morderson [14] discussed the structure of rough sets and rough
groups. Kuroki and Wang [11] gave some properties of lower and upper ap-
proximations with respect to the normal subgroups and the fuzzy normal sub-
groups, and Kuroki [9] introduced the notion of a rough ideal in a semigroup,
which is an extended notion of an ideal in a semigroup, and gave some proper-
ties of such an ideal. Q. M. Xiao and Z. L. Zhang [17] established the notion
of a rough prime ideal and a rough fuzzy prime ideal in a semigroup. J. Zhan
et al. [19] introduced the notion of a rough soft hemiring, which is an extended
notion of a rough hemiring and a soft hemiring. Y. Imai and K. Iséki [5] in-
troduced two classes of abstract algebras: BCK-algebras and BCI-algebras.
It is known that the class of BCK-algebras is a proper subclass of the class
of BCI-algebras. C. R. Lim and H. S. Kim [12] introduced the notion of a
rough set in a BCK/BCI-algebra. By introducing the notion of a quick ideal
in a BCK/BCI-algebra, they obtained some relations between a quick ideal
and an upper (a lower) rough quick ideal in a BCK/BCI-algebra. In [8], H.
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S. Kim and Y. H. Kim defined the notion of a BE-algebra as a generalization
of a BCK-algebra. Using the notion of upper sets they gave an equivalent
condition of the filter in BE-algebras. In [2, 3], S. S. Ahn and K. S. So con-
sidered the notion of an ideal in a BE-algebra, and then stated and proved
several characterizations of such an ideal. Also they generalized the notion of
an upper set in a BE-algebra, and discussed properties of the characterizations
of generalized upper sets An(u, v) while relating them to the structure of an
ideal in a transitive and a self distributive BE-algebra. In [7], rough sets and
rough filter in BE-algebras were established. Some related their properties
were discussed.

In this paper, we introduce the notion of a rough fuzzy filter in a BE-algebra,
and give some properties of such a filter. Also, we discuss the relations between
the upper (lower) rough filters and the upper (lower) approximations of their
homomorphism images.

2. Preliminaries

We recall some definitions and results discussed in [1, 2, 3, 8].
An algebra (X ; ∗, 1) of type (2, 0) is called a BE-algebra if

(BE1) x ∗ x = 1 for all x ∈ X ;
(BE2) x ∗ 1 = 1 for all x ∈ X ;
(BE3) 1 ∗ x = x for all x ∈ X ;
(BE4) x ∗ (y ∗ z) = y ∗ (x ∗ z) for all x, y, z ∈ X . (exchange)

We introduce a relation “≤” on a BE-algebraX by x ≤ y if and only if x∗y = 1.
A non-empty subset A of a BE-algebra X is said to be a subalgebra of X if for
any x, y ∈ A, x ∗ y ∈ A. Noticing that x ∗ x = 1 for all x ∈ X , it is clear that
1 ∈ A. A BE-algebra (X ; ∗, 1) is said to be transitive if for any x, y, z ∈ X ,
y ∗ z ≤ (x ∗ y) ∗ (x ∗ z).

Definition 2.1. Let (X ; ∗, 1) be a BE-algebra and let F be a non-empty subset
of X . Then F is called a filter of X if

(F1) 1 ∈ F ;
(F2) x ∗ y ∈ F and x ∈ F imply y ∈ F for all x, y ∈ X .

Proposition 2.2. Let X = (X ; ∗, 1) be a BE-algebra and F be a filter of X.

If x ≤ y and x ∈ F for any y ∈ F , then y ∈ F .

Proposition 2.3 ([6]). If (X ; ∗, 1) is a transitive BE-algebra, then for any

x, y, z ∈ X,

(1) if x ≤ y, then z ∗ x ≤ z ∗ y and y ∗ z ≤ x ∗ z;
(2) if 1 ≤ x, then x = 1.

Proposition 2.4. Let F be a filter of a BE-algebra X. Then F is a subalgebra

of X.

Let F be a filter of a transitive BE-algebra X . Define a relation ρ on X by
(x, y) ∈ ρ if and only if x∗y ∈ F and y∗x ∈ F . Then ρ is a congruence relation
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on X (see [6]). Denote X/ρ := {[x]ρ |x ∈ X}, where [x]ρ := {y ∈ X | (x, y) ∈
ρ}. We define a binary operation ∗′ on X/ρ by [x]ρ ∗′ [y]ρ := [x ∗ y]ρ. This
definition is well defined since ρ is a congruence relation. Also [1]ρ = F .

Theorem 2.5. (X/ρ; ∗′, [1]ρ) is a transitive BE-algebra.

Let X be a transitive BE-algebra and ρ be a congruence relation on X
and let P(X) denote the power set of X . For all x ∈ X , let [x]ρ denote the
ρ-congruence class of x. Define the functions ρ−, ρ− : P(X) → P(X) as
follows: for any ∅ 6= A ∈ P(X),

ρ−(A) := {x ∈ X |[x]ρ ⊆ A}

and

ρ−(A) := {x ∈ X |[x]ρ ∩ A 6= ∅}.

ρ−(A) is called the ρ-lower approximation ofA while ρ−(A) is called the ρ-upper
approximation of A. For a non-empty subset A of X ,

ρ(A) = (ρ−(A), ρ
−(A))

is called a rough set with respect to ρ of P(X) × P(X) if ρ−(A) 6= ρ−(A).
A subset A of X is said to be definable if ρ−(A) = ρ−(A). The pair (X, ρ) is
called an approximation space. A congruence relation ρ on a set X is called
complete if [x]ρ ∗ [y]ρ = [x ∗ y]ρ for any x, y ∈ X .

Proposition 2.6 ([7]). Let X be a transitive BE-algebra and ∅ 6= A,B ⊆ X.

Let ρ and λ be congruence relations on X. Then the following hold:
(1) ρ−(A) ⊆ A ⊆ ρ−(A),
(2) ρ−(A ∪B) = ρ−(A) ∪ ρ−(B),
(3) ρ−(A ∩B) = ρ−(A) ∩ ρ−(B),
(4) A ⊆ B implies ρ−(A) ⊆ ρ−(B),
(5) A ⊆ B implies ρ−(A) ⊆ ρ−(B),
(6) ρ−(A) ∪ ρ−(B) ⊆ ρ−(A ∪B),
(7) ρ−(A ∩B) ⊆ ρ−(A) ∩ ρ−(B),
(8) ρ ⊆ λ implies ρ−(A) ⊇ λ−(A),
(9) ρ ⊆ λ implies ρ−(A) ⊆ λ−(A).

Let X be a transitive BE-algebra and let ∅ 6= A ⊆ X . Let ρ be a congruence
relation on X . Then A is called an upper (a lower, respectively) rough filter of
X if ρ−(A) (ρ−(A), respectively) is a filter of X .

Theorem 2.7 ([7]). Let ρ be a congruence relation on a transitive BE-algebra

X. If A is a filter of X, then it is an upper rough filter of X.
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Example 2.8. Let X := {1, a, b, c, d} be a set with the following table:

∗ 1 a b c d
1 1 a b c d
a 1 1 b c d
b 1 a 1 c c
c 1 1 b 1 b
d 1 1 1 1 1

Then X is a BE-algebra [8]. Let F := {1, a} be a filter of X . Let ρ be a con-
gruence relation on X such that {1, a}, {b}, {c} and {d} are all ρ-congruences
of X . Let A := {a, c}. Then A is not a filter of X . But ρ−(A) = {1, a, c} is a
filter of X .

The notion of an upper rough filter is an extended notion of a filter in a
BE-algebra.

Theorem 2.9 ([7]). Let ρ be a congruence relation on a transitive BE-algebra

X and let A be a filter of X. If ρ−(A) is non-empty, then A is a lower rough

filter of X, i.e., ρ−(A) is a filter of X.

Let ρ be a congruence relation on a transitive BE-algebra X and let ∅ 6=
A ⊆ X . The lower and upper approximations can be presented in an equivalent
form as shown below:

ρ−(A)/ρ ={[x]ρ ∈ X/ρ|[x]ρ ⊆ A},

ρ−(A)/ρ ={[x]ρ ∈ X/ρ|[x]ρ ∩A 6= ∅}.

Theorem 2.10 ([7]). Let ρ be a congruence relation on a transitive BE-algebra

X. If A is an upper rough filter of X, then ρ−(A)/ρ is a filter of X/ρ.

Theorem 2.11 ([7]). Let ρ be a congruence relation on a transitive BE-algebra

X. If A is a lower rough filter of X, then ρ−(A)/ρ is, if it is non-empty, a

filter of the quotient transitive BE-algebra X/ρ.

3. The lower and upper approximation in fuzzy sets

Let µ and λ be two fuzzy subsets of a BE-algebra X . The inclusion λ ⊆ µ
is denoted by λ(x) ≤ µ(x) for all x ∈ X , and µ ∩ λ is defined by (µ ∩ λ)(x) =
µ(x) ∧ λ(x) for all x ∈ X .

Definition 3.1. Let ρ be a congruence relation on a transitive BE-algebra X
and µ a fuzzy subset of X . Then we define the fuzzy sets ρ−(µ) and ρ−(µ) as
follows:

ρ−(µ)(x) := ∧a∈[x]ρµ(a) and ρ−(µ)(x) := ∨a∈[x]ρµ(a).

The fuzzy sets ρ−(µ) and ρ−(µ) are called respectively the ρ-lower and ρ-upper
approximations of the fuzzy set µ. ρ(µ) = (ρ−(µ), ρ

−(µ)) is called a rough fuzzy

set with respect to ρ if ρ−(µ) 6= ρ−(µ).
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Definition 3.2 ([6]). A fuzzy subset µ of a BE-algebra X is called a fuzzy

filter of X if

(FF1) µ(1) ≥ µ(x) for all x ∈ X ,
(FF2) µ(y) ≥ min{µ(x ∗ y), µ(x)} for all x, y ∈ X .

Let µ and ν be fuzzy filters of a BE-algebra. Then µ∩ν is also a fuzzy filter
of X .

A fuzzy subset µ of a transitive BE-algebra X is called an upper (a lower,
respectively) rough fuzzy filter of X if ρ−(µ) (ρ−(µ), respectively) is a fuzzy
filter of X .

Theorem 3.3. Let ρ be a congruence relation on a transitive BE-algebra X.

If µ is a fuzzy filter of X, then ρ−(µ) is a fuzzy filter of X.

Proof. Since µ is a fuzzy filter of X , µ(1) ≥ µ(x) for all x ∈ X . Hence we
obtain

ρ−(µ)(1) = ∨z∈[1]ρµ(z) ≥ ∨x′∈[x]ρµ(x
′) = ρ−(µ)(x).

For any x, y ∈ X , we have

ρ−(µ)(y) = ∨y′∈[y]ρµ(y
′) ≥ ∨x′∗y′∈[x]ρ∗′[y]ρ,x′∈[x]ρ min{µ(x′ ∗ y′), µ(x′)}

= ∨x′∗y′∈[x∗y]ρ,x′∈[x]ρ min{µ(x′ ∗ y′), µ(x′)}

=min{∨x′∗y′∈[x∗y]ρµ(x
′ ∗ y′),∨x′∈[x]ρµ(x

′)}

=min{ρ−(µ)(x ∗ y), ρ−(µ)(x)}.

Thus ρ−(µ) is a fuzzy filter of X . �

Theorem 3.4. Let ρ be a congruence relation on a transitive BE-algebra X.

If µ is a fuzzy filter of X, then ρ−(µ) is, if it is non-empty, a fuzzy filter of X.

Proof. Since µ is a fuzzy filter of X , µ(1) ≥ µ(x) for all x ∈ X . Hence for all
x ∈ X , we have

ρ−(µ)(1) = ∧z∈[1]ρµ(z) ≥ ∧z′∈[x]ρµ(z
′) = ρ−(µ)(x).

For any x, y ∈ X , we obtain

ρ−(µ)(y) = ∧y′∈[y]ρµ(y
′) ≥ ∧x′∗y′∈[x]ρ∗′[y]ρ,x′∈[x]ρ min{µ(x′ ∗ y′), µ(x′)}

= ∧x′∗y′∈[x∗y]ρ,x′∈[x]ρ min{µ(x′ ∗ y′), µ(x′)}

=min{∧x′∗y′∈[x∗y]ρµ(x
′ ∗ y′),∧x′∈[x]ρµ(x

′)}

=min{ρ−(µ)(x ∗ y), ρ−(µ)(x)}.

Thus ρ−(µ) is a fuzzy filter of X . �

Let µ be a fuzzy subset of a transitive BE-algebra X and let (ρ−(µ), ρ
−(µ))

be a rough fuzzy set. If ρ−(µ) and ρ−(µ) are fuzzy filters of X , then we call
(ρ−(µ), ρ

−(µ)) a rough fuzzy filter of X . Therefore we have the corollary.
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Corollary 3.5. If µ is a fuzzy filter of a transitive BE-algebra X, then (ρ−(µ),
ρ−(µ)) is a rough fuzzy filter of X. If µ, λ are fuzzy filters of a transitive BE-

algebra X, then (ρ−(µ ∩ λ), ρ−(µ ∩ λ)) is a rough fuzzy filter of X.

Let µ be a fuzzy subset of a BE-algebra X . Then the sets

µt := {x ∈ X |µ(x) ≥ t}, µX
t := {x ∈ X |µ(x) > t},

where t ∈ [0, 1], are called respectively, t-level subset and t-strong level subset

of µ.

Theorem 3.6. Let µ be a fuzzy subset of a BE-algebra X. Then µ is a fuzzy

filter of X if and only if µt and µX
t are if they are non-empty, filters of X for

every t ∈ [0, 1].

Proof. Straightforward. �

Lemma 3.7. Let ρ be a congruence relation on a transitive BE-algebra X. If

µ is a fuzzy subset of X and t ∈ [0, 1], then

(1) (ρ−(µ))t = ρ−(µt);
(2) (ρ−(µ))Xt = ρ−(µX

t ).

Proof. (1) We have

x ∈ (ρ−(µ))t ⇔ ρ−(µ)(x) ≥ t ⇔ ∧a∈[x]ρµ(a) ≥ t

⇔ ∀a ∈ [x]ρ, µ(a) ≥ t ⇔ [x]ρ ⊆ µt ⇔ x ∈ ρ−(µt).

(2) Also we have

x ∈ (ρ−(µ))Xt ⇔ ρ−(µ)(x) > t ⇔ ∨a∈[x]ρµ(a) > t

⇔ ∃a ∈ [x]ρ, µ(a) > t ⇔ [x]ρ ∩ µX
t 6= ∅ ⇔ x ∈ ρ−(µX

t ). �

Theorem 3.8. Let ρ be a congruence relation on a transitive BE-algebra X.

Then µ is a lower (an upper) rough fuzzy filter of X if and only if µt, µ
X
t are,

if they are non-empty, lower (upper) rough filters of X for every t ∈ [0, 1].

Proof. By Theorem 3.6 and Lemma 3.7, we can obtain the conclusion easily. �

Lemma 3.9. Let f be a surjective homomorphism of a transitive BE-algebra

X to a transitive BE-algebra Y and let A be any subset of X. Let ρ2 be a

congruence relation on Y , and ρ1 := {(x1, x2) ∈ X ×X | (f(x1), f(x2)) ∈ ρ2}.
Then

(1) ρ1 is a congruence relation on X.

(2) If ρ2 is complete and f is single-valued, then ρ1 is complete.

(3) f(ρ−1 (A)) = ρ−2 (f(A)).
(4) f(ρ1−(A)) ⊆ ρ2−(f(A)). If f is single-valued, then f(ρ1−(A)) =

ρ2−(f(A)).



ROUGH SET THEORY APPLIED TO FUZZY FILTERS IN BE-ALGEBRAS 457

Proof. (1) It is clear that ρ1 is a congruence relation on X .
(2) Let x′ be any element of [x1∗x2]ρ1

. Since ρ2 is complete, by the definition
of ρ1, we know that f(x′) ∈ [f(x1 ∗ x2)]ρ2

= [f(x1)]ρ2
∗ [f(x2)]ρ2

. Since f is
surjective, there exist x′

1, x
′

2 ∈ X such that f(x′

1) ∈ [f(x1)]ρ2
, f(x′

2) ∈ [f(x2)]ρ2
,

and f(x′) = f(x′

1) ∗ f(x′

2) = f(x′

1 ∗ x′

2). Since f is single-valued, by the
definition of ρ1, we have x′

1 ∈ [x1]ρ1
, x′

2 ∈ [x2]ρ1
, and x′ = x′

1 ∗ x′

2. Thus
x′ ∈ [x1]ρ1

∗ [x2]ρ1
. This means that [x1 ∗ x2]ρ1

⊆ [x1]ρ1
∗ [x2]ρ1

. On the other
hand we have [x1]ρ1

∗ [x2]ρ1
⊆ [x1 ∗ x2]ρ1

. Therefore ρ1 is complete.
(3) Let y be any element of f(ρ1

−(A)). Then there exists x ∈ ρ1
−(A)

such that f(x) = y. Hence [x]ρ1
∩ A 6= ∅. Then there exists x′ ∈ [x]ρ1

∩ A.
Then f(x′) ∈ f(A) and by the definition of ρ1, we have f(x′) ∈ [f(x)]ρ2

. So
[f(x)]ρ2 ∩ f(A) 6= ∅, which implies y = f(x) ∈ ρ2

−(f(A)). Thus f(ρ1
−(A)) ⊆

ρ2
−(A)).
Conversely, let y ∈ ρ2

−(f(A)). Then there exists x ∈ X such that f(x) = y.
Hence [f(x)]ρ2

∩ f(A) 6= ∅. So there exists x′ ∈ A such that f(x′) ∈ f(A)
and f(x′) ∈ [f(x)]ρ2

. Then by the definition of ρ1, we have x′ ∈ [x]ρ1
. Thus

[x]ρ1
∩ A 6= ∅ which implies x ∈ ρ1

−(A). So y = f(x) ∈ f(ρ1
−(A)). It

means that ρ2
−(f(A)) ⊆ f(ρ1

−(A)). From the above, we have f(ρ1
−(A)) =

ρ2
−(f(A)).
(4) Let y be any element of f(ρ1−(A)). Then there exists x ∈ ρ1−(A) such

that f(x) = y, so we have [x]ρ1
⊆ A. Let y′ ∈ [y]ρ2

. Then there exists x′ ∈ X
such that f(x′) = y′ and f(x′) ∈ [f(x)]ρ2

. Hence x′ ∈ [x]ρ1
⊆ A, and so

y′ = f(x′) ∈ f(A). Thus [y]ρ2
⊆ f(A) which yields that y ∈ ρ2−(f(A)). So we

have f(ρ1−(A)) ⊆ ρ2−(f(A)).
Assume that f is single-valued and suppose y ∈ ρ2−(f(A)). Then there exist

x ∈ X such that f(x) = y and [f(x)]ρ2
⊆ f(A). Let x′ ∈ [x]ρ1

. Then f(x′) ∈
[f(x)]ρ2

⊆ f(A), and so x′ ∈ A. Thus [x]ρ1
⊆ A which yields x ∈ ρ1−(A).

Then y = f(x) ∈ f(ρ1(A)), and so ρ2−(f(A)) ⊆ f(ρ1−(A)). From the above,
we have f(ρ1−(A)) = ρ2−(f(A)). �

Proposition 3.10. Let f be a homomorphism of a transitive BE-algebra X
to a BE-algebra Y . The set β := {(a, b) ∈ X ×X | f(a) = f(b)}. Let A be a

non-empty subset of X. Then f(β−(A)) = f(A).

Proof. It is clear that β is a congruence relation on X . Since A ⊆ β−(A),
we have f(A) ⊆ f(β−(A)). Let y ∈ f(β−(A)). Then there exists x ∈ β−(A)
such that y = f(x). Hence a ∈ [x]β ∩ A and so (a, x) ∈ β, a ∈ A. Therefore
y = f(x) = f(a) ∈ f(A). This completes the proof. �

Theorem 3.11. Let f be a surjective homomorphism of a transitive BE-

algebra X to a transitive BE-algebra Y . Let ρ2 be a congruence relation on Y
and A be a subset of X. If ρ1 := {(x1, x2) ∈ X ×X | (f(x1), f(x2)) ∈ ρ2}, then
ρ1

−(A) is a filter of X if and only if ρ2
−(f(A)) is a filter of Y .

Proof. Assume that ρ1
−(A) is a filter of X . Since 1 ∈ ρ1

−(A), [1]ρ1
∩ A 6= ∅.

Hence there exists x′ ∈ [1]ρ1
∩A. Then f(x′) ∈ f(A), and by the definition of ρ1,
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we have f(x′) ∈ [f(1)]ρ2
. So [f(1)]ρ2

∩f(A) 6= ∅ which means f(1) ∈ ρ2
−(f(A)).

Let x′, y′ ∈ Y with x′ ∗ y′, x′ ∈ ρ2
−(f(A)). Then there exist x, z ∈ A such that

f(x) = x′ and f(z) = x′ ∗y′. Hence [f(x)]ρ2
∩f(A) 6= ∅ and [f(z)]ρ2

∩f(A) 6= ∅.
Therefore there exists b ∈ A such that f(b) ∈ [f(x)]ρ2

. By the definition of ρ1,
b ∈ [x]ρ1

and so b ∈ [x]ρ1
∩ A. Hence [x]ρ1

∩ A 6= ∅. Thus x ∈ ρ1
−(A). Since f

is surjective, there exists y ∈ X such that f(y) = y′. Put u := ((x ∗ y) ∗ z) ∗ y.
Then u ∈ X . Since

f((x ∗ y) ∗ z) =f(x ∗ y) ∗ f(z)

=f(x ∗ y) ∗ (x′ ∗ y′)(∵ f(z) = x′ ∗ y′)

=(f(x) ∗ f(y)) ∗ (x′ ∗ y′)

=(x′ ∗ y′) ∗ (x′ ∗ y′) = 1′,

we have f(u) = f(((x∗ y)∗ z)∗ y) = f((x∗ y)∗ z)∗ f(y) = 1′ ∗ f(y) = f(y) = y′.
Since [f(z)]ρ2

∩ f(A) 6= ∅, we obtain

[x′ ∗ y′]ρ2
∩ f(A) =([x′]ρ2

∗ [y′]ρ2
) ∩ f(A)

=([f(x)]ρ2
∗ [f(u)]ρ2

) ∩ f(A)

=[f(x ∗ u)]ρ2
∩ f(A) 6= ∅.

Then there exists a ∈ A such that f(a) ∈ f(A) and f(a) ∈ [f(x ∗ u)]ρ2
. By

the definition of ρ1, we have a ∈ [x ∗ u]ρ1
. Hence [x ∗ u]ρ1

∩ A 6= ∅ and
so x ∗ u ∈ ρ1

−(A). Since ρ1
−(A) is a filter of X and x ∈ ρ1

−(A), we get
u ∈ ρ1

−(A). Therefore f(u) = y′ ∈ f(ρ1
−(A)) = ρ2

−(f(A)). Thus ρ2
−(f(A))

is a filter of Y .
Conversely, suppose that ρ2

−(f(A)) is a filter of Y . Since f(1) = 1′ ∈
ρ2

−(f(A)), [f(1)]ρ2
∩ f(A) 6= ∅. Hence there exists y′ ∈ [f(1)]ρ2

∩ f(A). Since
f is surjective, there exists x′ ∈ X such that f(x′) = y′. Hence f(x′) ∈
[f(1)]ρ2

∩ f(A). Therefore f(x′) ∈ f(A). By the definition of ρ1, x
′ ∈ [1]ρ1

and
x′ ∈ A. Hence [1]ρ1

∩ A 6= ∅, which means 1 ∈ ρ1
−(A).

Let x1, x2 ∈ X with x1 ∗ x2, x1 ∈ ρ1
−(A). By Lemma 3.9, we obtain that

f(x1 ∗x2) = f(x1)∗f(x2), f(x1) ∈ f(ρ1
−(A)) = ρ2

−(f(A)). Since ρ2
−(f(A)) is

a filter of Y , we have f(x2) ∈ ρ2
−(f(A)). Hence [f(x2)]ρ2

∩f(A) 6= ∅. Therefore
y′ ∈ [f(x2)]ρ2

∩ f(A). Since f is surjective, there exists x′ ∈ X such that
f(x′) = y′. Hence f(x′) = y′ ∈ [f(x2)]ρ2

∩ f(A). Therefore f(x′) ∈ f(A). By
the definition of ρ1, there exists x

′ ∈ [x2]ρ1
and x′ ∈ A. Therefore [x2]ρ1

∩A 6= ∅,
which means x2 ∈ ρ1

−(A). Thus ρ1
−(A) is a filter of X . �

Theorem 3.12. Let f be an isomorphism of a transitive BE-algebra X to a

transitive BE-algebra Y . Let ρ2 be a complete congruence relation on Y and A
a subset of X. If ρ1 := {(x1, x2) ∈ X ×X | (f(x1), f(x2)) ∈ ρ2}, then ρ1−(A)
is a filter of X if and only if ρ2−(f(A)) is a filter of Y .

Proof. By Lemma 3.9, we have f(ρ1−(A)) = ρ2−(f(A)). The proof is similar
to the proof of Theorem 3.11. �
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By Theorem 3.11 and Theorem 3.12, we can obtain the following conclusion
easily in a quotient BE-algebra.

Corollary 3.13. Let f be an isomorphism of a transitive BE-algebra X to

a transitive BE-algebra Y . Let ρ2 be a complete congruence relation on Y
and A a subset of X. If ρ1 := {(x1, x2) ∈ X × X | (f(x1), f(x2)) ∈ ρ2},
then ρ1−(A)/ρ1[ρ1

−(A)/ρ1] is a filter of X/ρ1 if and only if ρ2−(f(A))/ρ2
[ρ2

−(f(A))/ρ2] is a filter of Y/ρ2.

Theorem 3.14. Let f be a surjective homomorphism of a transitive BE-

algebra X to a transitive BE-algebra Y . Let ρ2 be a complete congruence rela-

tion on Y and A a fuzzy subset of X. If ρ1 := {(x1, x2) ∈ X×X | (f(x1), f(x2))
∈ ρ2}, then

(1) ρ1
−(A) is a fuzzy filter of X if and only if ρ2

−(f(A)) is a fuzzy filter

of Y.
(2) If f is single-valued, then ρ1−(A) is a fuzzy filter of X if and only if

ρ2−(f(A)) is a fuzzy filter of Y .

Proof. (1) By Theorem 3.6, we obtain that ρ1
−(A) is a fuzzy filter of X if and

only if (ρ1
−(A))Xt is, if it is non-empty, a filter of X for every t ∈ [0, 1]. By

Lemma 3.7, we have (ρ1
−(A))Xt = ρ1

−(AX
t ). By Theorem 3.11, we obtain that

ρ1
−(AX

t ) is a filter of X if and only if ρ2
−(f(AX

t )) is a filter of Y . It is clear
that f(AX

t ) = (f(A))Xt . From this and Lemma 3.7, we have

ρ2
−(f(AX

t )) = ρ2
−(f(A)Xt ) = (ρ2

−(f(A)))Xt .

By Theorem 3.6, we obtain that (ρ2
−(f(A)))Xt is a filter of Y for every t ∈ [0, 1]

if and only if ρ2
−(f(A)) is a fuzzy filter of Y . Thus the conclusion is hold.

(2) Since f is single valued, by Lemma 3.9, we have f(ρ1−(A)) = ρ2−(f(A)).
The proof is similar to that of (1). �

Corollary 3.15. Let f be an isomorphism of a transitive BE-algebra X to a

transitive BE-algebra Y . Let ρ2 be a complete congruence relation on Y and

A a fuzzy subset of X. If ρ1 := {(x1, x2) ∈ X ×X | (f(x1), f(x2)) ∈ ρ2}, then
ρ1−(At)/ρ1[ρ1

−(AX
t )/ρ1] is a filter of X/ρ1 if and only if

ρ2−(f(At))/ρ2[ρ2
−(f(AX

t ))/ρ2]

is a filter of Y/ρ2.
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