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ABSTRACT. Let R be a commutative ring with the non-zero identity and
n be a natural number. I'}, is a simple graph with R™ \ {0} as the vertex
set and two distinct vertices X and Y in R™ are adjacent if and only if
there exists an n X n lower triangular matrix A over R whose entries on
the main diagonal are non-zero such that AX?* = Y* or AY* = X*, where,
for a matrix B, B! is the matrix transpose of B. I'% is a generalization
of Cayley graph. Let T, (R) denote the n X m upper triangular matrix

ring over R. In this paper, for an arbitrary ring R, we investigate the
n

properties of the graph I'7; (R)"

1. Introduction

The investigation of graphs related to algebraic structures is a very large
and growing area of research. One of the most important classes of graphs
considered in this framework is that of Cayley graphs. These graphs have been
considered, for example in [2], [7], [10] and [11]. Let us refer the readers to the
survey article [14] for extensive bibliography devoted to various applications
of Cayley graphs. Several other classes of graphs associated with algebraic
structures have been also actively investigated. For example, see [1], [3], [5],
[6], [12] and [13].

Let G be a semigroup, and let S be a nonempty subset of G. The Cayley
graph of a semigroup G relative to S, which is denoted by Cay(G, S), is defined
as the graph with vertex set G and edge set E(S) consisting of those ordered
pairs (x,y) such that sz =y for some s € S (see [7]). In particular, the Cayley
graphs of semigroups are related to automata theory, as explained in [9] and
the monograph [8].

In [2], for a commutative ring R with the identity element 1 # 0, the authors
introduced and studied a simple graph, denoted by I'%;, with R™ \ {0} as the
vertex set and two distinct vertices X and Y in R™ are adjacent if and only if
there exists an n x n lower triangular matrix A over R whose all entries on the
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main diagonal are non-zero such that AX? = Yt or AY?® = Xt where, for a
matrix B, B! is the matrix transpose of B. Here, R" is the Cartesian product
of n copies of R. Clearly, in the case that n = 1, '}, is the undirected Cayley
graph Cay(H, S), where H = S = R\ {0}. So I'} is a generalization of Cayley
graphs.

Let T, (R) be the n x n upper triangular matrix ring over an arbitrary ring
R. When there is no confusion, let us denote T,,(R) by T. In this paper for
a natural number n, we study the graph I'7. T';: is an undirected graph with
vertex set

{(XlaXQ;-"aXn); Xi eTn(R)a 1§’L§n}a

and two distinct vertices X = (X1, Xo,...,X,) and Y = (V1,Y2,...,Y,) in
I'% are adjacent if and only if there exists an n x n lower triangular matrix A
over an arbitrary ring R whose all entries on the main diagonal are non-zero
such that AX? = V! or AY! = X'. We denote the set of zero-divisors and unit
elements of R by ZD(R) and U(R), respectively (cf. [15]).

We use the standard terminology of graphs contained in [4]. Throughout the
paper, all graphs are simple and connected graphs. Suppose that G is a graph
with vertex set V(G). The distance between the vertices u and v of V(G) is
defined as the length of a minimal path connected them, denoted by d(u,v).
The diameter of a graph G is diam(G) = sup{d(u,v); u,v € V(G) and u #
v}. The girth of G is the length of the shortest cycle in G, and denoted by
gr(G). The degree of a vertex u in a graph G, denoted by degq(u), is the
number of edges of G incident with w. The graph G is complete if each pair
of distinct vertices is joined by an edge. We use K, to denote the complete
graph with n vertices. A clique of a graph is a complete subgraph of it and
the number of vertices in a largest clique of G is called the clique number of
G and is denoted by w(G). A dominating set for a graph G is a subset D
of V(@) such that every vertex not in D is adjacent to at least one member
of D. The domination number v(G) is the number of vertices is a smallest
dominating set for G. For a vertex a of GG, we denote the neighbourhood of a
by N(a) = {x € V(G) : d(a,xz) = 1}. Let G be a graph and a,b,c € V(G),
such that N(a) C N(b) € N(c). Then G is not End-regular. Let G; and Ga
be subgraphs of G. We say that G; and G4 are disjoint if they have no vertex
and no edge in common. The union of two disjoint graphs G; and G2, which
is denoted by G1 U Ga, is a graph with V(G; U G2) = V(G1) U V(G2) and
E(G1 U G3) = E(G1) U E(G2). The independence number of a graph G is
the cardinality of the largest independent set. The independence number is
denoted by «(G). The chromatic number of a graph G, which is denoted by
X(G), is the smallest number of colors needed to color the vertices of G so that
no two adjacent vertices have the same colors. Also, the edge chromatic number
of a graph G, which is denoted by x/(G), is the smallest number of colors such
that one can associate colors to edges of G so that every pair of distinct edges
meeting at a common vertex are assigned two different colors.
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In Section 2, we study some basic properties of I':. In Section 3, we describe
the graph F1T2( R) in detail. Moreover, in the case that R is a field, we completely

investigate the properties of the graph FlTQ( R)"

2. Basic properties

In this section, for a finite ring R, we study the cardinality of the sets
of vertices and edges of the graph I'7.. Also, we study the connectivity and
diameter of the graph I'7t, where n is a positive integer with n > 1.

For 4 with 1 < 4 < n, we use the notation 7¢ to denote the set of all vertices
whose first non-zero components are in the ith place. In the following remark,
we bring some results about the adjacencies in the graph I'} from [2].

Remark 2.1. Assume that X = (X1, Xo,..., X,) and Y = (Y1,Y5,...,Y,) are
two distinct vertices in I'.. Then,
(i) If X5 is unit (or invertible) and Y7 is non-zero, then X and Y are
adjacent in I'7}.
(i) If X € T* such that its ith component is a unit matrix, then X is
adjacent to ) for all Y € T°.
(iii) If X; = 0 = Y3, then there is a vertex Z = (Z1, Za, ..., Zy) such that
Z1 is non-zero and Z is adjacent to both vertices X and Y.
(iv) If X3 # 0, then X is adjacent to (X1, I,..., I,).

Proposition 2.2. Let R be a finite ring with |R| = k. Then

-1

VTR = (k")
Proof. Since we have |T| = k™ - k*~1. ... .k = g0+2+4n) — kn(n;l)v the
result holds. 0

Proposition 2.3. Let R be a finite ring with |R| = k and |ZD(R)| = d. Then
the number of edges of I'}. is at least

— (Vi -V -1 n—1
[ (=i w1) + [zo)| ()" - 1)),
i=1
where |V;| is the number of vertices of T® in T whose first unit components

are in the ith place, and |V}| is the number of vertices of T* in T whose first
non-zero and non-unit components are in the ith place.

Proof. Assume that |R| =k, |ZD(R)| = d and |U(R)| = k — d. Clearly
U(T)| = (k—d)" (k" k"2 o k) = (k—d)" - kT
Also, the number of non-zero and non-unit elements of T is

n(n+1) n(n—1)

(T =k"7 —(k—d)" k"7 -1
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For each ¢ with 1 < ¢ < n, we have
o) (kmn;l))nﬂ'

Vil = [UD)]-T" " = (k= d)" - k=

)

and
VI = [0 T = (57— e k™ 1) ()

Thus, in this case, by Remark 2.1(i), we conclude that the number of edges
between V;’s and V/’s are at least

S (V=0 v
i=1

Also, the number of vertices whose first components are zero, is equal to
n?(nt1 n2(nt1 n(nt+1)(n—1 n(n—1)(n+1
1 (n )—1—(k (n )—k( )( )) (n=D(nt1)

=k —1

)

and by Remark 2.1(iii), these vertices are adjacent to vertex (B, I,,...,I,),
where B € ZD(T'). Hence, the number of edges of I'%% is at least

>0 (MWD g )]+ (1ze)- e - ).

Theorem 2.4. The graph I'} is connected and diam(I'%}) € {2, 3}.

Proof. Since T is not an integral domain, by [2, Theorem 2.8], we have I'}. is
connected and diam(T'%.) € {2, 3}. O

Lemma 2.5. Assume that R is an arbitrary ring. Then R = ZD(R)U U(R)
if and only if T = ZD(T)UU(T).

Proof. Let R = ZD(R) UU(R). Then clearly T = ZD(T) UU(T). Now,
suppose that T'= ZD(T) UU(T) and R # ZD(R) UU(R). Then there exists
0+#a € R\ (ZD(R)UU(R)). So there exists an n X n upper triangular matrix
A over R with entries on the main diagonal are a # 0, and so A € ZD(T).
Hence A € U(T). Therefore there exists an n x n upper triangular matrix B
over R such that AB = I,,. So abi; = 1, which implies that a € U(R), and this
is impossible. (I

The following proposition immediately follows from Theorem 2.4 and Lemma
2.5 in conjunction with [2, Theorem 2-10].

Proposition 2.6. In the graphs I'}, and I'} we have diam(I'}) = diam(I'7).
Lemma 2.7. If R is a field, then diam(I'},) = 2.

Proof. Let X = (X1,Xo,...,X,) and Y = (Y1,Y5,...,Y,) be two vertices of
I'%. By Remark 2.1(i), if X3 # 0 # Y3, then d(X,Y) = 1. If X3 = 0 and
Y1 # 0, then, by Remark 2.1(iii), there exists a vertex Z = (Z1, Zs, ..., Zy)

with Z; # 0 such that X and Z are adjacent. Also, by Remark 2.1(i), Z and Y
are adjacent. Hence d(X,)) < 2. Now if X; and Y; are zero, then, by Remark
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2.1(iii), there exists a vertex K = (Ki,Ko,..., K,) with K7 # 0, such that
X ~ K ~ Y. Hence d(X,Y) < 2. Clearly (Y1,0,...,0) and (0, X5,0,...,0) are
two non-adjacent vertices in I'}.. Hence diam(I'}) = 2. O

Proposition 2.8. In the graph '}, we have the following inequality
A(T) < T H(T] - 1).

Proof. We show that the set D = {(X1, Xo,...,X,); X1 # 0} forms a dom-
inating set for I'}.. Let (Y1,Y2,...,Y,) be a vertex in I'. such that

(Yl,}/Q,---;Yn) gD

Hence Y7 = 0. Consider two matrices A and B such that A € M, «,(R) and
0+#B € T,(R), and AB = 0. Then we have

0 I ... ol ¥ Y2
" Ys| — | Y3
000 o L]y v,

which means that (B,Ya,...,Y,) and (0,Ys,...,Y,,) are adjacent and
(B,Ys,...,Y,) € D.

Now since D is a dominating set of size |T|"~!(|T| — 1), the result holds. O

Lemma 2.9. Assume that T contains a nonidentity unit matriz. Then I'} is
not End-regular.

Proof. Suppose that Z = (I1,0,...,0), U = (U1,0,...,0) and X = (X4,0,...,
0) are three vertices of I'. such that I is the identity matrix, Uy is a nonidentity
unit matrix and X; # 0. Let ) € N(U). Then there exists n x n lower

ail 0 e 0

triangular matrix A = | 2 9?2 * | such that AY' = Ut or AU =
anl DY DY ann

Y

First suppose that AY? = U?, and consider the n x n lower triangular matrix
alllﬁfl 0 R 0
A = 421 422 " |. Then A'Yt =T' and so Y € N(Z). Hence
an1 Ap2 Gnn

N(U) C N(Z). Now, let AU* = Y*, and consider the n x n lower triangular
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Y, 0 --- 0
matrix A” = Yo ax . Then A"T' = Y and so Y € N(I).
0
Yn Ap2 Ann

Therefore N(U) C N(Z). Now, let W € N(X). Then one can easily check
that the first component of W is non-zero. Hence, by Remark 2.1(i), we have
N(X) € NU). We show that N(X) C N(U). Since T has at least two
maximal ideals, there exist non-zero matrices X; and Z; such that X; & (Z;)
and Z; ¢ (X3), where for a matrix A € T, (A) is the ideal generated by A.
Now, it is easy to see that (Z1,0,...,0) is adjacent to & but it is not adjacent
to X. Therefore I'7. is not End-regular. g

3. The structure of I‘%,,z(R)

In this section, we restrict T = T(R) to be the 2 X 2 matrices over an
arbitrary ring R with identity. We describe the graph Fsz (R) in detail. Let X
and ) be two vertices of FlTZ( R Then X and )Y are adjacent if and only if
there exists a non-zero arbitrary 2 x 2 matrix A over R such that AX =) or
Ay = X.

Denote ZD = ZD(R) and U = U(R). To describe the graph FlTZ(R) for an
arbitrary ring R, we first divide the vertices of T = T5(R) into the following

disjoint subsets:
X [0 U]’ X {0 ZD|’

ZD R ZD R
3 = ()
X _[o U]’ X _[0 ZD]

That is, V(I'y, z)) = XMux@ux®ux® is the disjoint union of the four
sets X (0’s for = 1,2,3,4. Also, FlT(Xi) is the induced subgraph of F1T2(R), and
V(FlT(Xi)) = X® for i = 1,2,3,4. In the following, let E;; be a subgraph of
F1T2( R) with vertex set XD U X () and consists of all edges from vertices X ()

to X for i,j =1,2,3,4.
Proposition 3.1. The subgraph F11 is a complete graph.
Proof. Let

o uy ) o u’1 Té (1)
X[O U3]’y[0 uh € X,

where uy,ul,us,us € U, and ro,75, € R. In this case, there exists a non-zero
arbitrary 2 x 2 matrix of the form

-1,/ 7, —1 -1,/ —1

A— [“1 Uy Tz — U ?17”2“3 ]

- !, — )
0 Uzl
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such that AX = ). Then X and Y are adjacent, and so E7; is complete. [
Proposition 3.2. For j = 2,3,4, the subgraph E1; is a complete graph.
Proof. Similar to the proof of Proposition 3.1, the results hold. O

The following corollary follows from Propositions 3.1 and 3.2.
Corollary 3.3. In the graph F1T2(R), we have diam(Fsz(R)) =2.
Theorem 3.4. Let R be a finite arbitrary ring with identity. Let |R| =k and
|ZD(R)| = z. Then the number of edges of F1T2(R) is at least equal to

%k(k — 2)% (k3 + 2k%2 — kz? — 1).

Proof. By Propositions 3.1 and 3.2, the number of edges in Fsz( R) is at least

equal to the sum of the number of edges of the complete graph Fi; and E;,
for 7 =2,3,4. So,

BT )| > B 2) ][k:2(k:—z) — 1

+ k(k — 2)2[kz(k — 2) + kz(k — 2) + k27

Y]

1
= Ek(kfz)Q(k3+2k227k2271). 0

In the rest of this section, we assume that R is a finite field with k elements.
Clearly [U(R)| = k — 1. In this case

w_[U R @_[U R
X [0 U}’ X [0 0]

(3):0 R (4):0 R*

o=y gl xe=ly T

Recall that |[X(V| = k(k —1)%, | X®)| = | XO)| = k(k — 1) and | X@P| =k — 1.
So the number of vertices of F1T2(R) is equal to (k — 1)(k? + k + 1).

Lemma 3.5. Let R be a finite field. Then the following statements hold.
(i) For eachi=1,3,4, the subgraph E;; is complete.
(ii) For each j =2,3,4, the subgraph E1; is complete.
(ili) The subgraph Es4 is complete.
Proof. (1) We only give the proof for the case that ¢ = 4, the other situations

are similar.
Let

_07"2 _OTé (4)
= o=l dexe

where 9,75 € R\ {0}. In this situation, there exists a non-zero arbitrary 2 x 2
matrix of the form )
Ty Th a9
A= [ 2 T2 7

0 (47}
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such that as,aqy € R and AX = ). Then X and ) are adjacent and the
subgraph Fy4 is complete.

(ii) We only give the proof for the case that j = 3, and the proof of other
situations is obtained similarly. Let

o Jur om 1 [0 3
X = [0 u3] ex®  y= {0 ug] e X,
where uy,ug,u5 € U and rq,75 € R. X and Y are adjacent, since there exists
ay a2
as
aquz = uh, by considering a; = a3 = 0,az = uglr’g and a4 = uglu’g. So the
subgraph Fi3 is complete.

(iii) The proof of this part is similar to the proof of previous parts. (I

a 2 X 2 matrix A = [ such that aju; = 0,azus = rh,asu; = 0 and

Lemma 3.6. Let R be a finite field with n elements. Then the subgraph Eoo
is isomorphic to the union of n complete graphs K, _1.

Proof. For each pair of distinct vertices in X (?), one of the following situations
happens:

I
(i) Let X = [ul 0} Y = {ul O] € X where uy,u} € U. Then there

0 O 0 0

. . uTt, as
exists a 2 X 2 matrix A = 10 1 a such that as,as € R. Hence AX =),

4

and in this case we have one clique with n — 1 vertices.
/ /
(i) Let X = [g 8} , Y = [16 16} € X®@ where u,u’ € U. Then there
—1..7 —
exists a 2 x 2 matrix 4 = | Ou Y

and in this case we have one clique with n — 1 vertices.

Uy T2 uy 1y (2) / !
(iii) Let X = 0 0 V= 0 0 € X¥), where uj,u} € U and 1o, 1) €

1u/

such that as € R. Hence AX =),

1

- /
R\ {0}. Then there exists a non-zero 2 x 2 matrix A = [uloul 22
4

as,as € R. Hence AX =Y, if rl = ul_lu’lrg. Since the number of vertices of
this part is (n — 2)(n — 1) and X U Ny ) (X) forms the complete graph K,,_1,
we have (n — 2) cliques of size (n — 1). Now, by considering the above cases
the result holds. O

] such that

Remark 3.7. The subgraphs Fa3 and Eyy are empty graphs.
In Figure 1, FlTZ(R) is pictured by using the sets X (9’s, for a finite field R.

Example 3.8. Let R = Zs. Then the vertices of FlTZ(Z2) are

1 0 1 1 1 1 1 0
X1—|:0 1:|; X2_|:0 1:|a X3_|:0 0:|; X4_|:0 0:|a
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X

Figure 1

0 0 0 1 0 1
X5 - |:0 1:| ) X6 - |:0 1:| ) X7 - |:0 0:| )
and Fsz () is pictured in Figure 2.

X7

Figure 2

Lemma 3.9. Let R be a finite field with |R| = k. Then the number of edges
0fF1T2(R) 1s equal to %(sz’ + kY =283 —k—2).

Proof. By Lemma 3.5, the induced subgraph with vertex set X UX®) ux®
forms the complete graph K,, with [(kfl)(kzﬂ)][gkfl)(kzﬂ)*l] edges, where n =
(k — 1)(k® +1). Also, by Lemma 3.6, the number of edges of Esy is equal to
W. Now, by Remark 3.7, it is enough to determine the number of

edges of Fio. Since all vertices in X1 are adjacent to all vertices in X, the
number of edges of E1s is equal to k%(k — 1)3. Therefore,

[(k = D)(** + D][(k = 1)(k* +1) — 1]

[E(Cryr))| = 5
L EE=D(k=2) 12)(k =2 K2(k — 1)
= (%) [(k—1)(k*+1)* — (K* + 1) + k(k — 2) + 2k*(k — 1)?]
= (%)(/@5+k4—2k3—k—2). 0

The following corollary follows from the proof of Lemma 3.9.
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Corollary 3.10. Let R be a finite field with |R| = k. Then the following
statements hold.

(1) w(FlTQ(R)) =(k—1)(k* +1).

(ii) The vertex chromatic number of F1T2(R) is equal to (k —1)(k® 4+ 1).

The following lemma is obtained from Figure 1 by using a simple counting.

Lemma 3.11. If R be a finite field with |R| = k, then
(1) degxu) (a) = ks — 2.

(i) degy (a) = (k —2) + k(k —1)2.

(iii) degye (a) = (k—1)(k*+1) — 1.

(iV) degx<4) (a) = (k — 1)(l€2 + ].) — 1.

Lemma 3.12. If R is a finite field with |R| = k, then the independence number
offsz(R) isk+1.

Proof. By Lemma 3.6, there are k vertices in X(® that form an independent
set, say I, in FlTZ( R)" Now, in view of Remark 3.7, we can add one vertex from

X®) or X@ to I, say a, that TU{a} is an independent set. So 7(F1T2(R)) < k+1.
In view of Figure 1, one can easily see that oz(FlTZ(R)) =k+1 O

Lemma 3.13. If R is a finite field with |R| = k, then the edge chromatic
number of FlTZ(R) 18

(k=1@k —k+1) =1 <X (Trm) < (k=1(2k +1) - L.

Proof. Since E;; UE;;, for i, € {1,3,4}, forms a clique in FlTZ(R), we can color
these edges with (K — 1)(k* + 1) colors. Also we can color the edges of all
cliques of X with the colors that are used to color the edges of X(®*. Since
each vertex in X is adjacent to all vertices in X (?), there are k(k —1)? edges
between each vertex in X and the vertices in X, Now, by considering
the first vertex of X1, we can color the edges between this vertex and the
vertices of X (?) by using k(k — 1)? colors. One can easily see that for coloring
the edges between the next vertex of X and the vertices of X, we can use
the k(k — 1) previous colors with one new color. By continuing this method,
we can color the edges of Ey2 with k(k — 1)? + k(k — 1) — 1 colors. Therefore
X' (T, (ry) < (k—1)(2k* + 1) — 1. Now, as we have mentioned before, we can
color E;;UE;;, fori,j € {1,3,4} with (k—1)(k?+1) colors. Also, we can color
E12U Egs with k(k—1)%2 4+ k(k—1) — 1+ (k—1) colors. On the other hand, we
can color E33 U FEyy U Esq with k(k— 1)+ (k— 1) colors. Since E33U Eyq U E3y
is disjoint from F19 U Fas, we can use the colors of the edges in E33U Fyy U E3y
for coloring the edges of E15 U Foas, if it is possible. Therefore we need at least
(k—=1)(k*+1)+k(k—1)>+k(k—1)+ (k—2) — k(k — 1) — (k — 1) colors for
coloring Ty, ). Hence X' (T, ) > (k — 1)(26* — k +1). O
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The wiener index, W(G), is equal to the count of all shortest distances in
a graph (cf. [16]). In other words, W(G) = %EuGV(G) > vev(c) Au,v). The
hyper-wiener indez, is defined for all connected graphs, as a generalization of
the wiener index. It is WW(G) = sW(G) + 3 X1, vycv(a) @ (u, ).

Wiener number was defined in 1947 by an American chemist H. Wiener. He
used this index to estimate the boiling point of Alkans. There are many situ-
ations in communication, facility location, cryptology, architecture etc. where
the Wiener index of the corresponding graph or the average distance is of great
interest. One of these problems, for example, is to find a spanning tree with
minimum average distance.

In the rest of the paper, we investigate the wiener index and hyper-wiener

index of F1T2 (R)’ where R is a finite field.
Theorem 3.14. If R is a finite field with |R| = k, then
kE—1
W (T, r)) = —5— (K + k' + 4k — 4% — 3k — 2).

Proof. Each vertex in X1 is adjacent to all vertices in FlTZ(R). So

> > dlab) =k(k—1)?[(K* — 1) — 1] = k(k — 1)*(k® — 2).

aeX® beV (T} )

T3 (R)
Also,
> >, dab)
aeX(2) bEV(FlTQ(R))\X(Z)
=k(k—1)-k(k—1)?+k(k—1)-2k(k—1) + k(k—1)-2(k —1)
=k(k—1)2(k* +k+2),
and,
S0 dlab) =k(k - 1)[(k —2) +2(k — 1)(k - 1)].
aeX () beX (2
a#b
Hence,
> > d(a,b)
a€X® bEV(TE, 1))
=k(k -1k +k+2)+k(k—1)[(k—2)+2(k— 1)
= k(k —1)(k° + 2k* — 2k — 2).
Similarly,

> > dla,b)

aeX®) bEV(F1T2<R))

=k(k—1)[k(k—1)* +2k(k— 1)+ (k(k — 1) = 1) + (k — 1)]
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=k(k—1)(k>+ k> —k —2),

and
> > d(a,b)
aeX (%) bev(rsz(R))
=(k—1[k(k—1)+2k(k—1)+k(k—1)+ ((k—1) — 1)]
= (k—1)(k +k*—k—2).
Therefore

W(Crym) = %[k(k —1)2(K — 2) + k(k — 1)(k + 2% — 2k — 2)

+ k(- +E —k—2)+ (k- 1)k + k% — k —2)]
k

-1
= T(k5+k4+4k3—4k2—3k—2). O

Theorem 3.15. If R is a finite field with |R| = k, then

k—
WW (T, ) = (Z 2) - DAL - 12— )

1
Z(21<;6+81<:4 15k — 4k* + 3k + 6).

Proof. For each i =1,2,3,4,ifa € X and b € X, then

> d*(a,b) = k(k — 1)?*(k* = 1) = (1 + 243+ - + k(k — 1)?)

{ab}CV(TY, 1))

k(k —1)2
= %(lf’ +2k% — k — 3).
The sum of the square of the distances from each vertex of the first clique of
X @) from other vertices X is equal to (k —2) +2%(k —1)(k —1). So the sum
of the square of the distance from vertices of the first clique of X from other
vertices X ? is equal to

[(k—2)+22(k— 1)+ [(k—3)+22(k — 1)*] + -+ [[k — (k — 1)] + 22(k — 1)?]

(k—2)—th
+22(’<¢ (k—1)
— 243+ -+ (k—1))+ (k—2) x2*(k —1)> + 2*(k — 1)°
(k2 — (B _1+1)—1)+4(k—1)(k:—1)2
— k(k—2) - W+4(/¢—1)(1§—1)2.

Also, the sum of the square of the distance from each vertex of the second
clique of X from other vertices of (k — 2) other cliques is equal to (k — 2) +
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22(k — 1)(k — 2). So the sum of the square of the distance from vertices of the
second clique of X2 except vertices of the first clique is equal to

(k—2)+22(k—1)(k—2)]+[(k—3) +22(k = 1)(k —2)] + -+ [k — (k — 1)] + 2*(k — 1)(k — 2) ]

(k—2)—th

)
:(k72)k7(2+3+ 4+ (k=1))+(k—1)-2%(k —1)(k — 2)
(k—1)( —1+1)

1) FAk—1)2(k—2)

(E=2)(k+1) )(k+1)

= k(k—2)— +4(k —1)%*(k — 2).

Also, the sum of the square of the distance from each vertex of X(?) from other
vertices X @ is equal to

[k_lmz) =27 —)
ﬁzk2)+(k3)+~~+(’f(k1))}
D
AR

Hence, for each i = 2,3,4,ifa € X® and be X,

> d?(a, b)

{ab}CV(TL, )

- {ik(k—z)—i(k”);kﬂ) + 4k — 1)2(k — j)
+ {(k,g).hw
2
+ [k(k —1)-2%(k — 1)]

- {ik(kz—Q)—i(k_Q)(k—'—l) + 4k —1)%(k — j)

| + [t = 1) - 22k( = 1)

2

+ (4k* — 4k® — ng + gk +1).
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Also, the subgraph X ) Ux (4) is a complete graph. Therefore for each i = 3,4,
and a,b e X

Z d2(aab):(k2_2)+(k/’2—3)+...+[k2_(k2_1)]
RV ) (k2 =2)—th

=(k*—-2) k> — 243+ +(k* 1))

— k2 (K2 2) - [(szl)(fflﬂ) 4}
:k2(k2—2)—%+1.
Hence,
WW (T, g))

1 1

= Wlhw)+5 D b
{a.p}CV(TL, (1)

k—1 k(k —1)2

= T(k5+k4+4k374k273k72)+u(k3+2k27k73)
k—1
1 (k—2)(k+1) ) .
+5[jzlk(k2) S k- 1) (k- j)]

1 7 5
Z(4k* — 4K — —K? + Sk +1
+2( 5H+5 +1)

+%(kz2(kz2—2)—w“)

N~

k—1
[Zk:(k: —-2) - (k= 2)k+1) Q)Q(k 1) +4(k —1)*(k — 5)

1
+Z(2k6+8k4715k374k2+3k+6). .

Example 3.16. Let R = Z,, then XL, ) =
28, and WW 1 35.

Ty@)

5, XEFI )y 6, W(F

1 ) =
Ty (Zg) T2 (Z2)
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