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SOME FAMILIES OF IDEAL-HOMOGENEOUS POSETS

GAB-BYUNG CHAE', MINSEOK CHEONG, AND SANG-MOK KIM

ABSTRACT. A partially ordered set P is ideal-homogeneous provided that
for any ideals I and J, if I =, J, then there exists an automorphism o*
such that o*|; = 0. Behrendt [1] characterizes the ideal-homogeneous
partially ordered sets of height 1. In this paper, we characterize the ideal-
homogeneous partially ordered sets of height 2 and find some families of
ideal-homogeneous partially ordered sets.

1. Introduction

Suppose (P, <) is a finite partially ordered set (simply called a finite poset)
with a partial order relation <, which is simply denoted by P for convenience.
If @ C P, we may refer to @ also as a poset, having in mind the subposet
(Q, <) whose order relation is the restriction of (P, <)’s. If P is a finite ordered
set and & € P, then the height h(z) is the maximal cardinality of a chain in
{y € P|y < z}. The height of a poset P, denoted by ht(P), is maximum of all
h(z) for x € P. For a poset P and « € P,let Ulz] ={y € P | y > = in P}, say
the up-set of z, and D[z] = {y € P | y < « in P}, say the down-set of . Also,
we let U[A] = UzeaUlx], the up-set of A, and D[A] = UgecaD[z] the down-set
of A for a nonempty subposet A of P. A map f: (P, <) — (Q,<’) of posets is
order-preserving if x < y implies f(x) <' f(y) in @ for all z, y € P. Two posets
(P, <) and (@, <') are isomorphic if there exists an order-preserving bijection
f:(P,<) = (Q,<') such that f~! is also order-preserving. We denote the set
of all automorphisms of a poset P by Aut(P). An ideal I of P is a non-empty
subset of P such that if x < y for x € P and y € I, then x € I. A poset
P is ideal-homogeneous, provided that, for any ideals I and J with I &, J,
there exists an automorphism ¢* € Aut P such that o*|; = 0. A poset P is
weakly ideal-homogeneous, provided that for each I of P and o € Aut(I), there
is 0* € Aut(P) such that o*|; = 0.

It is very natural to ask whether every isomorphism between finite substruc-
tures can be extendable to an automorphism of the whole structure. In 1993,

Received March 20, 2015; Revised October 19, 2015.

2010 Mathematics Subject Classification. 06A06, 20B25.

Key words and phrases. poset, finite ordered set, homogeneity.
1This paper was supported by Wonkwang University in 2014.

(©2016 Korean Mathematical Society

971



972 G.-B. CHAE, M. CHEONG, AND S.-M. KIM

some results on the homogeneity for finite partially ordered sets were given by
G. Behrendt [1], and they made resume to investigate the relationship between
the homogeneity conditions for finite partially ordered sets. The following theo-
rem, due to Behrendt [1], characterizes the (weakly) ideal-homogeneous posets
of height 1. For a positive integer n, [n] is the set of positive interger less than
or equal to n.

Theorem 1.1 ([1]). Let (P, <) be a finite partially ordered set of height 1. The
followings are equivalent.
(i) (P, <) is ideal-homogeneous.
(ii) (P, <) is weakly ideal-homogeneous.
(iii) There exist a positive integer n and a function f : [n] = N such that
there exists i € [n] with f(i) # 0 and (P,<) is isomorphic to (X, <),
where

X =[n]U{(8,9) | 0#SCn], 1<i<f(IS)}
and for k € [n], 0 # S C[n], 1 <i< f(|S]), let
k< (S,i) ifandonlyif keS.
In this paper, we characterize the ideal-homogeneous partially ordered sets
of height 2 and find some families of ideal-homogeneous partially ordered sets.

The other definitions not written in this paper and general properties of posets
follow from [2].

2. Construction

Let X = [n] and P(X) be the power set of X. Forall k =1,...,n, let Ax(X)
be the set of k-element subsets of X, that is, Ax(X) = {S1,52,..., S(Z)} where
1S;] =k for i = 1,...,(}). Then [A4,(X)| = (}). Let M;(X) be a multi-set
of nonempty subsets of X with the multiplicities my > 0 for Ax(X) for each
k=1,...,n, such that

(1) every element S of M;(X) is a nonempty subset of X,
(2) if S(# 0) € Mi(X) with |S| = k for some k, then it has multiplicity
my, that means it appears my, times in M7 (X).
(3) if S(#£ 0) € M1(X) with |S| = k for some k, then T € M;(X) for any
T e Ay (X)
Therefore, if S,T € M;(X) with |S| = |T| = k, then both S and T appear
my, times in M;(X). Hence for each k, it can be said that my is not only the
multiplicity of an element S of A (X)) but also the multiplicity of Ay (X). Thus
we may write M;(X) using Ax(X)’s as

Ml(X) :(Al,l)U---U(Al,ml)
(1) U(AZa]-)U"'U(A27m2)U"'
U (Ana]-) U---u (Anumn)v
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where (Ag,7) = (Ax(X),4) is the i-th copy of Ax(X) for 1 < ¢ < my and
myg > 0. Hence if S € Ap(X) for some k, then we may notice (S,4) € (Ax(X),1)
for all ¢ and we say (S,4) is the i-th copy of S also, denote S = (S,1). Note
that if my = 0 for some k, then (Ag,7) = ¢ for all i.

We may define M;(Y) for any non-empty set Y. Let us consider M;(Y),
where Y = (Ay(X),i) for fixed i and k. For all t = 1,...,(}), let By(Y)

be the set of t-element subsets of Y, that is, By(Y) = {21,22,...,2((:))}
where |X;| = ¢ for i = 1,..., ((E)) Then M;((Ax(X),)) is the multi-set of
nonempty subsets of (A (X),7) with the multiplicities af > 0 for B;(Y") for all
t=1,..., (2), such that
(1) every element %; of My (Ak(X),4) is a nonempty subset of (Ax(X),1),
(2) if X;(# 0) € My (Ar(X),i) with |X;| =t for some ¢, then it has multi-
plicity a¥, that means it appears af times in M; (A (X),1).

Let M ((Ag(X),i)) = My (Ag(X),4) and Qny = (a’f,a’g,...,a’z )) for conve-
nience. Hence (Ez,j) € Mj (Ag, 1) is defined as the j-th copy of X; in M7 (A, 1),
where 1 < j < aIEi\' We write (X;,7) = {X;};.

Now we define a (second level) multi-set Ms(X) of X as:

n myg bk

(2) My (X) = U U U My (Ar(X),9)",

k=1li=1r=1

where (my,ma,...,my), mg > 0, Q(n) = (a’f7a’§,...,a](“n,)) with af > 0 for
k

k

t=1,...,(}), and b = (b1,bz, -~ ,by), by, > 1 are the multiplicities for Aj, of
M;(X), the nonempty subsets of B;((Ag,4)) of Ma(X), and My (Ax(X),1) for
all 1 <i<my, k=1,...,n, respectively and 1 <r < bg. Ilf mp =0 for some
k, then My(X) does not have M (Ag,i) for i = 1,...,mg. And if af = 0 for
some k and ¢, then My(X) does not have t—elements subset of (Ag,i) for all
i =1,2,...,my. The next example shows a construct process of X, M;(X),
and Ms(X) for given n.

Example 1. Let n = 3 and hence X = [3]. Then we have
3) PX) ={0,{1}, {2}, {3}, {1, 2}, {1,3},{2,3},{1,2,3}},

where Al = {{1}7 {2}7 {3}}3 A2 = {{17 2}7 {17 3}7 {27 3}}) and A3 = {{13 27 3}}
Suppose (mq,ma, m3) = (1,3,2) is the multiplicities of Ay for k = 1,2,3. Then
we have

(A, 1) = ({15 {2}, 811, D = {({1}, 1), ({2}, 1), ({3}, 1)}
= {131, {2}, 81},
(4) (Az,7) = ({{1, 2}, {1, 3},{2,3}},9)
= {({1,2},9), ({1,3},4), ({23}, )}
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= {{1,2};,{1,3};,{2,3};}  fori=1,2,3,
(4s,7) = ({{1, 2,3} },9) = {({1, 2,3}, 1), ({1, 2,3}, 2)}
= {{1,2,3}1,{1,2,3}2}.

Therefore we can write M7 (X) as:
My (X) = {{1}15 {2}17{3}1’{1’2}17{173}1’{2’3}17
(5) {172}2’{1a3}27{273}27{172}37{173}37{273}3
{1,2,3}1,{1,2,3}2}.
Suppose Q(?) = (1,2,2), Q(g) = (1, 1,3), Q(g) = (2), b= (b17b27b3) = (2,1,2).
Then we have
M1, 1Y = Mi({{Th, 2}, 3h)) with Q) = (1,2.2)
= {({{1h} 17, ({{2h 1 07 ({81, 1),
(6) {215 17 ({1h 311 1), ({2, {81, 1),
{1 {21127, ({1h. {313 2)7, ({24, {31}, 2)7,
{1 {20 8 b D7, ({1, {25, {81 1, 2) )

or we can write it for convenience

Mi(A1, 1) = {{{1h}, {2 H BN,
{{1h, {211, {1 BhH, {20, 31K,
{13, 20138, ({1h, 813, {{2h. Bh},
{1, {20, BB1H, {1, {230, (3132},

where j = 1,2 which means we have 2 copies of M; (A1, 1) since by = 2,

(7)

(8)  Mi(Az,i)t

= My ({{1,2};,{1,3}:,{2,3};} with Q(g) =(1,1,3)

= {({{1,2}:}, D", ({1, 3%}, Y ({{2,3%:), DY,
({{1, 2} {13}, 1Y ({41, 234, {2, 3%}, DY ({41, 3%, {2,351, 1),
({{1,2}5, {1, 3}, {2,3}: 1, D ({1,234, {1, 3}, {2,3}:}, 2)
({{1,2}:{1,3}:,{2,3}:},3)" }

= {{{1, 2}:}1, {{1, 3}:}1, ({2, 3}: 11,
{{1,2}:, {1, 3%}, {41, 234, {2, 3}: 11, {{1,3}:, {2, 3} }1,
{{1,2}:, {1,3}5, {2, 3} 11, {{1, 2}, {1, 3}, {2, 3}i}3,
{{1,2}:,{1,3}:,{2,3}:}3}
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so that we have only one copy of M;(Asg, ) for each for i = 1,2, 3, since by =1
and

My(As, i) = Mi({1,2,3):) with Qs = (2)

©) = {({{1.2,3):1,1)7, ({{1.2,3}:},2)7}
= {{{1’2’3}i}j17{{1’2’3}i};}7

where j = 1,2 which means we have 2 copies of M7 (As, %) for each ¢ = 1,2 since
bs = 2. Therefore, the second-level multi-set Mo(X), where (mq, ma, ms) =
(1,3,2)7 Q(S) = (1,2,2), Q(S) = (1,1,3), Q(S) = (2)7 and b = (bhbz,bg) =

1 2 3
(2,1,2) as
(10) M;(X)

3 mi bk

- JUUMAeir

k=1i=1r=1
= M;(Ay, 1)U My (A, 1)?
U M (Ag, 1)t U M (Ag,2)' U M, (Ay,3)"
U M;(As, 1)1 U My (A3, 1)% U M (A3, 2)" U My (A3,2)?
= {{{th}, {{2h 1, {81,
{1}, {20, {13 83, {20, {311},
{131, {2032, ({13 {31}, {24, {8h1}3,
{13, {20, B, ({1, {20, 81}, (Ma(Ay, 1)! part)
{3 {205 {81,
{131, {205, {130, {81135, {{2}1, {8}1}3,
{13, {2033, {13, {311)3, ({2}, {311}3,
{13, {20, B3, ({1, {21, (811)3,  (Mi(Ay,1)? part)
{1,200, ({130 {2,301,
{120 {1 3 b, {1 230, {2,300 1, ({1, 31, {2, 3 1,
{120, {1, 30,42, 30 1, {{1, 25, {1, 3341, {2, 3} }o,
{{1,2}1,{1,3}1,{2,3}1}3, (M7 (A, 1) part)
{1232}, {1, 3}, {{2,3}2 1,
{1,232, {1, 3% 1, {{1, 2}2, {2, 3}2 11, {{1, 3}2, {2, 3}2 }1,
{{1,2}2,{1,3}2, {2,321, {{1, 2}2, {1, 3}2, {2, 3}2}2,
{1,232, {1,3}2, {2, 3}2 13, (M1 (Ag,2)! part)
{{1, 2}, {{1, 33530, {{2, 33331,
{{1,2}s,{1,3}s 1, {{1, 2}, {2, 3}3}1, {{1, 3}5, {2, 3}5 }1,
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{{1,2}5,{1,3}5,{2,3}s}1, {{1, 2}, {1, 3}3,{2, 3}3}2,
{{1,2}5,{1,3}3,{2,3}s}s, (Mi(A2,3)" part)
{{1,2,3}: 31, {{1,2, 31 )2, {{1,2,3}231, {{1, 2, 3}2}2,
(M (A3, 1) and M;(As,2)! part)
{12,337, {{1,2,311}3, {{1,2,3}231,{{1,2,3}2}3}
(M;(A3,1)% and M;(As,2)? part).
For a positive integer n, let X = [n]. Define a poset (Z, <), where
Z = [n]U M;(X)
and for S € M;(X) with |S| = k(so S € Ay) and x € [n],
< (S,4)=9; ifandonlyif zelS;,
where 1 < k < n, and (S,i) = S; is the i-th copy of S in (Ag,?) for all 4,
1 < i < myg. Then we can easily find that
(€)= (X, <),

where X is the poset defined in Theorem 1.1 by Behrendt [1].
Now a family of ideal-homogeneous partially ordered sets of height 2 is con-
structed.

Construction of Z2:
For a positive integer n, let X = [n]. Define a poset (Z2,<) as

Z? = X UM (X)U My(X),
where (my1,ma,...,my,), mg > 0 is the multiplicity for Ay of M;(X), Q(k) =

(a]f,ag,...,a'(“n) with af > 0 for t = 1,...,(:) is for Bi(Ay,1) of (A,i) of

k
My(X), and b= (b1, ba,...,by,), by > 11is for My(Ak(X),1) for all 1 < i < my,
k=1,...,n. The order relations on Z? are defined as follows:

Order 1: For S; € M;(X) with |S;| = k(so S; € Ag) and z € [n],
r<S;=(5,i) ifandonlyif ze€S;,

where 1 < i < my and S; = (5,14) is the i-th copy of S in (A, 1) for all
L1<i<mg, k=1,...,n.

Order 2: For some k, 4, and r, if ¥; € M (A, )" C May(X) and S; €

(Ag, 1), then
S; <Y; ifand onlyif S; €3
for all ¥, € M;(Ag,1)", where r =1,..., by.

Order 3: For some k, r, i and j with i # j, if ¥; € M (Ag,j)" C My(X)
and S; € (Ag, i) (Note that for i # j, (Ag,i) and (Ag,j) are basically
identical hence we may say X; = X; as a set nevertheless X, € M (Ag, 1)
and ¥; € M;(Ag,j) and hence we may define order relation between
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Order 2

Order 3

FIGURE 1. A poset of height 2 in Example 1

S; and 3¥; € My (A, j) or S; and ¥; € M;(Ay,4) in addition to Order
2 above) then
S; <¥; ifand onlyif S;€X;
for all ¥; € M1 (Ag,j)", where r =1,...,bg.
Consequently, if x < S; and §; < Xj, then z < X, for every 7 and j, 1 < 4,5 <
mg, k=1,...,n.

The poset Z2 = X UM;(X)UM;(X) in Example 1 with n = 3 and the order
relations defined in Order 1, 2, and 3 above is roughly illustrated in Figure 1.
The lines between the circled sets means there are order relations among the
elements of them and the transitivity law holds.

3. Main results

Lemma 3.1. Let (Z?%,<) be the poset in Construction of Z* with order rela-
tions Order 1, 2, and 3. Suppose that by, = 1 for all k where b = (by,ba, ..., by)
is the multiplicity My (Ag(X),i) for all1 <i <my, k=1,...,n. Then (Z%,<)
is ideal-homogeneous of height 2.

Proof. Let I and Iy be ideals of (Z2,<) and
a:(I1,<) = (I2,<)

an isomorphism. Assume INM5(X) # & for all ideals in this proof, if not, it is of
height 2. By the construction, it is clear that if Iy & I3, then Iy N M1 (Ag, ) = &
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if and only if Io N M;y(Ag,-) = @ for all K = 1,2,...,n. Hence there are
finitely many numbers of k such that I; N M; (A, ) # & and Io N M, (Ag, ) #
@. Without loss of generality, for finite subset K; and Jf of [n] and [my],
respectively, we can assume that

Il ﬂMQ(X)C U U Ml(Ak,Z)

kEK1 icJk

and for finite subset Ko and J§ of [n] and [my], respectively, we can assume
that
LnMyX)c | | Mi(Ax,d).

keKs ek

By the consideration above, it is clear that K7 = Ko, if not, we conclude that
I; is not isomophic to Is. Therefore, without loss of generality (all other cases
can be treated in the same way), we can assume that, for some k,

LN MQ(X) C Ml(Ak, 1) U Ml(Ak,Q)

and
IrN MQ(X) C Ml(Ak, ].) U Ml(Ak,?))
Let
IlﬂMQ(X):BUE and IQQMQ(X):CUF,

where B = Il n Ml(Ak,l), C = IQ n Ml(Ak,?)), E = Il N Ml(Ak,Q), and
F = I, N M;(Ag,1). Without loss of generality again, we can assume that
B 2, C and E 2, F. If not, we have two cases (i) B =, C U F’ where
F' C M;(Ag,1) and (ii) B 2, C’ where C’ C C'. For the case (i), there exists
F" C My(Ag,3) such that F' =, F”. Note that D[F'] =2 D[F"]. Hence new
C is obtained by replacing F’ by F" to be B =, C. We may do similarly for
the case (ii).

By restriction, « induces a bijection 8; between D[B] N (Ag, 1) and D[C] N
(Ag, 1) and bijection B2 between D[E]N (A, 1) and D[F]N(Ag, 1) which can be
extended together to a permutation o on (Ag,1). That is, a1 (D[B]N(Ag, 1)) =
DICI N (Ag, 1), an(D[E] N (Ak, 1)) = D[F] N (Ak, 1), and all other elements

k

all Mj(Ag,d) for all i = 1,2,3, and by the order relation Order 3, we have
D[B] N (Ag,1) = D[B] N (4,2) = D[B] N (A, 3), D[C] N (4g,1) = D[C] N
(Ag,2) = D[C]N(Ag,3), D[E)N(Ak,1) = D[E|N(Ag,2) = DIE|N (A, 3), and
D[F| N (Ak,1) = D[F] N (Ax,2) = D[F] N (Ag,3). Therefore, by the similar
way to the case of restriction of « to a1, o induces a permutation as on (A, 2)
and permutation as on (Ag,3), respectively. That is, o;(D[B] N (Ag,i)) =
D[C| N (Ag, 1), a;(D[E] N (Ag,i)) = D[F] N (Ag, ), and all other elements in
(Ag, i) are fixed for all i = 2,3 which means that «; are identical on (Ag,?)
for all i = 1,2,3. That means a;(S) = a2(S) = a3(9) for all S C (A, ). Let
ﬂ =1 = 042(5) == Oég(S).

in (Ag,1) are fixed. Note that, since Q( ) = a’f,a’g,...,a’z")) works for
k
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For each ¥ C (Ag,4) with |X| = j and [ € {1,2} let
U(2) ={c|1 <c<al with &, € I}

Then a bijection By : U (X) — Ua(B(X2)) can be defined in order to associate
to a(X,c) = (B(X),Bxs(c)) for all ¢ = 1,2,3 and this can be extended to a
permutation 75 of {¢|1 < ¢ < af}. Note that 8s; and 75 work for all (Ag, %) for
all i = 1,2,3 in the same way. Also f induces a bijection between I; N [n] and
Iy N [n], which can be extended to a permutation 7 of [n]. Now let o*(m) =
7(m) for m € [n], *(S) = B(S) for S € (4, 1), o*(%,i) = (B(X), (7)) for
(3,4) € (Ag,19) for all 4 = 1,2,3, and all other elements of the poset are fixed.
Then it is not hard to see that o* is an automorphism of (Z2, <) such that
o*|L =o. O

The following lemma is a generalization of Lemma 3.1. Because there is no
restriction to multiplicities M7 (Ag(X),4) for 1 <i<my, k=1,...,n.

Lemma 3.2. Let (Z2,<) be the poset defined in Construction of Z? with order
relations Order 1, 2, and 3. Then (Z?,<) is ideal-homogeneous of height 2.

Proof. If (Ar(X),1) # &, M1(Ax(X),9)", r =1,...,bg, are r copies of multi-
set of (Ax(X),1) for fixed k. Then by Order 3, every r copies of M;(Ag(X),1%)
are in the up-set of (Ay(X),4) for every ¢ € {1,...,my}. Then the proof in
Lemma 3.1 can be applied to the copies of M;(Ag(X),?) in exactly the same
way. O

The following lemmas are special cases of Lemma 3.1, especially, there are
no relations between M (Ag(X),4) and (Ag(X),J) for i # j and there are the
restrictions on the multiplicities b = (b1, ba, ..., by).

Lemma 3.3. Let (Z%,<) be the poset in Construction of Z? with order re-
lations Order 1, 2 only except 3. Suppose that by = 1 for all k where b =
(b1,ba,...,by) is multiplicities My (Ak(X),4) for 1 < i < myg, k =1,...,n.
Then (Z2,<) is ideal-homogeneous of height 2.

Proof. This is a corollary of Lemma 3.2. O

Now with no restrictions on the multiplicities b = (b1, b, ..., b,), we have
the following lemma.

Lemma 3.4. Let by, be a positive integer for each k. Let (Z2,<) be the poset in
Construction of Z? with order relations Order 1, 2 only except 3. Then (Z2,<)
is ideal-homogeneous.

Proof. This is a corollary of Lemma 3.3. O
Therefore we conclude our main theorem as follows:

Theorem 3.5. Let (P, <) be a finite partially ordered set of height 2. The
followings are equivalent.
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(i) (P, <) is ideal-homogeneous.
(ii) (P, <) is weakly ideal-homogeneous.
(iii) (P, <) is one of the posets constructed in Lemmas 3.1-3.4.

Proof. Trivially, (i) implies (ii). Assume that (ii) holds. Let X = [n] be the set
of minimal elements of (P, <). If S; and Sy are k-element subsets of X, where
1 < k < n, then there is a permutation « of X mapping S; onto S3. Since « is
an automorphism of X, and X is an ideal of (P, <), a can be extended to an
automorphism £ of (P, <) by (ii). Suppose that

T, ={S € My(X) | for x € P we have x < S if and only if z € S;}

for i € {1,2}. Then T; is the set of points in M;(X) which is the common up-
set of all points of S; for ¢ € {1,2}, and 8 has to map T3 onto T». Therefore, for
every k-element subset S; of X there is the same number my = |T;| of elements
in M7 (X) which cover all elements of S; and no others.

Here we want to specialize the abstract set S in 7;. Without loss generality,
let us assume that we regard the order relation on (P,<) as set inclusion.
Clearly, for any k-element subset of X, S; € T; since x < .S; if and only if x € S;.
If S € T}, then S is the common up-set of all points of .S; and hence S should
contain all the elements of S; and no others. Hence we have S = S;. Since
there are (Z) k-element subsets of X, let Ag(X) = {51, So,.. "S(Z)}’ where

S; are the k-element subset of X for all k = 1,...,n. Then A;(X) C M1(X)
for all K = 1,...,n. The number m; means that there are my copies of S; for
1<i< (Z) Hence my, is the multiplicity of Ag(X) for all k = 1,...,n. If
my, = 0, then there is no Agx(X) at all for all k =1,...,n.

Since for each k-element subset S;, 1 < i < my, there are my, copies of it, it

deduce that there are my, copies of A, = A (X) after all. Hence we have

n mg

(11) My (X) = [ (A ).

k=1i=1

If S; € T; and S; = {a1,0a2,...,ax} C X = [n], then S; can be denoted by
Si = ajag---ag or (S;,7) = (arag---ag,j), where j, 1 < j < my, means
that (S;,7) is the j-th copy of S;. Now let ¥; and Xs be l-element subsets
of U™ (Ag,4) that is, ¥; has S;’s as elements. There are some cases to be
considered according to their membership where they belong to:

Case 1: Forevery k = 1,2,...,n, suppose X1 and X are subsets of (A, i) for
some i, say (Ag,1). Without loss of generality, let us assume that 31 = {S1, S2}
and ¥o = {51, 53} where S; € (Ag, 1) fori =1, 2, 3. Then S(T1UT) = T1 UTs.
Hence 8 deduces a permutation 7 of (A, 1) mapping 3 onto X2 by restriction
and also 7 is a permutation of (Ag,i) for all ¢ since 7(Ty UTs) = T1 U T3 and
T; N (Ag,i) # 0 for all i and j = 1,2,3. Suppose that

Ty ={¥ € My(X) | for S € M;(X) we have S < X if and only if S € £;}
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for j € {1,2}. Then ¥ is the set of points in Ms(X) which is the common up-

set of all points of X; for j € {1,2}, and 7 has to map ¥, onto T,. Therefore,

for every l-element subset ¥ of (Ay,1), there exists the same number af of

elements which cover all elements of ¥ and no others. Let K;(X) be the

set of l-element subsets of (Ag,1), that is, K; = {21722,...,2((2))} for all
1

l=1,..., (Z) Since for each l-element subset 3;, 1 < j < ((’“))7 there are af
copies of it, it implies that there are a‘f copies of K; foralll=1,..., (Z) after

all. In all, we have the multiplicity Q(Z) = (a’f,a’;, e ,a’(cz) , where af > 0,
for all t = 1,...,(2) for M1(Ag,1) forall k =1,2,...,n.

Subcase 1: For all k, suppose M;(Ag,1) has multiplicity 1, that is by = 1
for all k with order relations Order 1 and 2 only. It is then clear that (P, <) is
isomorphic to (Z2,<) in Lemma 3.3.

Subcase 2: Suppose M (A, 1) has multiplicity by > 1 for all k¥ with order
relations Order 1 and 2 only. It is then clear that (P, <) is isomorphic to
(Z%,<) in Lemma 3.4.

Case 2: For every k = 1,2,...,n, suppose X1 C (Ak,1) and ¥y C (Ag,2),
respectively. Without loss of generality, let us assume that 3, = {S7, S2} and
22 = {53754}. Then 6(T1 @] TQ) = T3 U T4. Note that Tj N (Ak,’t) 7& (Z) for all
t=1,2and j = 1,2, 3,4. Let X be a copy of Xg in ToN (A, 1) and 3} be a copy
of ¥ in 71 N (Ag,2). Hence 8 deduces a permutation 7 of (A, i) by restriction
for all 4 = 1,2 and 7 should map the commom up-set of all points of X1 U X4
in M;(Ag,1) onto the commom up-set of all points of ¥} U 3y in My (Ag,2).
Hence there are order relations between (Ag,1) and M;(Ag,2), and between
(Ag,2) and M1(Ag,1). In general, for every l-element subset X of (Ag, ), there
exists the same number af of elements which cover all elements of 3, and no
others. Similar to Case 1, we have the multiplicity Q(Z) = <a’f,a’§, e, a’(“z))
where af > 0 for all t = 1,...,(2) for M;(Ag,i) for all ¢ = 1,...,my and
k=1,...,n.

Subcase 1: M;(Ag,¢) has the multiplicities by = 1 for k = 1,...,n. It is
then clear that (P, <) is isomorphic to (22, <) in Lemma 3.1.

Subcase 2: M;(Ag,i) has the multiplicities by > 1 for k = 1,...,n. It is
then clear that (P, <) is isomorphic to (Z2%,<) in Lemma 3.2. In all (iii) holds.
By Lemmas 3.1-3.4, (iii) implies (i). O

4. Applications

For a positive integer n, let X = [n]. Define a poset (P?, <), where

P? =X UM (X)U My(X)
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and (my,ma,...,my) = (1,1,...,1), Q(:) = (1,...,1) and by = 1 for all k.
Then M;(X) is the power set of X except the empty set, and My(X) is the set
of power sets (except the empty set) of Ax(X) for all 1 <k <mn.

Hence we have the following corollary.

Corollary 4.1. With the order relations defined Order 1, and 2, (P?,<) is
ideal-homogeneous.

For given posets P and @, P @ @ is represented as a poset with a prop-
erty that < y if and only if € P and y € Q. Let {By,Ba,...,Bn}
be a set of antichains. Now construct a poset P which is isomorphic to
B1®By®---@B,,. Let X1 = [|By|] and the multiplicities (m1,ma,...,mp,|) =
(0,0,...,[Ba]). Then for all i = 1,...,|Bs| we have (Ap,|,i). Let To(X) =

1B2l(A,1,4). Then |Ty(X)| = |Bs|. Now, let X5 = [|By|] and the multiplic-
ities (m1,ma, ..., mip,) = (0,0,...,|Bs|). Then let T5(X) = U (A p,,4).
Then |T5(X)| = |Bs|. Likewise, define a poset P, recursively, and at last

Xp—1 = [|Bn_1|] and the multiplicities (m1,ma,...,mp,_,|) = (0,0,...,|By])
and T, (X) = ULET‘(AIBWMJ)' Then |T,,(X)| = |Bn|.- The order relations
between X; and T;(X;) in each steps ¢ = 1,...,n are defined by set inclusion.

Then the poset P constructed is isomorphic to By ® B ® - - - & B,, of height n.
Therefore we have the following:

Theorem 4.2. Let {B1,Bs,...,B,} be a set of antichains. Then the poset P
constructed above which is isomorphic to Bi®Ba®- - -® B, is ideal-homogeneous
of height n.

Proof. Let I and J be ideals of P = B1 @ Ba® - ® B, and o : (I,<) —
(J,<) is an isomorphism. Let I, and J,, be the set of maximal elements in
I and J, respectively. Then for some k, I,,,, J,, C By and by construction we
have I = DI[I,,] and J = D]J,,] and hence D[I,,] = D[J,]. Therefore, by
restriction, v induces a bijection between I,,, N J,,,, which can be extended to a
permutation on By. Also it can be extended to an automorphism ¢* of P such
that o*|I = 0. O

We find some family of posets which are ideal homogeneous, but it is just
partial solutions for the following Behrendt’s problem [1].

Problem 2. Give a classification of all finite (weakly) ideal-homogeneous or-
dered sets.
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