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ABSTRACT. This paper continues the study of recursion formulas of multivariable hyper-
geometric functions. Earlier, in [4], the authors have given the recursion formulas for three
variable Lauricella functions, Srivastava’s triple hypergeometric functions and k—variable
Lauricella functions. Further, in [5], we have obtained recursion formulas for the general
triple hypergeometric function. We present here the recursion formulas for Exton’s triple
hypergeometric functions.

1. Introduction

Recursion formulas for multivariable hypergeometric functions have received
considerable attention recently. In this direction, Opps, Saad and Srivastava [2]
and Wang [8] have studied the recursion relations of Appell functions. The authors,
in [4], have started a systematic study of recursion formulas of multivariable hy-
pergeometric functions including fourteen three variable Lauricella functions, three
Srivastava’s triple hypergeometric functions and four k—variable Lauricella func-
tions. In [5], we have obtained recursion formulas for the general triple hypergeo-
metric function [6]. These results unify and generalize the results in [4] for the three
variable hypergeometric function. In this paper, we obtain recursion formulas for
Exton’s triple hypergeometric functions [1].

Exton [1] gave the following hypergeometric functions of three variables, denoted
by X1, Xo,..., Xo9. We recall their definition below:

(1.1)
oo .
(a1) (az2) ;™

Xl(ah az; c1, C2; xl’x271~3) = Z (2m)1+2m2+7(n3) ms3 H i -,
my,mgma=0 C1)mo+m3z(C2)m i1 mq.
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(1.2)

i (1) 21, 4 20mp 4 (@2)ms ﬁ x;"

XQ(aly az2; C1, C2, C3; $1,$2,$3) = (Cl) (02) (CS) m,l
™™ m2 mgo oy

my,m2,m3=0

(1.3)
[e] 3 .
(a1) (a2)maotm ™
Xs(ar, as; c1, ¢25 T1,72,33) = Y 2 et — 11 1
m1,ma,ms=0 (Cl)m1+m2(02)m3 img M
(1.4)
[e<) 3 .
(a1) (a2)my+ ;™
X4(CL1, as; c1, Ca, C3; x1,$2,$3) = Z 2m1+mo+m3 mo+ms3 H i -,
my,mgma=0 (€1)my (€2)ms (03)m3 sog M
(1.5)
° al _laz as 3 Mg
)(5((117 asz, as; C; x17x27$3) = Z ( )2m1+m2+m3 ( )mz ( )ms H Z; -
m1,ma,mz=0 (€)my+ma+ms sep i

o 3 .
(a1) (a2)m, (a3) ;™
Xﬁ(al, az, as; ci1, C2; .’,L'l,ZEQ,ZEB) = Z 2mé+7;«2+’mg ( ;""2 m3 H ? T
m1,ma,m3=0 C1)m1+mo(C2)mg i1 m;.

(1.7)

i (a1)2m1+m2+m3 (aQ)m2 (a3)m3 ﬁ x;"

X7(a17 az, as; Ci, C2; x17$27x3) = (Cl) N (c2) mal
mo+ms3 my A

my,mz,m3=0 i=1

(1.8)

Xg(al,ag,a3; 61,62,63;111,1‘2,1‘3) =

i (a1)2m1 +ma+tms (a2)ms (a3)ms ﬁ x;"

a0 (c1)m (€2)my (€3)ms s oml’
(1.9)
> (a1) (a2)motams ror ;™
Xg(a1, as; ¢ xth’IS) _ Z 27(n1)+m2 2 3 H i -,
my,mg,m3=0 €)m1tmatms =1

(1.10)

i (a1)2m1+m2 (a2)ma+2ms f[ T

Xio(a1, az; c1, c25 T1,x2,x3) = () mrsma(c2) el
mi+mao ms i1 i

my,mz,m3=0

(1.11)

oo

Z (a1)2m1+m2 (a2)ms+2ms ﬁ x;"

(01)7n1+'m3 (CZ)HLQ =1 mz' ’

Xii(a1, az; c1, c2; T1,%2,23) =

mi,ma,m3=0

(1.12)

my

i (a1)2m1+m2 (a2)m2+2m3 f[ x;

Xi2(a1, az; c1, c2, ¢35 T1,T2,x3) = (e )m (C2)ma (€3) i
mi mo ms i1 Qs

mi,mg,m3=0

(1.13)

= (a1) (a2)my+ms(as) S ™
Xiz(ar, az, as; ¢ x1,22,23) = g Imitms MR Al | | 7;_, )
!

C -
m1,mz,m3=0 ( )m1+mz+m3 i=1
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(1.14)

i (a1)2m1+m2 (a2)matms (a3)ms ﬁ ;"™

(c1)my+ma (02)m3 i1 m;!’

Xia(a1,a2,as;c1,C2;1,T2,23) =

my,mg,m3=0

(1.15)

i (a1)2m1+m2 (a2)ma+ms(a3)ms f[ x;™

Xis(a1,az,a3; 1, 231, w2, w3) =  —ry i
mo—+ms mi =1 i

my,mg,m3=0

(1.16)

(a1)2m1+m2 (a2)matms (a3)ms Ii[ ;"™

(Cl)m1+m3(02)mg ey m;! ’

NgE

Xi6(a1,az2,a3;¢1,c2; 21, 2,23) =

my,mg,m3=0

(1.17)

i (a1)2m1+m2 (a2)matms (a3)ms f[ ;"

X17(a1,a2,a3;61702703;$17$2,$3): (Cl) (CQ) (03) mal
mi mo m3 =1 7

my,m2,m3=0

(1.18)

oo

(a1)2m1 mz(a2)m2(a3)m3(a4)m3 & x;"
> : I1

Xis(a1,az,a3,04;¢; 21, T2, T3) = (c) m;!’
g g =0 m1+ma+mg i=1

(1.19)

s (@1) 00y 1o (@2) 2 (@3)mi (@2)mg o 2™
> - 11

Xi9(a1,a2,as,a4;c1,C2;T1, T2, T3) = C —r i
mo+ms3 m1y =1 i

my,mz2,m3=0

(1.20)

[e3)

(a1)2m1 mz(az)mz(a3)m3(a4)m3 & z;"
> ¢ I

(Cl)m1+m3 (02)m2 i1 mz‘ ’

Xoo(a1,az,as,aq;c1,co;T1, T2, T3) =

my,m2,m3=0

Here, (a),, is the Pochhammer symbol [3, 7]. For convergence of the above
listed twenty Exton’s triple hypergeometric functions, see [6].

The paper is organised as follows. There are 20 further sections, one for
each of the twenty Exton’s triple hypergeometric functions. Following abbrevi-
ated notations are used in the paper. We, for example, write X; for the series
X1 (a1, ag; c1, co; x1, T2, x3), X1(a1+n) for the series X1 (a1+n, as; ¢1, c2; 21, T2, T3)
and X1(a1 +n, ¢1 + ny) stands for the series Xj(ay + n, az; ¢1 +ny, co; 1, T2, 23),
etc. Throughout n denotes a non-negative integer.

2. Recursion Formulas for X,

Theorem 2.1. The following recursion formulas hold true for the numerator pa-
rameters ay, asz of the Exton’s triple hypergeometric function X :

23; n
Xi(a1 +n) = X1-|-71 Z (a1 +n1) X1(ar + 1+ n1, e+ 1)

C
2 ’I’L1:1
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2T —
+72 Z (a1+n1)X1(a1+1+n1, Cl+].)

“a ni=1
3 T3 —
(21) -I-% Z Xl(al—i—nl, GQ+1701+1),
1
77.1:1
21 —
Xl(al—n) —Xl_Tl (a1+1—n1)X1(a1+2—n1,62+1)
2
ni=1
229 —
_ 272 (a1 4+1-—n1)X1(a1 +2—n1,c1+1)
Cl nlfl
a3 T3 —
(2.2) — 2013 Y Xi(ar+1-m, az+1,¢1+1).
n1:1
and
a1 T3 —
(2.3) Xi(ag+n) = X1+ 1C 2> Xi(ar +1, ag +na, 01 + 1),
1
ni=1
ay

x n
2 ZX1(01+1, az+1—nqy, ¢ +1),

(24) Xl(CLQ — n) = X1 —
c1

ni=1

Results (2.3) and (2.4) can also be represented as follows

— - n (a’l)nlxgl
(2.5) Xi(ag+n) = Z ——=—=Xi(a1 +n1, az + n1, c1 +n1),

=\ (e)n,

(2.6) Xi(az —n) = Z (n>(a1)m(—mg)"1X1(al+n1’ 1 +n1).

= \m (¢1)m,

Proof. From the definition of Exton’s triple hypergeometric function X; and the
relation

(2.7) (a1 + am,+2matms = (a1)2m1+2m2+m3 (1 + ar o Ta

we obtain the following contiguous relation:

2z 2x
Xi(a1+1) = X1+ Tl(ch +1) X1(a1 +2,c0+1) + 72((11 +1)X1(a1 +2,c1+1)
2 1
(2.8)
a3

c Xl(a1+17 a2—|—1, 01+1>.
1
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To obtain contiguous relation for X;(a; + 2), we replace a3 — a; + 1 in (2.8)
and simplify. This leads to

2
2x
Xl(al + 2) =X+ 071 Z (a1 —|—n1)X1(a1 +ni+1, co+ 1)
2
n1:1
2o <
+72 Z(Ch +n1) Xi(ar+n1+1,¢1+1)
1
’I’L1:1
agx 2
(29) + 23 Z X]_(al —|—’I’L17 a9 + 1, C1 + 1)

Cl n1:1
Iterating this process n times, we obtain (2.1). For the proof of (2.2), replace
the parameter a; — a; — 1 in (2.8). This gives

2x 2x
Xi(a1—1) = X1 — 71(11 Xi(ar+1,c2+1)— 72001 Xi(a1+1,¢1+1)
2 1
asx
(210) -2 3X1(a2+1, 01+1).

c1

Tteratively, we get (2.2).

The recursion formulas (2.3) and (2.4) can be proved in similar manner. Now,
we give the proof of (2.5).

Using the definition of Exton’s triple hypergeometric function X; and the rela-
tion

m
(2.11) (a2 + Lmg = (@2)mq (14 22)
2
we get
arx
(212) Xl(a2+1):X1+ 2 3X1(a1+1, 1124*1, Cl+1).
1

Replace as — as + 1 in (2.12) to get

a1x
Xi(as +2)= X1 + 23X1(al+1,a2+1701+1)
1
(2.13)
a1: a1+ 1z
+ 173 |:X1(G,1+1, CL2+].,Cl+1)+MX1(a1+2,a2+2, Cl+2) .
c1 (c1+1)

Simplifying, we get

Xl(ag + 2)
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(2.14)
2012 ap)s x3
:X1+ ! 3X1(a1+1,a2—|—1,cl+1)—|—(1)#X1(a1+2,a2+2,01—|—2)
1 (c1)2
TIterating this process n times, we get (2.5). Proof of (2.6) is similar. O

By using Pascal’s identity the recursion formulas (2.5) and (2.6) can also be
proved by induction method.

Theorem 2.2. The following recursion formulas hold true for the demominator
parameters ¢y, co of the Exton’s triple hypergeometric function X :

n

Xi(c1 —n) = X1 + (a1)2 22 Z !

(1 —n1)(e1 +1—nq)

Xl(al +2, C1 +2 7711)

ni=1

(2.15)

= 1
X 1 1 2—
+ ax a2$3nz::1 (1 —m) (e +1—m) a1 +1, a2 +1, ¢1 + ni),

(2.16)

Xl(CQ—’rL) :X1 —|—(a1)2m1 zn: (C — )(C]' < )Xl(a1+27 CQ+2_n1),
iz (e —m)(e 1

The above result can also be expressed as

" /n 7 (a1)an,
(2.17) Xi(c2 —n) = Z ( )(021(1)2X1(a1+2n1,62+n1).

n1=0 m )nl (62 - n)nl

Proof. Using the definition of Exton’s triple hypergeometric function X; and the
relation

1 1 mo m3 )
2.18 = 1+ +
(2.18) (@ = Doz @nmﬁm( s

we have
Xila-1)=X1+ M)ﬁ(m +2,c1+1)
Cl(Cl — ].)
a1G273
2.19 —X 1, 1, 1).
219 ale - @b a

Using this contiguous relation to the X; with the parameter ¢; —n for n times,
we get result (2.15). Second recursion formula (2.16) can be proved in a similar
manner.
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Now, we give the proof of (2.17). Apply the definition of X; and the relation

(2.20) LI (1+ )

(2= Dmy  (c2)my -1
to get
(2.21) X1(62 —1) =Xi +(111)72331X1(a1 + 2, CQ+1)
CQ(CQ — 1)

Replacing c¢a — ¢ — 1 in (2.21) and simplifying leads to

2(ay)2 @
X1(62 — 2) = X1 + 62((012)2_21))(1(0,1 —|— 2, Co —|— 1)
(2.22) M.}ﬁ(al 4, c0+2)
(c2)2(c2 —2)2
Tteratively, we get (2.17). O

Now, we present the recursion formulas for other Exton’s triple hypergeometric
functions. We omit the proof of the given below theorems.

3. Recursion Formulas for X,

Theorem 3.1. The following recursion formulas hold true for the numerator pa-
rameters ay, as of the Fxton’s triple hypergeometric function Xs :

n
2£C1

Xg(al —|—n) = XQ —+ 7 Z (a1 +TL1)X2(01 + 1 +TL1, C1 + 1)
1
n1:1
2Ty w—
—l—C—Q (a1 +n1) Xo(a1 +1+n1, ca+ 1)
2
ni=1
(3.1) 423 Z Xg(al +ny, ag + 1, C?,-i-l)7
63 n1:1
27 —
Xz(al—n) :Xz—?l (a1+1—n1)X2(a1+2—n1,cl—i—l)
1
nlfl
2Ty w—
£z (a1+1—n1)X2(a1+2—n1,02+1)
02 7L1:1
(32) —% Z Xg(a1+1—n1,a2+1, 03+1),
03 TL1:1
aj

T n
. > Xo(ar+1, az+n1, s+ 1),

(33) X2(a2 +n) = X5+ -
3

n1:1



480 Vivek Sahai and Ashish Verma

a;x -
173 ZXQ(G1+1,GQ+1—TL1,03+1).

ni=1

(34) XQ(GQ - n) = XQ —

€3

Theorem 3.2. The following recursion formulas hold true for the denominator
parameter as of the Fxton’s triple hypergeometric function Xs :

_ - n <a1>n1xg1
(3.5) Xo(ag+n) = Z - WXQ((M +n1, az +n, c3 +nq),
n1:0 1
- n '\ (a1)n, (—23)™
3.6 X — = =X .
39 Hla-m = 3 ()R, s
ny=

Theorem 3.3. The following recursion formulas hold true for the demominator
parameters c;, 1 = 1,2, and c3 of the Exton’s triple hypergeometric function Xs :

(3.7)
Xo(ei —n) = Xo + (a1)2w; Z (c; — nl)(cli +1-m)

X2(a1 +2,¢,+2— nl),

TL1:1
(3.8)
" n ! (a1)an
Xolci — 1) = _ T M 9 ,
2(61 n) n12::0 (n1> (Ci ni (Ci - n)nl 2(0“1 At nl),
(3.9)
XQ(Cgfn) :XQ “+ ajag T3 i (C — )(Cl T >X2(a1+17a2+1, 634’2*7711),
= (es —na)(es 1
(3.10)

n n1
XQ(CS —n) = Z <n)$3(al)nl(a2)an2(al +n1,a2 +n1 c3 +n1).

=\ (3)ny (3 = 0,y

4. Recursion Formulas for X3

Theorem 4.1. The following recursion formulas hold true for the numerator pa-
rameters ay, as of the Exton’s triple hypergeometric function X3 :

n

2x
X3(a1 —|—’I7,> = X3+ Tl Z (a1 +n1)X3(a1 +14+n, 1 +1)
1
n1:1

ag T ~
272 Z X3(a1 +ni, as + 1, Cl+1)

c
1 ’I’L1:1

a2 T3

n
> Xs(ar+n1, a+ 1,0+ 1),

C
2 ’I’L1:1
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2z
Xg(al—n) :Xg—il (a1+1—n1)X3(a1+2—n1,cl—f—l)
‘ ni=1
_a2$2 Z X3 a1+1—n1,a2—|—1 Cl+1)
! ni=1
(4.2) ~ 2N Xa(a+1—n, as + Lep + 1),
C2 n1:1
ay x -
Xy(az +n) = Xs+ = > Xg(ar +1, az +my, 1 +1)
1
nlfl
ay T
(4.3) + = 3ZX3(11+1 az +ni, ca +1),
ny= 1
ay x
Xg(ag—n):X3— 1C 2 ZXg(a1+1,a2+1—n1,cl+1)
1
n1:1
ay T -
(44) - 13 ZXg(al—f—l, a2+1—n1702+1).

C
2 n1:1

Theorem 4.2. The following recursion formulas hold true for the numerator pa-
rameter as of the Exton’s triple hypergeometric function Xs :

n n-—ni n><nn1> (al)N 1 ph2
X as +n)= AT N2 P2 M3
s(az +n) Z} 2 (n1 n2 (¢1)ns (€2)ns
(4.5) x Xs(a1 + N2, az + Na, ¢1 + nq, c2 + na),
n n-—ni
n—n1\ (a1)n, (=x2)™ (—23)"
a2 — ’I’L

nlz:() nzz:o ( > < ) (Cl)’nl (CQ)nz

(4.6) X Xsz(a1 + Nz, ¢c1 +n1, c2 + na),

where No = nq + na.

Theorem 4.3. The following recursion formulas hold true for the demominator
parameters c1, co of the Exton’s triple hypergeometric function X3 :

X3(Cl — n) = XS + (a1)2 1 Z (Cl — nl)(cll +1-— nl)

n1:1

Xs(a1 +2,¢1+2—ny)

(4.7)

1
X 1 1 2 —
+ ay az T2 Z Cl — nl)(cl + 1_ n]_> 3(0‘1 + , A2 + , C1 + nl)?

ni=1

X3(co —n)
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(4.8)

:X3 +ajaz x3 Z (

ni=1

1

co—ny)(ca+1—mnq)

Xg(al + ]., as —+ 1, C2 + 2 — 711),

(4.9)

n ni
Xs(co —n) = Z <n>ﬁ”z’)(“1)m(a2)m;{3(al+nh as +n1, ¢z +n1).

=\ (e2)ny (2 = 0,y

5. Recursion Formulas for X,

Theorem 5.1. The following recursion formulas hold true for the numerator pa-
rameters a1, as of the Exton’s triple hypergeometric function Xy :

n
21‘1

X4(a1 —|—n) = X4+ T Z (a1 +Tl1)X4(CL1 +1+ny, c1+ 1)
1
n1:1
(5.1)
a2 T i as2 T i
20 : Z Xy(ar+n1,a2+1, 0+ 1)+ 20 . Z Xy(ar +n1, a2 +1,¢3 + 1),
2 3
ni=1 ni=1
21 «—
X4(CL1777,) :X4*071 (a17n1+1)X4(a1+27n1,clJrl)
1
ni=1
_ a2 T2 Z X4(a1+17n1, CL2+1, CQ+1)
€2 ni=1
(5.2)
_ 42 3 Z X4((L1—|-]_—TL1, a2+1,03+1),
€3 ni=1
ay r i
Xy(az +n) = X4+ lc 2 Z Xa(a1 +1, a3 + 1y, ca + 1)
2
ni=1
(5.3)
a1 I3 ~
Xa(ar +1, a3 +nq, c3+1),
o 2 il bt
ay T i
X4((12—77,):X4— 16 2 ZX4((11+1, a2+1—n1,02+1)
2
n1:1
(5.4)
a1 I3 -
— X 1 1-— 1).
o Z slar +1, a2 +1=ny, c3+1)

n1:1



Exton’s triple Hypergeometric Functions 483

Theorem 5.2. The following recursion formulas hold true for the numerator pa-
rameter as of the Exton’s triple hypergeometric function Xy :

n—ni n n
n—n (@), 2y a5?
a2 " n n12:0 nzz:o (TL1> < ) (62)7741 (03)?12

(5.5) X Xa(a1 + Na, as + Na, ca + n1, c3 + na),
S (1 (= (a1)n, (—m)™ (—ws)m2
Xa(lag —n) =
o= 30 5 () (") -

(56) X X4(a1 + N27 C2 +nla c3+ n?)a

where No = nq + na.

Theorem 5.3. The following recursion formulas hold true for the demominator
parameters c1, ¢;; 1 = 2,3 of the FExton’s triple hypergeometric function Xy :

(5.7)

Xy(ep —n)=X —&—(a)xi ! Xy(a1+2,¢1+2—1ny)

4(c1 4 1)2 1n1:1(61_n1)(cl+1_n1) 4(a1+2, 1)
(5.8)

- n 7' (a1)2n

Xy(er —n) = o dem ¢ 2

o= = 30 (1) et gy o 2o )

X4(e; —n)
(5.9)

= 1
- X ; X 1, 1, ¢ +2—ny),
4+a1a2xn;1(c—n1)( R — alar +1, a2+ 1, ¢; + ny)

(5.10)

n n1
Xy(ei —n) = Z <n>xZ(a1)nl(a2)an4(a1 +n, az +n1, ¢ +n1).

=\ () (¢ = 1)y

6. Recursion Formulas for Xj5

Theorem 6.1. The following recursion formulas hold true for the numerator pa-
rameters ay,a;; 1 = 2,3, of the Exton’s triple hypergeometric function Xs :

X5(a1 +n)
n

x
=X —_— X 1 1
5 + p Z (a1 +n1) Xs(ar +1+n1,c+1)

’I’L1:1
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(6.1)
as as x:
22 Z Xs(a1 +n1, a2+ 1, c+1)+ Scd Z Xs(a1 +n1, a3 +1,¢+1),
ni=1 ni=1
271 —
X5(a1—n):X5—71 (a1 +1—n1)Xs5(a1 +2—nq, c+1)
n1:1
_ G272 Z Xs(ar +1—ng, a2 +1,c+1)
c
TLl:l
(6.2)
_ 4373 Z X5((11 +1—nq, a3+1,c+1),
c
n1:1
(6.3)
a1 T; 2
X5(ai+n) = X5+ 1C Z X5(a1 +1,a;+n1, c+ 1),
7L1:1
(6.4)
a1 T n

X5(a; —n) = X5 — sz(ari-l, a;+1—ny, c+1),

n1:1

Theorem 6.2. The following recursion formulas hold true for the numerator pa-
rameters a; ;i = 2,3, of the Exton’s triple hypergeometric function Xs :

En: n (al)nlx;h
(65) X5(CL1+TL) = n TX5((11 +n1, ai+n1, c+n1),
ni

(6.6) Xs(a; —n) = Z (n)(al)"l(xi)mXE)(alJrnl’ c+ny).

n (c)nl

ny =0

ni =0

Theorem 6.3. The following recursion formulas hold true for the demominator
parameter ¢ of the Exton’s triple hypergeometric function Xs :

i 1

Xs(c—n) = X5 + (a1)221 Z c—n)(ct1—m) Xs(a1 +2,c+2—mnq)

TL1:1
—l—alagaﬁgi L Xs(ar+1,a0+1,¢c+2—nq)
(e—m)(c+1—m)
ny=
1

X5(a1 + 1, as +17 c+2—n1).

(67) + ajasxs Z (

’I’L1:1

c—ni)(c+1—nq)
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7. Recursion Formulas for Xg

Theorem 7.1. The following recursion formulas hold true for the numerator pa-
rameters ay,a;; i = 2,3, of the Exton’s triple hypergeometric function Xg :

n

2z
X6(a1 +’I’L) = X¢+ 071 Z (a1 +n1)X6(a1 +14n1, c1+ 1)
1
’I'L1:1
az T2 .
Xg(ar +n1,as+1,¢1+1
1 nlzz:l 6( 1 1 2 1 )
as T -
(71) 3023 Z Xﬁ(al + ny, as + 1,62 + 1),
ni=1
21 —
X6(a17n) :Xﬁ*cil (a1+17n1)X6(a1+27n1,cl+1)
1
ni=1
70121’2 Z X6(a1+17n1,a2+1, Cl+1)
1 ni=1
(72) 70131’3 Z Xg(a1+1fn1,a3+1,02+1),
€2 ni=1
ay x; -
(73) Xﬁ(ai +n) = X¢+ Cl Z X6(a1 +1,a; +n1, i1+ ].),
i—1 ni=1
ay x; 2
(7.4) Xg(a; —n) = X — Cl > Xelar+1,a;+1—ny, iy +1).
i—1

ni=1

Theorem 7.2. The following recursion formulas hold true for the numerator pa-
rameters a;; i = 2,3, of the Exton’s triple hypergeometric function Xg :

n n1
(7.5) Xe(a; +n) = Z (n)(al)Mxﬁ(al +n1, a; +n1, ¢ +n1),

=\ (Gi)n,
- 1\ (a1)n, (—2;)™
(7.6) Xo(a; —n) = ( >X6(al +n1, ci—1+n1).
MZ::O ni)  (¢i-1)n,

Theorem 7.3. The following recursion formulas hold true for the demominator
parameters c1, co of the Exton’s triple hypergeometric function Xg :

n

Xg(c1 —n) = X6 + (a1)2 21 Z

n1:1

1
(c1 —ni)(er +1—mn1)

Xe(ar +2,¢1 +2—mnq)

(7.7)

n
1
X 1 1 2 —
+a1ax Ty Z (c1 —n1)(c1+1—nq) olar+1 a2+ 1,1+ ),

n1:1
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X6(62 771)
(7.8)
- 1
=X X 1 1 2 —
6 T aiazx3 21 (cs —n1)(es +1—n1) 6lar +1, a3+ 1, c2 + ni),
ny=
(7.9)

n ni
Xe(c2 —n) = Z <n>x3(a1)m(ag)mX6(al +n1, a3 +ng, c2 +nq).

=\ ) (e2)ny(c2 = 1)y

8. Recursion Formulas for X

Theorem 8.1. The following recursion formulas hold true for the numerator pa-
rameters ay,a;; 1 = 2,3, of the Exton’s triple hypergeometric function X7 :

n

2
Xz7(a1 +n) = X7—|—ﬂ Z (a1 +n1) X7(a1 +1+n1, c2a+ 1)

C
2 ni=1

as T2
X7(ar+n1,a2+1,¢1+1
o Tg::l 7(ay 1, 42 1 )
(8.1) 4313 Z X7(a1 +ni, a3+ 1, +1)7
Cl n1:1
271 —
X7(a1—n) :X7—071 (a1+1—n1)X7(a1+2—n1,02+1)
2
TL1:1
az T -
- X7(ar+1—n1,a0+1,¢1+1
o mz:1 7(a1 1, a2 1 )
(82) — % Z X7(a1 +1—7’L1, a3+1,01 +1),
01 ’I’L1:1
a1 Ty -
(83)  Xzlai+n) = X7+ 1C > Xg(ar+1,ai+m1, e +1),
1
n1:1
a1 T ~—
(8.4) Xr(ai—n) = Xp— ——>" Xe(ar+1, a;+1—nq, 1 +1).
(&1

’I’L1:1

Theorem 8.2. The following recursion formulas hold true for the numerator pa-
rameters a; ; 1 = 2,3, of the Exton’s triple hypergeometric function X7 :

= n\ (a1)n, ;"
(85) X7(ai—|—n) = E n WX’?(CH +ny, a; +n1, C1 —|—n1),
1 1 ni

ni =0
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— (1 (@)n, (=)™
8.6 X7(a; —n) = ! X7(a1 +n1, ¢ +nq).
(8.6) CEEDY (n1> o Xl )

Theorem 8.3. The following recursion formulas hold true for the demominator
parameters c1, co of the Exton’s triple hypergeometric function X7 :

7l1=0

X7(61 771)
1
(c1 —ny1)(e1+1—mng)

—X7+a1a21‘22 X7(a1+1,a2+1,cl+2—n1)

ny= 1
(8.7)
1
+ ayazx X7(ar+1,a3+1,¢1+2—nq),
1a3 3;:1 (e1 = n1)(er +1—m) 7(a1 3 1 1)
(8.8)
X7((327n):X7 +(a1)2:c1 i (c — )(C]' I )X7(a1+2, CQ+2*7711),
oy (G2 1)(C2 1
(8.9)

n n1
X7(CQ — TL) = Z (n>(02xl(al)2an7(a1 + 2nq, co +TL1).

n1=0 m )711 (62 - n)nl

9. Recursion Formulas for Xy

Theorem 9.1. The following recursion formulas hold true for the numerator pa-
rameters ay, a;; i = 2,3, of the Exton’s triple hypergeometric function Xg :

21

Xs(a; +n) = Xg-‘r? Zl (a1 +n1) Xs(ag + 1+ nq, ¢; + 1)
o
a2:2 Z Xg(a; +n1, a2+ 1, ca +1)
ni=1
(9.1) g5 %s Z Xs(ar +mn1, a3 +1,¢3 + 1),
ni=1
Xg(al—n):Xg—Q?fl Y (a1 4+1—n1)Xg(ar +2—n1,c1+1)
ny=1
—“”2 Z Xs(ar +1—n1, as+ 1, ¢ + 1)
ni=1
(9.2) —a3x3ZX8a1+1—n1,a3+1 c3+1),

n11
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(93) Xg(a1+n) = X8+a1fvi Z Xs(al-l-]., ai—l—nl, Ci+1)7
Ci ni=1
(94)  Xs(a;—n) = Xs — ‘“Cx 3 Xs(ar+1, a+1—ng, ¢ +1).

n1:1

Theorem 9.2. The following recursion formulas hold true for the numerator pa-
rameters a;; i = 2,3, of the Exton’s triple hypergeometric function Xg :

. n (al)nlx?l
(9.5) Xs(a; +n) = g - TXs(al +n1, a; +n1, ¢; +n1),
1)N1

(9.6) Xs(a; —n) = Z (n>(al)nl(xi)me(a1+n1, ci+n1).

ni (€i)ny

n1:0

n1:0

Theorem 9.3. The following recursion formulas hold true for the demominator
parameters cy1,¢;, © = 2,3, of the Exton’s triple hypergeometric function Xg :

(9.7)
Xs(er —n) = Xs + (a1)2 11 Z (c1 — n1)(cl1 +1—mn1)

Xg(al +2,¢c1+2— ’l’Ll),

711:1
(9.8)
2 n 7 (a1)2n
X, - = o em 2
s(c1 = n) Zo (m) (c1)n, (€1 = 7)n, (a1 +2m, e+ m),
ny=
Xg(c; —n)
(9.9)
- 1
=X 7 L X ]-7 7 ]-7 7 2 — )
8+a1axnz::l(cz‘—ru)(ci-kl—?h) slan+1 a5 +1, ¢+ m)
(9.10)
Xg(ci—n) = i " MXS(GI +n1, a; +n1, ¢ +n1).
n1=0 ni (Ci)nl (Ci _n)nl

10. Recursion Formulas for X,

Theorem 10.1. The following recursion formulas hold true for the numerator pa-
rameters a1, as of the Exton’s triple hypergeometric function Xy :

n

Z (0,1 +n1)Xg(G,1 + 14 nq, C—|—1)

n1:1

2z
Xo(a1 +n) = Xg + ?1



Exton’s triple Hypergeometric Functions 489

ags T -
(10.1) 222" Xolar +n1, a2+ 1, ¢+ 1),
C
ni=1
2.’1,'1 -
Xg(al—n):Xg—T (a1+1—n1)X9(a1+2—n1,c+1)
ni=1
ag T -
(10.2) — > Xo(ar+1—m,a2+1, c+1),
¢ n1:1
a1 T2 2
Xo(az+n) = Xo + . Z Xo(ag +n1,a1+1,c+1)
TL1:1
2373 -
(10.3) + — (a2 +n1) Xo(az +1+mnq1, c+ 1),
n1:1
a1 T2 2
Xg(ag—’n):Xg— B ZXg(a2+1—n1,a1+1,c—|—1)
77,1:1
21‘3 -
(104) i (a2+1—n1)X9(a2—|—2—n1,c+1).
’I’L1:1

Theorem 10.2. The following recursion formulas hold true for the demominator
parameter ¢ of the Exton’s triple hypergeometric function X :

n

Xo(c—n) = X9 + (a1)221 Z !

(c=ni)(c+1-m)

Xg(a1 + 2, C+2—1’L1)

n1:1
+a1a2x2i L Xg(a1+1,a2+1,c—|—2—n1)
(e=—m)(c+1—-m)
ni=
(10.5)
= 1
X 2 2 — .
—|—(a2)21‘3 Zl (C*Tll)(c+1*n1) 9(a2+ , C+ nl)
ni=

11. Recursion Formulas for X,

Theorem 11.1. The following recursion formulas hold true for the numerator pa-
rameters ay, as of the Exton’s triple hypergeometric function Xy :

n

2x
Xio(a1 +n) = X0+ - ! E (a1 +mn1) X1o(ar +1+n1, a1 + 1)
1
TL1:1

ag T2

n
Z Xiolar +n1, as +1, ¢; + 1),

’I’L1:1

(11.1) ;
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n

2x
Xlo(al—n) = Xlo—il (a1+1—n1)X10(a1+2—n1,cl—l—l)
“a ni=1
(112) — 422 Z Xlo(al +1-— ni, as + 1, c1 + 1),
CI TL1:1
a1 x i
Xio(az +n) = Xy + lc : > Xwlag+n1, a1 +1, e +1)
1
nl:l
213 w—
(11.3) -i-?j (a2+n1)X10(a2+1+n1, CQ+1),
2
n1:1
al x ~
Xlo(ag—n) = X0 — lc 2 Z X10(a2+1—n1, a1 +1, Cl+1)
1
n1:1
213 w—
(11.4) _73 (az 4+ 1—n1) X1o(az + 2 — nq, co + 1).
2
n1:1

Theorem 11.2. The following recursion formulas hold true for the demominator
parameters ¢y, co of the Exton’s triple hypergeometric function Xy :

n

1
Xio(er —n) = X0 + (@1)2 21 Z

(c1 —n1)(c1 +1—mny)

Xio(ar +2,c1 +2—mnq)

n1:1

(11.5)
- 1
X 1 1 2 —

+a1a2$2n§1 (1 —n)(a+1—n1) (e +1, a2+ 1, c1 + ny),
(11.6)

- 1
Xio(ca —n) = Xq0 + (a2)2x Xiolas +2, 0 +2—nq),

10(c2 ) 10 + (a2)2 3n12:1 (s —n) (st 1—m1) 10(as2 2 1)

(11.7)

- n 't (ag)on
Xio(ea —n) = Z < >(03(2)21X10(a2+2n1,02+n1).
2

m—o \111 Jni (€2 = M)y

12. Recursion Formulas for X

Theorem 12.1. The following recursion formulas hold true for the numerator pa-
rameters ay, as of the Exton’s triple hypergeometric function X1 :

n

2x
Xi1(a1 +n) = X1q + == Z (a1 +m1) X11(ar +14+n1, 1 +1)

c
1 ’I’L1:1
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a2 T i
(121) 272 Z Xll(a1+n1, a2+1, CQ"—].),
€2 ni=1
21 —
Xll(al—n) = X11—71 (a1+1—n1)X11(a1+2—n17cl—i—l)
1
n1:1
(122) — 422 Z X11(a1 +1 —ni, ag + 1, co + 1),
C2
nl:l
a1 T °
Xi1(az+n) = X1+ 1@ 2 Z Xii(ag +n1, a1 +1, co + 1)
2
ni=1
213 w—
(12.3) +c—3 (a2 +11) X11(ag +14n1, ¢ + 1),
1
7L1:1
ay T "
Xll(ag—n) = X1 — lc 2 Z X11(a2+1—n1, ap + 1, CQ+1)
2
’I’L1:1
213 w—
(12.4) _073 (a2+1—n1)X11(a2+2—n1,cl—l—l).
1
n1:1

Theorem 12.2. The following recursion formulas hold true for the demominator
parameters c1, co of the Exton’s triple hypergeometric function X1 :

n

1
Xi(er—n) =X +(a1)221 Z

(1 —ni)(e1 +1—n1)

Xi1(ar +2,¢c1 +2—mnq)

ni=1
(12.5)
- 1
X 2 2 —
Hloaas D, o STy (e 2 a2 ),

X11(02 —n)
(12.6)

" 1
=X X 1 1 2 —

11 + a1 azx2 Zl (c2 —n1)(ca +1—mny) (e +1,a2+1, o+ n1),
ni=

(12.7)

- n\ o' (a1)n, (a2)n
Xii(cg —n) = Z < )2(1)1(2)1)(11(@1 +n1, az +n1, ¢ +n1).

=\ (€2)ny (2 = 1),y

13. Recursion Formulas for X,

Theorem 13.1. The following recursion formulas hold true for the numerator pa-
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rameters a1, as of the Exton’s triple hypergeometric function Xio :

271 —
Xlg(al —|—n) = X0+ 071 Z (a1 +TL1)X12(01 +1+n1,c1 + 1)
1
n1:1

n
as T
22 Z Xi2(ar +n1, as + 1, ca + 1),

ni=1

(13.1)

C2

271 —
Xi2(a1 —n) = X2 — =1 (a1 +1—n1) Xi2(a1 +2 —ny, c1 + 1)

C
1 ni=1

(13.2) - B2t

Z Xig(ar +1—ng, a2+ 1, ca+ 1),

C
2 ni=1

aLx
Xia(az +n) = Xig + L2

Z Xiz(az +n1, a1 +1,ca +1)

€2 ni=1

2163 -
(13.3) W (az +n1) Xia(az + 1 +n1, ¢ + 1),
3
n1:1

a1z
Xia(az —n) = X9 — Lt

Z X12(a2+1—n1, ay + 1, CQ-I-I)

C
2 nl:l

223 —

(13.4) _TB (ag +1—n1) X1a(ag +2 —ny, e5 + 1).
3

n1:1

Theorem 13.2. The following recursion formulas hold true for the denominator
parameters ¢y, co and c3 of the Exton’s triple hypergeometric function Xis :

X12(01 —TL)
(13.5)
" 1
=X X 2 2 —
@ Y e T Ty Y@ B a2 m)
Xlg(Cg —TL)
(13.6)
- 1
=X X 1 1 2 —
12 + a1 azxs Zl (c2 —=n1)(ca+1—m1) 12(a1 +1, a0+ 1, o+ ni),
ny=
X12(C3 —n)
(13.7)

n

= X12 + (az)2w3 Y

7L1:1

1
(3 —mn1)(c3 +1—mny)

Xio(az +2, c3 +2 —ny).
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Theorem 13.3. The following recursion formulas hold true for the denominator
parameters c1, co and c3 of the Exton’s triple hypergeometric function Xis :

n 2™ (a .
(13.8) Xia(er—n)= Y (nl) (611(1)2 Xip(ay + 201, ¢ +na),

n1=0 Jni (€1 = )y

2 ai)n, (@2)n
(13.9) Xia(ca —m) Z ( )1)1()1X12(a1 +nq, az + nq, c2 +n1),
n1=0 62 nl(CQ )n1

(13.10)

- a3’ (az)2n
X — w3 \FJem x 2 .
12(c3 —n) E (nl) (©3)m. (€5 — 1), 12(a2 + 201, c3 + 1)

n1:O

14. Recursion Formulas for X3

Theorem 14.1. The following recursion formulas hold true for the numerator pa-
rameters ay, asz,as of the Exton’s triple hypergeometric function X3 :

n

2x

X13(a1+n) = X13+71 Z (a1 +TL1)X13(G1+1+TL1, C+1)
ni=1
as T
(141) 272 Z X13 a1+n1,a2+1 C+1)
nyi=1
21’1 -
X13(a1 —n) = X13 — T ((ll +1—ﬂ1)X13(a1 +2—n1, C+1)
nl:l
a9z T2
(14.2) - Z Xis(a1+1—ny, as+1, c+1).
ny= 1
a1 T2
X13(a2+n) = X3+ Z X13 as +ni1, a1+ 1, C—l—l)
ny= 1
as T
(14.3) Sl Z Xis(ag +n1, a3+ 1, ¢+ 1),
ny= 1
a1 T2
X13<a2—n)—X13— ZX13a2+1—n1,a1+1 C+1>
ny= 1
a3x3
(14.4) — Z Xislag+1—ny, a3+ 1, c+1),
ny= 1
a9 I3

n
Z Xis(az +n1, a2+ 1, c+ 1),

’I’L1:1

(14.5) X13(a3 + n) = X135+
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as T "
273 Z X13(a3—|—1—n1,a2+1,c+1).

ni=1

(146) Xlg(ag - TL) = X13 —

Theorem 14.2. The following recursion formulas hold true for the numerator pa-
rameters as, az of the Exton’s triple hypergeometric function Xi3 :

n n—ng n n—n a1)n, (a n2xn1$p,2
Xiz(ag +n) = Z Z <n1>( Na 1)( s (05 24

n1=0 7l2=0 (C)N2
(147) X Xlg(al +7’L1, 0,2+N2, a3+n2, C+N2),

K= = 30 5 (1) () el )

n1:0 n2:0

(14.8) X Xlg(al + ny, asz + N2, C—‘rNg),

_ - n (a2>ﬂ1xgl
(14.9) Xiz(az+n) = Z ———— Xy3(az +ni, az +ni, c+ny),

n1=0 ni (C)nl

(14.10) Xlg(ag—n) = Z <n>(CL2)7H(—J,j;)mX13(a2+nl7 c+n1),

n1=0 n1 (C)nl

where Nog = ni + na.

Theorem 14.3. The following recursion formulas hold true for the demominator
parameter ¢ of the Fxton’s triple hypergeometric function X3 :

" 1
X13(C*n) = X3 + (al)z T Z X13(a1 + 2, c+2—n1)
= (c—n1)(c+1—ng)
- 1
X 1, Let2—
+a1a23§2n2:1 (c—nl)(c—l—l—nl) 13((114’ as + c+ nl)
- 1
(1411 sty ) e T Ty sl L st L et 2 m).

ni=1

15. Recursion Formulas for X4

Theorem 15.1. The following recursion formulas hold true for the numerator pa-
rameters ay, as,as of the Exton’s triple hypergeometric function X4 :

n

2x
X14(a1 —l—’I’L) = X14+T1 (a1 +n1)X14(a1+1—|—n1, Cl+1)
1
ni=1
as2 T n
(15.1) 20 2 Z Xi(ar +n1, a0+ 1, ¢ + 1),
1

’I’L1:1



(15.2)

(15.3)

(15.4)

(15.5)

(15.6)

X14(a1 — TL) =

X14(a2 + TL)

X14(a2 — n)

Xia(az +n)

X14(a3 — n)
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n

2x
X14—71 (CL1+1—1’L1)X14((L1+2—TL1,Cl-l-l)
“ ni=1
_a2x2ZX14a1+1—n17a2+1 Cl-l-l)
! ni=1
ay T
= X+ 172 Z X14a2+n1,a1+1 Cl-l-l)
1 ny= 1
a3z T ~
223 > Xulag +n1, a3+ 1, ¢2 + 1),
62 ’I’Llfl
ay T
= X4 — 172 Z X14a2+1—n1,a1—|—1 Cl-i-l)
ny= 1
_a3x3ZX14a2—|—1—n17a3+1 62+1>
2 ny= 1
ag T
= X+ —— Z Xua(as +n1, a2 +1, 2 + 1),
ny= 1
ag T
:X14— 273 Z X14a3+1—n1,a2—|—1 62+1)

n11

Theorem 15.2. The following recursion formulas hold true for the numerator pa-
rameters as,az of the Exton’s triple hypergeometric function X4 :

(15.7)

(15.8)

(15.9)

(15.10)

X14 a2+n

X14(a2 — n)

Xia(az +n)

X14(CL3 — ’I’L)

where Nog = ni + na.

n1=0 ny=0 (Cl)nl (02)712

x Xia(a1 4+ n1, ag + Na, az + ng, c1 +n1, c2 + ng),

-3 2 () e

nl—O no = =0

x Xia(ar +ni, az + ng, ¢c1 +ni, c2 +na),

- n\ (a)p, zh*
= > ( )(2)13X14(a3+n1,a2—|—n1,02+n1),

ni (CQ)n1

n1:0

- n\ (a2)n, (—x3)™
= Z (n)le4(a2+n1’62+nl),
TL1:0 1

(CQ)TM

Theorem 15.3. The following recursion formulas hold true for the demominator
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parameters ci, co of the Exton’s triple hypergeometric function X4 :

n

1

Xuler—n) = X +(a1)2m gz:l (1 —n)(e +1—n) Xua(ar +2, 1 +2 —my)
(15.11) +aq as xo 2": 1 Xig(ar + 1, a0+ 1, ¢1 +2 — nq),
— (1 —n1)(er +1—nq)
& 1
Xia(ez —n) = Xy +azazzs mz::l (c2 —=n1)(c2 +1—nq)
(15.12) xXq14(az+ 1, a3+ 1, co+2 —mnq),

Xusles —n) — Zn: <”)(a2)n(%)nfﬂ§

n1) (€2)n, (€2 = M),

(15.13) ><X14(a2+n1, as +niy, 02+n1).

n1=0

16. Recursion Formulas for X5

Theorem 16.1. The following recursion formulas hold true for the numerator pa-
rameters ay, as, az of the Exton’s triple hypergeometric function X5 :

n
2!1,‘1

X15(CL1 —l—n) = X15 + Ci Z (a1 +n1)X15(a1 +1—|—n1, 62+1)
2
ni=1
ag Ty ~—
(16.1) 2223 Xis(ar+na, as+ 1, e+ 1),
Cl n1:1
21 —
X15(a1 — n) = X5 — 671 Z (a1 +1-— TL1)X15((11 +2—nq, cy+ 1)
2
n1:1
a2 Ty o
(16.2) === Xisla+1-ny, a3 +1, c1 + 1),
Cl n1:1
a1 Ty ~—
Xi5(az +n) = Xi5 + lc 2 Z Xis(ag +ny, a1 +1, ¢1 +1)
1
TL1:1
asz I3 -
(16.3) — Z Xis(as +n1, a3+ 1, ¢1 + 1),
Cl n1:1
a1 To —
Xis(az—n) = X15— ——= Y Xis(az+1—ng, a1 +1, ¢ +1)
6]

’I’L1:1
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(164) - 4373 Z X15(a2 +1 —ni, asz + 1, c1+ ].)7
“ ni=1
ag T
(165) X15(a3+n) = X15—|- 273 Z X15 a3+n1,a2+1 Cl+].)
C1
ni=1
a2 T3

(16.6) Xis(as —n) = X5 —

Z Xis(ag+1—mn1, a0+ 1, c; +1).

1111

Theorem 16.2. The following recursion formulas hold true for the numerator pa-
rameters as, a3 of the Exton’s triple hypergeometric function Xis :

(16.7) x Xi5(a1 + n1, ag + Na, az + na, ¢c1 + Na),

e - £ (1)) e

n1=0 no=0

(16.8) x Xis(a1 +n1, ag +na, c1 + Na),

- n (ag)nll’gl
(169) X15(a3+n) = Z 7)(15((134’711, a2+n1, 61+TL1),

=\ (),

(16.10) Xy5(a3 —n) = Z <”)(“2)m(ﬂf3)mx15(aﬁnh e+ ),

n1=0 m (Cl)’fh

where No = nq + na.

Theorem 16.3. The following recursion formulas hold true for the demominator
parameters ci1, co of the Exton’s triple hypergeometric function X5 :

X15(Cl — ’/l)
1
(c1 —n1)(c1+1—mq)

= Xi5 +a1a272 Z Xis(ar+1,a2+1, c1 +2—nq)

ni=1
1
Cl — ﬂl)(Cl +1-— n1)

(16 11) “+a2 a3 x3 Z X15(a2+1, as+ 1, 01+2—n1),

ny= 1
Xis5(ca—n) = Xi5 + (a1)2x i !
15(C2 = A5 1)2 1m:1 (c2—n1)(ca+1—mq)
(16.12) X X15(a1 + 2, Cco + 2 — Tll),

(16.13) X15(ca — n) Z ( >(2n1$1X15(a1+2n1, co +ny).
_ ’fL1

Co — n)nl



498 Vivek Sahai and Ashish Verma

17. Recursion Formulas for X4

Theorem 17.1. The following recursion formulas hold true for the numerator pa-
rameters ay,as,as of the Exton’s triple hypergeometric function Xig :

n

2
Xi6(a1 +n) = Xi6 + % Z (a1 +n1) Xi6(ar +1+ng, ¢ +1)
1
n1—1
ag T2
(171) Z X16 ai +TL1, az + 1 Cco + 1)
ni=1
21’1 -
Xlﬁ(alfn) = X1677 (CL1+1*R1)X16(CL1+2*711,C1+1)
1
ni=1
G272
(172) Z X16 (11 +1—n1,a2+1, ca+ ].)
ni=1
al T
Xig(az +n) = Xig+ —— Z Xie(ag +n1, a1+ 1, 2 + 1)
ni=1
as T
(17.3) 373 Z Xiglaz +ni, a3 +1, a1 +1),
C1
ny= 1
ai T2 -
X16(a2 —TL) = X6 — p Z X16(a2+1 —ni, a; + 1, CQ+1)
2
n1:1
a3 T3
(174) — Z X16(a2 +1—nq,a3+1, 1+ 1),
Cl nlfl
ag T
(17.5) Xiglas +n) = X6+ 23 Z Xi6(as +n1, as + 1, C1+1)
ny= 1
ag T
(17.6)  Xi6(az —n) = X6 — 26 2 Z Xiglas +1—mn1, ag +1, ¢ +1).
1

n1:1

Theorem 17.2. The following recursion formulas hold true for the numerator pa-
rameters as,as of the Exton’s triple hypergeometric function Xig :

n n—ni n—ny (al)m(ag)nz,xglxgz
X16 a2+n Z Z nq

n1=0 n2=0 (62)’”1(61)”2

(177) X X16(a1 + ny, a2+N2,a3+n2, co + Ny, 01+n2),

o = 35 ST (1) (1) 1) le o

ny= 0n2 0

(17.8) x Xig(a1 +n1, as + ng, ca +nq1, ¢1 + ng),
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- as)n, T
(17.9)  Xi(az +n) Z( )213X16(a2+m,a3+m,cl+m),

ny= =0 Cl)nl

(17.10)  Xyslaz—n) = >

a x3)™t
( )MX16(Q2+77/1761+”1)»
n1=0

(Cl)nl
where Nog = n1 + na.

Theorem 17.3. The following recursion formulas hold true for the denominator
parameters c1, co of the Exton’s triple hypergeometric function Xig :

n

1

X — = X X 2 2—
e =) o e nlz: (1 —=mn1)(e1 +1—m) tofo1 2 e +2 =)
(].7].1) “+az a3z xr3 Z 1 X16(a2+1 CL3+1 Cl+27’ﬂ,1)
= (e —ni)(ar+1—n1)
Xig(ca—n) = X1 + ara2¢ Z !
16(C2 = 16 102 2n1 ) (c2—n1)(ca+1—nq)
(1712) XX16(G1+1, as + 1, 02—1—2—711),

Xig(ca—n) = i(”)wl)n(a?%m?

ni—o VU1 (c2)n, (€2 = n)n,

(17.13) XX16(6L1+711, as +ny, Cg+n1).

18. Recursion Formulas for Xi;
Theorem 18.1. The following recursion formulas hold true for the numerator pa-

rameters ay,as and as of the Exton’s triple hypergeometric function Xi7 :

271
Xi7(ar +n) = X17+071 > (a1 +m) Xar(ay + 1+ ng, 1 +1)
1

nlfl
ag T
(18.1) 22 Z Xir(ar 4+ n1, az + 1, ¢ + 1),
ny= 1
2.231 2
X17(a1—n) = X17—67 (CL1+1—TL1)X17((11 +2—n1,01+1)
1
n1:1
(18.2) _ 2P Zn: X17(a1—|—1—n1, as + 1, 82+1),
C2

’I’L1:1
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Xi7(ag +n) = Xi7 + a1c;vz z”: Xi7(ag +ny, a1 +1, co + 1)
ni=1
(18.3) 45 s Z Xir(az +n1, az +1, c3 +1),
ni=1
Xir(az —n) = Xy7 — at::z Z Xir(ag +1—ny1, a1+ 1, c2 +1)
ni=1
(18.4) - ai:?’ Eﬂ: Xir(ag +1—ny, az+1, s + 1),
ni=1
(185)  Xir(az+n) = Xyp + 223 Z Xip(as +ny, az + 1, ¢3 + 1),
ni=1
(18.6) Xir(az—n) = X7 — a2f?’ Z Xi7(as+1—ny, a0+ 1, c3+1).

n11

Theorem 18.2. The following recursion formulas hold true for the numerator pa-
rameters as,as of the Exton’s triple hypergeometric function X7 :

n n—mi n n
n n—n1\ (@1)n, (a3)n,x5" 5>
xoeen = 50 () (")
17(az ) Z Z n1 N2 (€2)n, (€3)n,
(18.7) X X17(a1 + n1, a2 + Na, a3z + na, ca + ny, 03+n2),

Ko =) = 30 50 (1) () et G

n1=0 ny=0

(18.8) x Xi7(ai +n1, az + ng, c2 +n1, c3 + ng),

o . n (a2)nlxg1
(189) X17(CL3 +77,) = Z —_— X17(a2 —+ ni, as —+ ni, C3 +77,1),

=\ (),

(18.10)  Xi7(az —n) = Z (n>((12)”1(_:”3)m)(17(a2+n17 c3 +ny),

= \m (€3)n,

where No = ni + ns.

Theorem 18.3. The following recursion formulas hold true for the denominator
parameters ¢, co and c3 of the Exton’s triple hypergeometric function Xq7 :

n

1
Xi7(ec1 —n) = X7 + (a1)221 Z
= (1 —n1)(er +1—nq)

(1811) ><X17(a1—|—2, Cc1 +2—n1),
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- 1
Xi7(ca—n) = X7 +ajaxx
17(c2 —n) 17 102 2721 (c2 —n1)(e2 + 1 —m)
(1812) XX17(CL1 +1, G,Q—I—l, CQ+2—7’7/1),
Xi7(cs—n) = X7 + asazzx Z !
17(c3 = 17 203 3n1 : (s —n1)(cs + 1 —n1)
(1813) XX17(GQ+1, as + 1, 03+2—n1).

Theorem 18.4. The following recursion formulas hold true for the denominator
parameters c1, co and c3 of the Exton’s triple hypergeometric function Xi7 :

_ En n (a1)2n1 'rrll1
(1814) X17(61 — n) = ny —Cl) (01 ) X17(a1 + 2711, c1 + ’/7,1),
ni

(

(18.15) Xi7(ca —n) = Z (n>((a1))”1((%)”12)(17(a1 +nq, ag + nq, ¢ + ny),
(
(

c2)m, (c2 — 1)
(18.16) Xi7(cs —n) = g:o (:1)

a2)n1 (a3>n1 3 X7

az +ni, az +ni, cg +ny
5o (0 — )y (B2 H T -

19. Recursion Formulas for Xig

Theorem 19.1. The following recursion formulas hold true for the numerator pa-
rameters ay, az, a3 and aq of the Exton’s triple hypergeometric function Xig :

n

2x

Xis(a1 +n) = X5+ Tl Z (a1 +n1) X1s(ag + 1+ ny, c+1)
ni=1
(19.1) a2 %2 Z Xig(ar +n1, az +1, c+ 1),
ni=1
Xig(ar —n) = Xy — 2% . (a1 +1—n1) Xig(a1 +2—nq, c+1)
ni=1
(19.2) —a2x2 leg a1 +1—ny,az+1,c+1),
ni=1
(193) Xlg(a2+n) = X18+a1$2 Z Xlg a2+n1,a1—|—1 c+ 1)
np=1
ay Iro "

n
Z Xiglaz +1—=n1, a1+ 1, c+1),

’I’L1:1

(19.4) Xlg(ag - n) = X18 -
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(19.5)  Xig(az+n) = X1z + a4cx3 En: Xiglaz +n1, a4 +1, c+ 1),
ni=1

(19.6)  Xis(az —n) = Xis — a4cx3 f: Xislas +1—n1, ag+1, c+1),
ni=1

(19.7)  Xig(ag+n) = X1z + a3:3 2": Xiglaz +1, ag +nq, c+ 1),
ni=1

(19.8)  Xis(aq—n) = X5 — ai”f En: Xig(as+1, ag+1—ny, c+1).

7l1:1

Theorem 19.2. The following recursion formulas hold true for the numerator pa-

rameters as,az and ayq of the Exton’s triple hypergeometric function Xig :

n n1
n a X
(19.9) Xiglas +n) = E ( >(1)MX18(CL1 +nq, ag +ny, c+nq),

n1=0 ni (C)nl

(19.10) Xlg(ag — n) = X18(a1 +nyi, c+ nl),

(S)ns

- n\ (a4)n, (—x3)™
(1912) Xlg(a3—n) = Z n WX18(G4+H1,C+R1),

(az)n, x5

(©)ns

Xis(as +n1, as +n1, c+nq),

(o)

(19.11)  Xis(as +n) = Zn: (n>(a4)nlmglXlg(a3+n1,a4+n1,c—|—n1)y
()
()

i n
(19.13)  Xis(aa+n) = Y o

(19.14)  Xis(as—n) = Y (n>WXls(a3+nhc+m).

Theorem 19.3. The following recursion formulas hold true for the denominator

parameter ¢ of the Exton’s triple hypergeometric function Xig :

n

1
Xis(c—n) = Xig +(a1)2m Z c—m)eri=n )X18(G1+27 c+2—ny)
e 1 1
- 1
X 1 1 2 -
+aiaz T2 Zl c—n)(c+1—n) is(ar+1 a2+ 1, c+2—m)
ny=
- 1
(19.15) +azasgzs Y T T p— Xis(as+1, as+ 1, c+2—n1).

n1:1
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20. Recursion Formulas for Xig

Theorem 20.1. The following recursion formulas hold true for the numerator pa-
rameters ay, az, a3 and aq of the Exton’s triple hypergeometric function Xig :

n
2331

Xig(ar +n) = X9 + W > (a1 +m) Xio(ar +1+nq, 2 + 1)
2
n1:1
ag T ~
(20.1) 20 2 Z Xlg(al +ni, a2+ 1, c1 + 1),
1
’I’L1:1
9
Xlg(al—’n,) = Xlg—?l (a1—|—1—n1)X19(a1—|—2—n1,02—1—1)
2
n1:1
4 T n
(20.2) - Z Xigolar +1—ny, a2+ 1, ¢1 + 1),
1
’I’L1:1
n
a1 xr
(203) Xlg(ag +n) = X19 + 16 2 Z X19(a2 +ni, a1 + 17 c1+ 1),
1
n1:1
(20.4)  Xig(az —n) = Xy9 — a1cx2 Z Xiglag+1—n1, a1+ 1, ¢1+1),
1
n1:1
(20.5) Xig(as+n) = X9+ aixg Z Xg(az +ni, as + 1, ¢ + 1),
1
ni=1
a4 T3 "
(206) Xlg(agf’rl) = Xlgf . Z X19(G3+1*’n1, a4+1, Cl+1),
1
ni=1
as T3 "
(207) Xlg(a4+n) = X9+ . Z Xlg(a3+1, as +ny, 01+1),
1 ni=1
as 3 g
(208) Xlg(a4—n) = Xlg— v Z )(19(043'1-].7 a4+1—n1, Cl+1).
1

ny=1

Theorem 20.2. The following recursion formulas hold true for the numerator pa-
rameters as,az and ayq of the Exton’s triple hypergeometric function Xig :

n n\ (a1)n, 5
(20.9) Xig(az +n) = Z (n >(1)12X19(a1 +n1, a2 + 0y, ¢+ m),
1

n1=0 (Cl)nl

(20.10) Xlg(a,g — n) = Z <n>WX19(a1 + ni, C1 + nl),

n n1
n\ (a4)n, T
(20.11) Xlg(a,g + n) = E ( >(Elc))13 Xlg(ag +ny, a4 +MNq, €1 + nl),
1 ni
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(2012) Xlg(ag —TL) = Z <n>(a4)nl(_‘r3)an19(a4+nh c1 +TL1),

n1=0 m (Cl)nl

(20.13)  Xiglas+n) = Y <n>(a3)mx?’X19(a3+n1, as +ny, €1+ ny),

=\ (e,

(2014) X19(a4—n) = Z (n>(a3)"1(_x3)n1X19(a3+n17 c1 +n1)~

= \m (¢1)m,

Theorem 20.3. The following recursion formulas hold true for the denominator
parameters ci, co of the Exton’s triple hypergeometric function Xig :

Xig(er —n) = Xig
- 1
X 1 1 2 —
+ alaziEQnZ_l CEIDICESEN (e +1,a2+1, c1 + n)
=
- 1
(2015) + asaysxs Z Xlg(ag + 1, a4 + ]., c1 + 2 — nl),

(1 —n1)(er +1—nq)

ni=1

n

1
X — = X
19(c2 — n) 19 + (a1)2 21 nzl (e —m)(ea +1—n1)
(2016) XX19(G1+2, 02+2—n1),
(20.17) X19(c2 —n) = i (n)w)ﬁg(al +2n1, ca +nq).
n1) (€2)n, (c2 = n)ny

n=0

21. Recursion Formulas for X5

Theorem 21.1. The following recursion formulas hold true for the numerator pa-
rameters a1, az,as and ay of the Exton’s triple hypergeometric function Xag :

n

2x
Xgo(al +n) = X20 + 71 Z (a1 +7’Ll)X20(CL1 + 1 +7’Ll, C1 + 1)
1

n1:1
a9 T2 -
(21.1) Z Xoo(ar +m1, a2 + 1, c2 + 1),
62 n1:1
21‘1 ~
Xoo(ar —n) = Xzo—T (a1 +1—n1)Xoo(ar +2—n1, c1 +1)
1
7L1:1
a5 Ty —
2 T2
21.2 — X 1-— 1 1
(21.2) o Z 20(a1 +1—n1, a2 +1, ca +1),

’I’L1:1
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(213) XQ()(GQ + TL) = Xo9+ il :2 Z X20 ag +ny, a1+ 1, co+ 1)
ni=1

(214) Xgo(ag — TL) = X20 — a2 Z X20 CLQ +1-— ny, a1 + 1 Co + 1)
ni=1

(21.5) X20(a3 + TL) = Xoo + a4 TB Z X20 a3 +ni, a4 +1, 1+ 1)
ni=1

(21.6) Xgo(ag — n) = Xop — a4 s Z X20 as3+1—n1, a4+ 1, c1 + 1),
ni=1

(217) Xgo(a4 + n) = Xoo + 43 T3 Z X20 as+1, a4 +n1, c1 + 1)
ni=1

a3z I3 "

(218) Xgo(a4—n) = Xgo— Z X20 a3+1 a4—|—1—n1, C1 +1)

n11

Theorem 21.2. The following recursion formulas hold true for the numerator pa-
rameters as,az and ay of the Exton triple hypergeometric function Xoq :

n ni
n\ (a1)n, T
(21.9) Xoolas +n) = E ( >(1)12 Xoo(a1 + na, as + nq, c2 +n1),

(62)n1

n _ n1
(21.10) Xgo(a,g — n) = Z " MXQQ(CM + ny, Co —|—’/l1),

(Cl)nl

- n\ (aa)n, (—x3)™
(21.12) Xgo(ag — n) = Z MXQQ(CM + ni, C1 +’/l1),

- n\ (a3)p, ot
(21.13)  Xso(as +n) = Z n (@), 75" Xoo(az +n1, as +ny, €1 +n),
1

(o)

(21.11)  Xao(as +n) = zn: <”>(a4)"1mgl Xao(as +n1, ag +na, ¢ +m),
(o)
()

(2L.14)  Xaolas—n) = > <n>MXzo(a3+n1,c1+n1).

Theorem 21.3. The following recursion formulas hold true for the demominator
parameters c1,ca of the Exton’s triple hypergeometric function Xoq :

n

Xoolci —n) = X0 + (a1)221 Z

ny=1

1
(c1 —mn1)(cr +1—m1)

Xoo(a1 +2, c1 +2—mn1)

1
(21.15) 4+ aszasxs Z PR )XQO(ag +1,as+ 1,1 4+2—m1),

ni=1
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1
(c2 —n1)(ca+1—mny)

Xoo(ca —n) = Xoo + a1az 2o Z

’I’L1:1

(2116) XXQ()(CL1+1, as + 1, 02—|—2—n1),

Xap(cs —n) = i(”)(al)n(@)nw?

n1=0 n (CQ)nl(CQ_n)nl

(2117) XXgo(al + ny, as + Ny, CQ+7L1).
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