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Abstract

Numerous studies have shown that normal inverse Gaussian (NIG) distribution adequately fits the empirical
return distribution of financial securities. The estimation of parameters can also be done relatively easily,
which makes the NIG distribution more useful in financial markets. The maximum likelihood estimation
and the method of moments estimation are easy to implement; however, we may encounter a problem in
practice when a relationship among the moments is violated. In this paper, we investigate this problem in
the parameter estimation and try to find a simple solution through simulations. We examine the effect of
our adjusted estimation method with real data: daily log returns of KOSPI, S&P500, FTSE and HANG
SENG. We also checked the performance of our method by computing the value at risk of daily log return
data. The results show that our method improves the stability of parameter estimation, while it retains a

comparable performance in goodness-of-fit.
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1. M2

FEIMIGEFS I FATFTE 712AREE] TH el o|Estug V) 2Ate] AW E] wet 7hz o] &
gtk 2%7] ol 7S ATl oA Z1xAEY gEA RYe AAske 42 W T8
th. 713k Bk @52 olys S5 2y FoA Mg dE ARREHR RYPor J|2Ae T
o] I EE Wtk 7P dth olE 7|22 ko] 1973\ Black} Scholes= £9-&2 47}t
2 A% R3PS A3 (BlackT} Scholes, 1973) o]F e 717+ 59 A ZoA] wlx|ul7] =
Aok sHARE F7ke] 2Ol BET7L Atz vis] 2 HEE Zethe A2 ov w2 4
TE Bl &elA Aot (Clark, 1973; Fielitz2} Smith, 1972; Mandelbrot, 1963; 5). ©|&3t &
ALS Bgst kg el 23 Jd32 = 19761 Mertono] A|st =242 3E (Merton, 1976), 19763
Cox8} Ross7} A|¢vek A et WEARE (Coxe Ross, 1976) 3 1987d Hullz} Whiteol] oJ&f A
d 2EUTHYEY (Hull? White, 1987) 5ol itk 3 1990d) Ftolls Hzeiin g S 23hst
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2. Normal Inverse Gaussian 2%

Barndorff-Nielsen (1997)01] o 47" NIGEFE A83 29 ngrt FeE As5E ZF A
4 9lom], 1 HBUE4E the 2k,
SV +B(@—n)

fuiole) = b (
A7 K12 index7} 191 A 322 Bessel&4:0]1, /a2 — B2S ~8F £7]2 3t} ps xRS0
W 5t HERSOITL, as) B FehESolth E g} st Foln B —as} arele] e Zrh
NIGHAS Inverse Gaussian(IG) FEIAFCE AHHEE Hefke 502 3 ¢5 Jed, B
T a> 08 b > 08 2= 1G(a, b)) LT

fro(@) = Vgemwwf%wpﬁiwff*+¥@)ﬂw>0
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o
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X, = B6°I, + Wi, ,

XE B4 o, B, 6, p = 02 2= NIG FEHEL g2 5o, oj7)o] 925 48 Zrbetd 4
(2.1)9) B 3L dr}.
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Table 3.1. Summary statistics of daliy log returns for KOSPI, S&P500, FTSE and HANG SENG

KOSPI S&P500 FTSE HANG SENG
Mean 0.0003928 0.0001369 0.0000328 0.0001701
Standard deviation 0.0149 0.0126 0.0121 0.0148
Skewness —0.5187 —0.1988 —0.1575 —0.0061
Excess kurtosis 6.1761 8.7912 6.9078 9.0775
Max 0.1128 0.1096 0.0938 0.1341
Min —0.1281 —0.0947 —0.0926 —0.1358

NIGRES] B4 &3] FU/le® A3 (maximum likelihood estimate; MLE)3} & 73
ZF(moment method estimator; MME)2 2 FAsl=t], FEUET¢7F 484 ez MLEE
AHoZ A 4L 5 Itk MME+ H#3 24H 9%, 2% (excess kurtosis) & 0]—9-‘3]—01 A
S mae] 4 (22)0] REGEL 47 Astel Gou R oA ZRAEE FuolA AR
% 3 W ghola, 23} K, Q=g S, 842V, 281 FFE MO 2 E7|33th

3 SVVA? Vad 56
_ 0 a=yrrp, =20 5= T =M -20 (22
7 V(3K — 552) LR 3 CEEC ¥ @2)

o

m
LU
o 4
2
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aQ

O]A] Ghysels2} Wang (2014) 9| A2} Zo]
Dy = {(K, 52) : 3K > 552}

£ NIGEZ A 71537 Hfeasible domain) 22 A st7|&2 3ty A (2.1)04] B vke} 2ol o >
0,0>0, —a< B <aZtHW 3K —55%& &4 F9| & 27 =A% AA dlolgo e A5 A3
off met A 7HeEHol EATHA e A7 AE & Aok BEYE} B8 2HHET} Dyieol
2352 ¢dod MLESH MMER B9] 24o] 7153810, B2 BAFS AMS3 3K — 5579 el
0ol 233t Afole F WY EFolA B4 FAHX7L vl 2 3ol =W 53] o} Uizt 89 +%
grol vl AXth gRtdo g F71o) B4 ES 2AHET A0 FEYN S+ 034 o] 2R ¢k
ol B oA FAZE SR AT wol] wet 87 £oFY] B2 2AHET 3A 9= A
7 AT ¢ glon 53], PPAIFOA ES F27F ARz} vl e 54 3ol 73
O

a2 AL vl 2 o F45 7 k.
3. MEE4

3.1. A=l 724

H AoAE 2001d 195E 20159 59712 9] KOSPI, S&P500, FTSE, HANG SENG A4 91 g
W 27 £5S o] gt AZFEAS APt FTSEE =S HE3 oA AR E 22
F7H)4e]n HANG SENG& &7 F7HAgolth. ZF A159] 9 24959 7|2 FAHS Table
313 231 Figure 3.1 ¥4 235959 APA Exoltt. o]F FdlA AS5EA Al%s}f BE
A4 23 oFe] ZaEzel vs] nejrt FHI 293 FE o] FelHrt
Table 3.2% Z+ 2|49 9 234988 243 NIGE 2arolty Fue] TR
71 3tA 8k KOSPI= MLES} MME Zto] w]$éti the z]/xl o= e B
o] Apel7h rk. olof] Zt ] MR FAHH B4E 085t 7ka¢% v 8kl MLE
=7 MME®] A-¢-Eth A9k 2fo] 7} 24] k55 sttt
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Figure 3.1. Empirical distribution of daliy log returns for KOPSI, S&P500, FTSE and HANG SENG.

Table 3.2. Estimated parameters and log likelihood for KOSPI, S&P500, FTSE and HANG SENG

Index Method a B 6 m Log likelihood

KOSPI MLE 49.6684 —6.3323 0.0109 0.0018 10274.59
MME 48.6216 —6.0371 0.0107 0.0017 10274.34

S&P500 MLE 50.1853 —6.1679 0.0078 0.0011 11218.61
MME 46.4398 —1.8037 0.0074 0.0004 11211.32

FTSE MLE 55.3589 —4.7324 0.0081 0.0007 11674.25
MME 54.4665 —1.8891 0.0081 0.0003 11672.15

HANG SENG MLE 46.4754 —2.6826 0.0102 0.0007 10437.27
MME 38.3717 —0.0451 0.0086 0.0002 10424.48

MLE = maximum likelihood estimate, MME = moment method estimator.
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Figure 3.2. Comparison of the garphs in KOSPI; the fitted NIG distribution, Normal distribution and Empirical
distribution (NIG = normal inverse Gaussian, MLE = maximum likelihood estimate, MME = moment method

estimator).

Figure 3.20]4] KOSPI 93 Ez*qgsq A¥A By 9l MLES MMEZ A3st NIGEZ 2 Af
B2 E v w39t KOSPI 94 g A By AFEIRT} =1 W23 NIGEZ7}
olz3t 7ol EAS I tﬂoﬂa}i 15} S&P500 FTSE, HANG SENG9 99 23408 B3 %

vt 23S Hol 295 FUFekA] gt
Agte] ATE Folslr] HdA Z+ A¢EEZ Kolmogorov-Smirnov(KS) 773} Anderson-Darling
(AD) A%< AAIS|E gkt Table 3.3914 2+ A59] KS, AD A% SA% g} 25 <ol p-values
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Table 3.3. Test statistics of Kolmogorov-Smirnov test and Anderson-Darling test (p-value in parentheses)

Ind Kolmogorov-Smirnov test Anderson-Darling test
nde
* MLE MME MLE MME
.0142 .014 —0.72 —0. 1
KOSPI 0.0 0.0145 0.7253 0.639
(0.6635) (0.6405) (0.7994) (0.7322)
.0142 .02 —0.6044 1.1262
S&P500 0.0 0.0203 0.60 6
(0.6513) (0.2243) (0.7056) (0.1102)
.0181 .022 —0.6812 —0.1681
FTSE 0.018 0.0226 0.68 0.168
(0.3352) (0.1243) (0.7649) (0.4315)
HANG SENG 0.0187 0.0259 1.2625 2.4292
(0.3118) (0.0569) (0.2447) (0.0541)

MLE = maximum likelihood estimate, MME = moment method estimator.
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Figure 3.3. Empirical distributions of estimated parameters in case of KOSPI (MLE

estimate, MME = moment method estimator).
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Figure 3.4. Root Mean Square Errors (RMSE) of parameters with values of ¢ from 0.2 to 1 by 0.1.
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Table 3.4. Means, standard deviations and coefficient of variations of estimated parameters for scenario 1 (3K —
552 = 0.0917) and scenario 2 (3K — 552 = 6.0917)

Scenario 1 Scenario 2
«a B 6 m «a B é m
8974.21 8465.372 0.0576 —0.0189 133.57 6.564 0.013  —0.00003
MLE (176159.8) (176135.7) (0.0325)  (0.0357) (27.841) (11.131) (0.002) (0.001)
[1962.956] [2080.662] [56.592] [188.312] [21.593] [169.561] [17.735] [2830.9]
10118.51 9609.66 0.0575 —0.0189 133.74 6.564 0.013  —0.00005
MME (201098.1) (201074.2) (0.0326)  (0.0357) (27.886) (11.538) (0.002) (0.001)
[1987.429] [2092.418] [56.6017] [188.309] [20.851] [173.3]  [18.488] [2372.13]
418.213 64.2934 0.0396 —0.0055 134.83 7.151 0.013  —0.00008
e-MLE (40.318) (44.987) (0.0039) (0.004) (29.394) (11.485) (0.002) (0.001)
[9.641] [69.971] [9.912] [74.078] [21.8] [160.61] [17.511] [1239.4]
418.338 64.313 0.0396 —0.0055 134.91 7.164 0.013  —0.00008
e-MME (40.318) (44.998) (0.0039) (0.004) (28.539) (11.897) (0.002) (0.001)
[9.634] [69.968] [9.917] [74.076] [21.155] [166.072] [18.274] [1336.2]

True values  1060.756 379.4156  0.08638 —0.03248 121.6831  5.7126  0.01212  0.00003

MLE = maximum likelihood estimate, MME = moment method estimator.
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Figure 3.5. MLE, MME, e-MLE, and e-MME with KOPSI daily log returns from January 2001 to May 2015
(MLE = maximum likelihood estimate, MME = moment method estimator).
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Figure 3.6. Estimated values of MLE, MME, e-MLE and e-MME in Hyperbolic Shape Triangle; KOSPI (MLE =
maximum likelihood estimate, MME = moment method estimator).
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Table 3.5. Backtesting results for the 95% Value at Risk (VaR): the number of times that the actual loss exceeds
VaR and p-values of Kupiec test

KOSPI S&P500 FTSE HANG SENG
# reject  Kupiec # reject  Kupiec # reject  Kupiec # reject  Kupiec
EWMA 200 0.0089 191 0.082 200 0.055 178 0.403
e-MLE 180 0.275 190 0.096 174 0.654 167 0.978
e-MME 173 0.585 191 0.082 177 0.862 173 0.656

EWMA = exponential weighted moving average method, MLE = maximum likelihood estimate,

MME = moment method estimator.

MME=Z 4% NIGREH ASo], FTSES HANG SENGL e-MLEZ A3 NIGE ¥ ASo
FETE & 5 ok B2 dxe} AHER AL 3K - 5570] S5 Al MLESH
MME7Z} A= 2 ooty 1 vH)&L Z+z KOSPI: 3.44%, S&P5002 14.67%, FTSE: 0.74%,
HANG SENGo] 4.12%°]th. v32A" RES Adstn FAHH B4E o] &3] 13 95% VaRZE
AEAZE HH Y-S wf, MLE7|Z2 2 KOSPI: 5.18%, S&P500< 6.01%, FTSEX 5.04% 181
HANG SENG<L 4.95%0| A 7] 2% 913, MME7] %2 2 KOSPI 5.06%, S&P500 6.04%, FTSE 4.93%

T18]3 HANG SENG 4.94%°| A 7]1Zt= 9ict. o] BEo|Aef njg2 BA A o] 2 2] 7} glrt

TFolMe et F7REY] 21 952 NIGEZ AP u B4 o)A DAY= £4
BRI sk AR 2AHE} A S AR 3K — 55%9] ghel 0BT ZAY 09 23
g wle 25t FAEA AL e 2A FHEE BATE AT o)lE Hestuat 3K — 5529
FEFE max{3K — 55% e} o2 thA|ste] ROAHEATL 9] % 052 Hdsch =AY T
3, NIGRZ9] Ho7bs 7 bellA 3K — 5579 FE ko] 0ol 2HE wf e-MLES} e-MME 4 o]
MLES} MMER T ¢HEAQ BpZA o] 78-S &5ttt Bor7ks 37 FellA] 3K — 55%9)
Hzko] 0o 2434 %L wl= MLESF MME, e-MLES} e-MMEZ} H|$238F 24 7H8 2HA €t
20013 1958 20153 59742 KOSPI, S&P500, FTSE, HANG SENG| 41 24982 ASE
g Y& wo|= e-MLES} e-MMEZ} 245 A FH o2 4313t Hyperbolic Shape TriangleS
IHEYE wf, e-MLESt e-MMEEZ A2 AT thebail sheet A=7F o = )0l Aitt. =
3 VaRE ©]83 A5 A5& X% e-MLESE e-MMER 43 NIGE22] 4-50] BolA| A ¢
= U 5 A3k

=

2 A7l Ame] SA Mt NIGe2e] B4 FAAAM 2AH ] T 21& FAsha o]
€ #A SiA Ao Hastgth tdd A4S A8E o8 ¥4 A3, e 4 3 239
s WA BAS] E3t SAA o2 vehdoh SR Bl tdt o] 2 A9l sjAfo] 1o
23

S

Shtha A AF MY rEOE 44T gtk
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Normal inverse Gaussian @ Z0A 25FH9|
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A =dE BxE & Ae £ Qe Ao 48R normal inverse Gaussian(NIG)EZ= 249 24
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R20]: normal inverse Gaussian2X, M| Jls27t, 24 F=H, Value at Risk
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