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Re-exploring teaching and learning of probability and statistics using Excel
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Abstract

The law of large numbers, central limit theorem, and connection among binomial distribution, 

normal distribution, and statistical estimation require dynamics of continuous visualization for students’ 

better understanding of the concepts. During this visualization process, the differences and similarities 

between statistical probability and mathematical probability that students should observe need to be 

provided with the intermediate steps in the converging process. We propose a visualization method 

that can integrate intermediate processes and results through Excel. In this process, students’ 

experiences with dynamic visualization help them to perceive that the results are continuously 

changed and extracted from multiple situations. Considering modeling as a key process, we developed 

a classroom exercise using Excel to estimate the population mean and standard deviation by using a 

sample mean computed from a collection of data out of the population through sampling.

▸Keyword :binomial distribution, Excel, normal distribution, the central limit theorem, the law of

large numbers

I. Introduction

Mathematical thinking often involves various visuals that 

aid in developing an understanding of mathematical objects 

help students make sense of abstract mathematics concepts 

and thus motivate their learning and participation in the 

classroom ([1], [2]). Multiple representations as visual 

mediators facilitate students’ deeper understanding of 

mathematical concepts ([3]). An efficient way of 

representing visual mediators is to employ multiple 

representations through the use of technology. However, 

there has been limited awareness of the need for using 

technology in the classroom, where many mathematical 

concepts are taught in a lecture style that may not reflect 

students’ various ways of learning.

Among various mathematical subjects, the ambiguity and 

uncertainty of the concepts of probability has been 

particularly difficult for students to learn. Moreover, 

teachers tend to teach concepts in probability and statistics 

by providing definitions and theorems in an abstract way and 

focusing on computation which may not help students 

understand the concept of probability deeply or may even 

hinder students to see the concept’s connection to real-life 

situations ([4], [5], [6]).

The appropriate use of technology for continuous 

visualization in teaching and learning concepts in probability 

and statistics may help overcome these difficulties. In 

particular, in teaching and learning the differences and 

similarities between statistical probability and mathematical 

probability, which is a difficult but crucial concept, 

technology can be an instrument in generating dynamic 

processes where statistical probability converges to 

mathematical probability. To this end, it would be helpful 

to design experiments involving simulations of such 

processes with the use of random numbers, in which 

students can predict the mathematical probability. This 

would make the relation between the two types of 

probabilities more accessible ([7], [8]).

Various class materials have been developed that 
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visualize the convergence of statistical probability to 

mathematical probability using technology ([1], [6]). 

However, it is rare to find class materials that emphasize 

dynamic conversions of statistical probability visually 

represented in diagrams to a normal distribution curve that 

mediates the mathematical probability as trials repeat. 

Moreover, once the normal distribution is standardized, most 

class materials mainly address computation based on the 

standard normal distribution table, but rarely mention the 

relation between statistical probability and mathematical 

probability. In addition, the number of trials are finite ([9]. 

[10], [11], [12]), basic commands in Excel are used and 

fixed data are visualized ([13], [14]) in the majority of 

developed programs. Even after learning the similarities and 

differences between statistical probability and mathematical 

probability, mere mechanical repetition of mathematical 

probability may lead students to conceive of probability as 

being the result of computation, which may hamper students’ 

understanding about the relation between probability and 

real-life situations (see [15], [16]). For this reason, 

emphasizing the dynamics of the relation between statistical 

probability and mathematical probability through tables and 

diagrams which depict the converging nature from statistical 

probability to mathematical probability and revisiting the 

similarities and differences between these two types of 

probabilities constantly throughout the probability and 

statistics unit would help enhance students’ understanding 

of the concept and its real-life applications ([17], [18], 

[19]). To this end, this paper provides a class activity using 

Excel.

II. DESIGN OF THE ACTIVITY

1. Activity for the Law of Large Number

The law of large numbers explains the relation between 

probability and real-life situations, but it can be difficult for 

students to understand because it involves the concept of 

the limit. The following activity applies the law 

of large numbers to die toss. Through this activity, students 

will experience the law of large numbers by observing how 

the statistical probability of rolling the number 1 on a die 

approaches mathematical probability (1/6) when the number 

of trials is large enough.

As shown in Fig 1, students can set the number of rolls of 

the dice, P. Then, by clicking the button “rolling a die P 

times,” they toss a die P times. They will observe the 

differences between statistical probability and mathematical 

probability decrease as they increase the number of trials, 

P. Most textbooks address this relationship only with words, 

which may not help students see the relationship. However, 

through this activity, students may experience the relation 

by changing the numbers of trials and observing the 

subsequent probabilities and their differences.

Fig. 1. Statistical probability and mathematical probability

2. Activity for Central Limit Theorem

The central limit theorem in general tells us that   , the 

mean of a sample generated from a sufficiently large number 

of iterations of independent random variables, will follow a 

normal distribution when the sample size is large enough 

([20]). Most textbooks introduce and explain this theorem, 

but rarely provide data that students can visually make 

sense of. Students can observe how this theorem can be 

visually understood using Excel. For example, let   be the 

mean of numbers of a die when it is tossed 100 times (which 

will create a sample consisting of 100 numbers), and then 

create more samples and thus generate several   by 

iterating 500 tosses. Such results can be cumulated and 

represented as a discrete graph (Fig 2) or as a continuous 

graph (Fig 3). Fig 2 represents 100 values of   as a simple 

mean of a set consisting of 100 numbers. In Fig 3, P 

represents the number of tosses, and N represents the 

number of samples consisting of P numbers.

 

Fig. 2. Distribution of sample mean, when P=100, N=100

Students can easily observe that a discrete variable 

shown in Fig 2 follows a normal distribution as the number 

of times generating    increases from 30 to 300, to 1000, 
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and to a large enough number. All these processes happen 

simultaneously when the results in Fig 1 are found. In other 

words, students will observe all these results on one Excel 

sheet in real time. It shows the dynamics of the graph that 

reflects each   found by pushing a button (i. e., Shift + 

N in Fig 3) rather than showing the results while omitting 

the process. Such continuous visualizations without omitting 

the intermediate steps in the converging process can 

provide students a better understanding of the dynamic 

aspect of the central limit theorem. Specifically, emphasizing 

the dynamic aspect of the theorem that shows the relation 

between statistical probability and mathematical probability 

via its visualization (as P is fixed and N increases, the graph 

approaches a normal curve as shown in Fig 3) can help 

various types of students understand the theorem, and also 

the concept of probability in general.

Fig. 3. As N is increasing, graph-shapes approach to a 

normal distribution

3. Connection between the binomial

distribution and normal distribution

In probability and statistics, students tend to spend a 

considerable amount of time solving problems involving a 

normal distribution curve. They also learn about binomial 

distribution, which is discrete probability distribution, and 

then normal distribution, which is a continuous probability 

distribution. Then, when a random variable X is binomially 

distributed, its probability is similar to normal distribution 

when “n” (i. e., number of trials) is large enough. In other 

words, the key is that X that follows the binomial distribution 

becomes similar to the normal distribution. However, there 

is not much class material that visualizes this process. Thus, 

students seem to conceive of it only numerically and then 

just focus on computation by following guided procedures 

and algorithms. Even if they learn the similarities and 

differences between statistical probability and mathematical 

probability in the beginning of the probability and statistics 

unit, their understanding might be limited in terms of 

appreciating the use/meaning of statistical probability. To 

this end, we developed a problem(shown Table 1)and class 

material(shown in Fig4).

Table 1. Problem statements used in the activity

Statement

Problem

At a company that produces batteries, the 
probability of making failed product is 10%. 
If they produce 1000 batteries today, what is 
the probability of producing greater than 
equal to 90 failed products and less than 
equal to 105 failed products?).

Ex t ended 
problem 1

When the same company produces 1000 
batteries, find the probability of making 
greater than or equal to a failed product, 
and less than equal to “b” products.  Now 
let’s change the values of “a” and “b”, then 
find a mathematical probability, and then 
check how close it is to the statistical 
probability.).

E x t ended 
problem 2

At the same company, let’s change the 
number of batteries that they produce and 
the probability of making a failed product. Is 
statistical probability still similar to the 
mathematical probability?).

In these data, after students compute the probability 

based on the assumption that the binomial distribution 

follows the normal distribution as the number of sample 

means is large enough, they see that the statistical 

probability and mathematical probability computed are 

similar. Thus, they can see that they can assume that the 

binomial distribution follows a normal distribution and the 

probability that they found from the data as shown in Fig 

4 is similar to the mathematical probability.

Fig. 4. A program for understanding the similarities and 

differences between statistical probability and mathematical 

probability

The main idea of the program shown in Fig 4 is as follows. 

First, the failure rate for new batteries that the company 

produces is the simplest fraction representing probability. 

Then the program generates random numbers from 1 to the 

denominator of the fraction and these generating processes 

are as many as the number of the batteries that the company 

produces. For example, if the failure rate for new products 
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is 4/13, the program can generate random numbers from 1 

to 13 as many as the number of batteries that the company 

produces. Then, among all these generated random 

numbers, the way of counting numbers from 1 through the 

numerator 4 (except 5 through 13) reflects the probability 

of producing failed products given the problem. In the case 

presented in Fig 4, the failure rate for new products was 

1/10, so the generated random numbers 1 through 10 were 

recorded on the first column, and among those generated 

numbers, 1 would be the number of failed products 

produced.

To apply this idea, first enter the number of batteries 

produced, the failure rate for new products (denominator “p” 

and numerator “q”), and the interval for failed products, and 

generate random numbers as many as the number of 

batteries produced by clicking the “Number of batteries 

produced” button(Fig 5). Then, when one clicks the 

“Number of failed batteries” button, the program counts 

numbers that represent failed products among random 

numbers, and records the number(frequency) of such 

numbers in the second column. The process so far is 

considered as one trial.  If one clicks the “Number of failed 

batteries” but to “n”multiple times, the program repeats the 

trial, and records the number of failed products from each 

trial in the third column. Then, the frequencies of such 

numbers are recorded in the fourth column. For example, 

Fig5 shows the case when one clicked “Number of failed 

batteries” five times. For these trials, the numbers of failed 

batteries were 119, 98, 80, 125, and 120 in turn. Thus, the 

frequency of each of those numbers, shown in the fourth 

column, increased to 1 in the fifth column. Because among 

these five trials, there was one case(i. e., 98) between 90 

and 105, the statistical probability asked in problem1 

became 1/5.

Fig. 5. Mid-process of the program

Because 5 was the small number, one can also increase 

the number of trials. To increase the number of trials, 

enter the number right next to “the trial number” N, and 

click “find a trial N at once.” For example, Fig 6 shows a 

case of N = 1000. It shows the process of generating 

1000 random numbers and counting the number of failed 

batteries from N equals 1, 2, …, 1000. The fifth column 

shows the frequency of the failed battery whose number 

was between 90 and 105, and the sixth column shows the 

statistical probability of such cases.

Fig. 6. A result, when N=1000

Fig 6 also includes mathematical probability computed 

from a normal distribution table. Here, because the total 

number of the batteries produced was 1000, the failure rate 

for new batteries was 1/10, if one lets X be the number of 

failed batteries, X ∼ B(1000, 1/10), and thus E(X) = 100 

and Var(X) = 90. Thus, X ∼ N(100,  ). Based on this 

information, one can find the mathematical probability, P(90

≦X≦105) using the normal distribution function in Excel, 

which is recorded in the 13th row. The value of the 

mathematical probability will change depending on the 

number of trials, the failure rate for products, q/p, and the 

minimum and maximum for the interval of failed products. 

Then, the statistical probability can be found by repeating 

the process of generating 1000 random numbers and 

counting the number of failed products, once, twice … to 

one thousand times. Thus, students can find the statistical 

probability for making failed products. Fig7 shows the 

details of this process.

Fig. 7. Statistical probability and mathematical probability 

using a normal distribution
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In Fig 7, which shows that |statistical probability - 

mathematical probability| is almost 0, one can find that 

the mathematical probability computed from the normal 

distribution table is valid, and the value computed by 

approximating the binomial distribution to normal 

distribution is also valid. Thus, the purpose of this 

designed program can be effectively attained. Students 

can see that |statistical probability-mathematical 

probability| is very close to 0, but not zero. Through this 

“almost zero” value, students may conceive of the 

importance and meaning of mathematical fact, and by 

emphasizing that “almost zero” is not zero, students can 

think of the statistical theory as an approximation of 

reality, not as reality itself. Furthermore, because one can 

enter different values in “the number of batteries 

produced,” “the failure rate for products (denominator  

“p" and numerator "q"),” and the minimum and maximum 

of failed products, one can apply this activity to various 

situations including extended problems 1 and 2. For 

example, in the case of extended problem 1, one can let 

"a" be the  minimum number of failed products and "b" be 

the maximum number of failed products of the given 

interval.

4. Statistical estimation

It is well known that statistical estimation is such a 

difficult concept that students mechanically apply 

predetermined formulae in solving problems ([21]). In 

addition, there is a lack of opportunities for students to 

use statistical estimation in a meaningful way. However, 

statistical estimation is applied to a great deal of real-life 

data such as public opinion polls and election predictions. 

Knowing how to determine whether these data are 

reliable and how they are modeled mathematically can 

help students to interpret and comprehend diverse social 

phenomena through the mathematical modeling process. 

Considering modeling as a key process, we developed a 

classroom exercise using Excel to estimate the population 

mean and standard deviation by using a sample mean 

computed from a collection of data out of the population 

through sampling. 

In the developed material, which will be applied to 

diverse situations as a meaning-making tool, the 

population mean and standard deviation acquired from the 

trials "n" and "p" are presented in column G and row 17(i. 

e., G[17]) and column H and row 17(i. e., H[17]) 

respectively(see Fig 8). In addition, a related normal 

distribution curve is drawn below them(see Fig 9). We 

can input a value referring to reliability α into cell L[2]. 

Then the boundary values belonging to a confidence 

interval computed from sample mean   are placed in 

cells M and N. For instance, the values in M[2] and N[2] 

are computed from sample mean   . In other words, two 

values ×





  and ×





  

are computed with the sample probability 
 and 

then entered into M[2] and N[2] respectively.

Fig. 8. Statistical estimation

The reason to use multiplication by n instead of simply 

using population mean is because it is more intuitive to 

use sample mean for students than to use population 

mean. If this method is repeated and then computed 

values are entered into cells M[k] and N[k] where 1 ≤ k 

≤ n, the n numbers of M and N cells are represented with 

their boundary values. In these processes, if an expected 

value E(x) belongs to the confidence interval, the symbol 

O is presented in column O, and if not, the symbol X is 

presented. Finally, the ratio of the symbol O to the total, 

namely, the ratio to measure amount of confidence 

intervals to which the population mean belongs out of a 

string of n sample means, is presented in cell P[2] in Fig 

8. This value is a meaningful one to show reliability. All 

these processes are represented on a normal distribution 

curve for students to visually see and intuitively 

understand, as shown in Fig 9. If the processes are 

continuously represented on a normal distribution curve, 

students can  experience the continuity of thinking 

through visualization. In addition, they can experience the 

meaningfulness of statistical estimation because all data 

inputs as variables can be arbitrarily created and 
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manipulated.

Fig. 9. Statistical estimation by 95% confidence interval

 

 

III. CONCLUSION

With the activity introduced in this paper that 

emphasizes the similarities and differences between 

statistical probability, mathematical probability through 

their converging relations, and statistical estimation, we 

conclude the followings. First, students can have a deeper 

understanding about probability by experiencing the 

similarities and differences between statistical probability 

and mathematical probability with the visual instrument 

that shows the dynamic processes between the two ([1]). 

The data including tables and graphs visualized through 

technology can accommodate student preference in 

learning tools and thus help their mathematical reflection. 

Specifically, observing dynamics in which the graphs 

approach a normal curve would help them understand the 

concept that probability results from continuous change in 

variables in various cases, not just as a fixed 

mathematical probability. Thus, this program can give 

students a more holistic understanding of probability and 

statistics in general. Eventually, it positively impacts on 

students’ interest and attitudes in their mathematical 

learning ([13], [14]). 

Second, students can revisit the mathematical meaning 

of probability through the relationship between binomial 

distribution, normal distribution, and statistical estimation. 

Through the program introduced in this paper, students 

can observe that the difference between statistical 

probability and mathematical probability is almost zero, 

but not zero, and can then speculate and explain the 

reason by examining the data. This experience can help 

students understand that (a) the meaning of probability 

and statistical theory as well as its limitation that it 

cannot be exactly the same as what happens in reality, 

and (b) mathematical models that explain reality can have 

their limitations in general. With this in mind, emphasizing 

the importance of understanding and reducing the 

difference between reality and theory becomes an 

overarching goal for teaching and learning statistics.

Based on this conclusion, we can also discuss the use 

of technology in general. Use of technology can promote 

a dynamic learning environment where communication 

among learners and between teachers and students is 

considered part of the learning process. In other words, 

using technology in teaching and learning mathematics 

can motivate the interest of students, promote student 

participation in class, and eventually help the class 

become a dynamic environment where the communication 

between teacher and students can naturally and 

frequently happen ([22], [23]). Second, the activity that 

involves various representations and cases helps bring 

the mathematical variability principle and perceptual 

variability principle ([24]) into the students’ learning 

process. Specifically, activities with various 

representations through real-time technology help 

promote the perceptual variability principle, and including 

the manipulation of various factors that are included in 

one mathematical concept while explaining the concept 

would address the mathematical variability principle.

Our conclusions and discussions above provide the 

following suggestions. First, teachers should understand 

various aspects of technology, so that they can use it in 

various teaching and learning situations appropriately. 

The appropriate use of technology to promote students’ 

understanding about mathematical concepts and motivate 

their learning depends significantly on when and how 

teachers incorporate the technology in their classes. For 

example, using a graphing calculator in a class where the 

goal is to learn computation (e. g., for finding the 

derivative using the definition) may not help teachers 

achieve that goal. Similarly, teachers’ decisions about how 

they address mathematical concepts with or without 

technology would be crucial to maximize the effect of 

their teaching method in student learning ([8], [25]). 

Second, curriculum developers and policy makers may 

need to provide concrete and realistic principles for the 

use of technology in teaching and learning. Many 

textbooks provide a fixed picture as an example of using 

technology. With such pictures students may not visualize 

the dynamics that technology can provide but conceive of 

it as one of the representations that textbooks provide 
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such as a diagram. Activities in which students can 

manipulate numbers and variables may help the class 

become a place where students can experience 

mathematical ideas and thus promote deeper 

understanding of the concepts. Third, we need to develop 

more activities and materials by which students can gain 

a deeper understanding of mathematical concepts through 

the use of technology. Providing various representations 

through technology is important, but developing activities 

with which students can experience how advanced and 

difficult mathematical concepts are defined and work 

would help teachers and students even more in the long 

run. In this study, we developed a classroom exercise 

using Excel to explore how to improve probability and 

statistics education, but we did not verify its 

effectiveness. It is needed to the effectiveness of the 

developed material and its applicability to educational 

contexts.
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