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BOUNDARY VALUE PROBLEMS FOR FRACTIONAL
INTEGRODIFFERENTIAL EQUATIONS INVOLVING
GRONWALL INEQUALITY IN BANACH SPACE

K. KARTHIKEYAN*, C. CHANDRAN AND J.J. TRUJILLO

ABSTRACT. In this paper, we study boundary value problems for fractional
integrodifferential equations involving Caputo derivative in Banach spaces.
A generalized singular type Gronwall inequality is given to obtain an impor-
tant priori bounds. Some sufficient conditions for the existence solutions
are established by virtue of fractional calculus and fixed point method un-
der some mild conditions

AMS Mathematics Subject Classification : 26A33, 34B05, 34K45.
Key words and phrases : Boundary value problems, Fractional integrodif-
ferential equations, Generalized singular Gronwall inequality, Existence.

1. Introduction

In this paper, we consider the existence of solutions of the following boundary
value problems:
‘Dy(t) = f(t,y(1), (Gy)(), (Sy)(1), 0 < <1, t€J=10,T], (1)
ay(0) + by(T) =,
where ©D® is the Caputo fractional derivative of order o, f: I X X X X x X — X

where X is a Banach spaces and a, b, ¢ are real constants with a + b # 0. G and
S are nonlinear integral operators given by

(Gy)(t) = / b (1, 5)y(s)ds,
and

(Sy)(t) = / kot $)y(s)ds
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with g = maxfot ki(t,s)ds : (t,s) € [0,T] x [0,T] and
v = mazfg ka(t,s)ds : (t,s) € [0,T] x [0,T], where ki, ks € C (J x J,RT).

The initial and boundary value problems for nonlinear fractional differen-
tial equations arise from the study of models of viscoelasticity, electrochem-
istry, control, porous media, electromagnetic, etc (see[6,11,15]). Therefore,they
have received much attention. For the most recent works for the existence and
uniqueness of solution of the initial and boundary value problems for nonlinear
fractional differential equations, we mention [1-5,7,9,15-23]. But in the obtained
results, for the existence, the nonlinear term f needs to satisfy the condition:
there exist functions p,r € C([0,1],[0,00)) such that for 1 > ¢ > 0 and each
u € R,

[f(t,u)] < p(8)|u] +r(t)

and for the uniqueness,the nonlinear term f needs to satisfy the condition: there
exist functions p,r € C([0,1],]0,00)) such that for each 1 > ¢ > 0 and any
u,v € R,

|f(tau) - f(t,’l))| < p(t)|u - U|

such that by using these result, we cannot discuss the existence and uniqueness
of solution. Particulary, Agarwal et al. [1] establish sufficient conditions for the
existence and uniqueness of solutions for various classes of initial and boundary
value problem for fractional differential equations and inclusions involving the
Caputo fractional derivative in finite diminsional spaces. Recently, some frac-
tional differential eqquations and optimal controals in Banach spaces are studied
by Balachandran et al.[5], El-Borai [7], Henderson and Ourhab [9], Hernandez
et.al [11],K.Karthikeyan and J.J.Trujillo [11] Mophou and N, Guerekata [16],
Wang et al.[20-22].

The rest of this paper is organized as follows. In Sect. 2, we give some
notations and recall some concepts and preparation results. In Sect. 3, we give a
generalized singular type Gronwall inequaltity which can be uses to establish the
estimate of fixed point set. In Sect. 4, we give two main results, the first results
based on Banach contraction principale, the second result based on Schaefer’s
fixed point theorem.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
which are used throughout this paper. We denote C(J, X) the Banach space
of all continuous functions from J into X with the norm ||y||oo := sup{|ly(¢)|| :
t € J}. For measurable functions m : J — R, define the norm |m||z»(s,r) =

1
(/ |m(t)|pdt) , 1 < p < oco. We denote LP(J, R) the Banach space of all
J

Lebesgue measurable functions m with ||m/||zr(sr) < c0. We need some basic
definitions and properties of the fractional calculus theory which are used further
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in this paper. For more details, see [11].

Definition 1. The fractional order integral of the function h € L*([a,b], R) of
order o € Ry is defined by

t —_3 a—1
ITh(t) = / %h(s)ds

where I' is the Gamma function.

Definition 2. For a function h given on the interval [a,b], the ath Riemann-
Liouville fractional order derivative of h, is defined by

1 d\" [*
DS h)(t) = =— | = t—s)""*"'h(s)d
D0 = o (7)) [ =9 htoas,
here n = [a] + 1 and [«] denotes the integer part of a.

Definition 3. For a function h given on the interval [a, b], the Caputo fractional
order derivative of h, is defined by

1 ! _Sn—a—l (n)s S
e | s

where n = [a] + 1 and [a] denotes the integer part of «.

(“Dah)(t) =

Lemma 1. Let a > 0, then the differential equation “D*h(t) = 0 has solutions
h(t) = co + c1t + eat? + - Fepqt" L,
where ¢; € R, 1=0,1,2,--- ,n,n = [a] + 1.
Lemma 2. Let a > 0, then
I%(°DR)(t) = h(t) + co + c1t + cot® + -+ + cpgt" 1,
for some ¢; € Ryi=10,1,2,--- ,n, n=[a] + 1.

Now, let us introduce the definition of a solution of the fractional BVP (1).
Definition 4. A function y € C!(J, X) is said to be a solution of the fractional
BVP (1) if y satisfies the equation *D%y(t) = f(t,y(t), (Gy)(t), (Sy)(t)) a.e. on
J, and the condition ay(0) + by(T) = c.

For the existence of solutions for the fractional BVP (1), we need the following
auxiliary lemma.

Lemma 3 ([1]). A functiony € C(J, X) is a solution of the fractional integral
equation

1

W) = e [ =9 T s = = | | = )=
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if and only if y is a solution of the following fractional BVP

{0 =70, 0 <<, e ©)
ay(0) + by(T) = c.

As a consequence of Lemmas 3, we have the following result which is useful
in what follows.

Lemma 4. A functiony € C(J, X) is a solution of the fractional integral equa-

tion
y(t) = ﬁ / (- 5)™ 1 f(s,y(s), (G)(s), (Sy)(5))ds
g T T o) (@), (Sn) s — e

if and only if y is a solution of the fractional BVP (1).

Lemma 5 (Bochner theorem, [2]). A measurable function f: J — X is Bochner
integrable if || f|| is Lebesbuge integrable.

Lemma 6 (Mazur lemma, [2]). If K is a compact subset of X, then its convex
closure conukC is compact.

Lemma 7 (Ascoli-Arzela theorem, [18]). Let S = {s(t)} is a function family of
continuous mappings s : [a,b] — X. If S is uniformly bounded and equicontinu-
ous, and for any t* € [a,b], the set {s(t*)} is relatively compact, then there exists
a uniformly convergent function sequence {s,(t)}(n =1,2,--- ,t € [a,b]) in S.

Theorem 1 (Schaefer’s fixed point theorem, [18]). Let F : X — X completely
continuous operator. If the set

E(F)={ze€ X :x=MFz for some XA € [0,1]}
1s bounded, then F has fixed points.

3. A generalized singular type Gronwall’s inequality

In order to apply the Schaefer fixed point theorem to show the existence
of solutions, we need a new generalized singular type Gronwall inequality with
mixed type singular integral operator. It will play an essential role in the study
of BVP for fractional differential equations.

Lemma 8 (Lemma3.2, [13]). Lety € C(J,X) satisfy the following inequality:

t T t T
ly(®)] < a+b / ly(®)|* b+ / ly(®)|*2d6-+d / ol do+e / ol yido, t € J,
(0] 0 0 (0]

where A1, Az € [0,1], A2, A\q € [0,1),a,b,¢,d,e > 0 are constants and |yg|llz =
supg<s<g lY(s)|l. Then there exists a constant M* > 0 such that

Iy < M.
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Using the above generalized Gronwall inequality, we can obtain the following
new generalized singular type Gronwall inequality.

Lemma 9 (Lemma 3.2, [23]). Let y € C(J, X) satisfy the following inequality:

t T
l(®)]l < a+b / (t— 52 y(s)|Mds + ¢ / (T — 92 (), (3)

where a € (0, ))xe[()l—f)forsomel<p<
Then there exists a constant M* 0 such that

ly@) < M.

T a, a,b,c > 0 are constants.

Proof. Let

L wel<t,
2(t) = { y(®), ly(t)]] > 1.

It follows from condition (3) and Hélder inequality that

lsOI < 2
T
<(a+1) +b/ )21 >||Ads+c/ (T = 5)° () M ds

_(a+1)+b</0( s)pla- 1>ds> (/ (s ||p1d5) B

—1

+c</OT<T— e %)p (/ o (s) | lds> p

) Tpla—1)+1 vt Apd
< 1 _ p—1
<ot | [ et

Trle=1)+1 1% T A
e =gy ) o

This implies that

||x<t>|g(a+1>+b[ “H] /||x )25 ds

Tp(a 1)+1 % J
+C[p(a—1)+l} /0 (s )||” S,

where 0 < p)‘% < 1. By Lemma (3.1), one can complete the rest proof immedi-
ately. O
4. Existence result

Before stating and proving the main results, we introduce the following hy-
potheses.
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(H1) The function f:J x X x X x X — X is strongly measurable with
respect to t on J.
(H2) There exists a constant a3 € (0,a) and real-valued functions

my(t), ma(t), ms(t) € Lﬁ(J,X) such that

1 (8 2(8), (G)(t), (Sx)(8)) — f (£ y(t), (Gy)(D), (Sy) )] <
my ()| =yl + ma(t) |Gz — Gy + ms(t)[| Sz — Sy, (4)

for each t € J, and all z,y € X.

e (H3) There exists a constant as € (0, @) and real-valued function h(t) €
1
L~z (J, X) such that

lf(ty, (Gy), (Sy)|| < h(t), for eacht € J, and all y € X.

For brevity, let M = ||my + yoma + ’ylmgHLchl(J’X), H= ||h|\La%(J7X).
e (H4) The function f:J x X x X — X is continuous.
e (H5) There exist constants A\ € [0,1 — %) for some 1 < p < = and

N > 0 such that
| £(t, u, Gu, Sw)|| < N(1 4 yollul|* +y1|ul|*) for each t € J and all u € X.

e (H6) For every t € J, the set

K = {(t—3s)"""f(s,y(s), (Gy)(s), (Sy)(s)) : y € C(J,X),s € [0,]) } is
relatively compact.

Our first result is based on Banach contraction principle.

Theorem 2. Assume that (H1)-(H3) hold. If

MTe— |b] >
Q,r= 1+ <1, 5
r<a><?-z‘;>1—al< o+ ®)

then the system (1)has a unique solution on J.

Proof. For each t € J , we have

6= w06 G, swn s < ([ 16— 975 s ) o (/ t(h(s))?lzds)%
To—ax

(5=52)1-e2

<

Thus, ||(t—s)*"1f(s,y(s), (Gy)(s), (Sy)(s))]|| is Lebesgue integrable with respect
tos € [0,t] forallt € J and x € C(J,X). Then (t—s)*"1f(s,y(s), Gy(s), Sy(s))
is Bochner integrable with respect to s € [0,¢] for all ¢ € J due to Lemma 5.
Hence, the fractional BVP (1) is equivalent to the following fractional integral
equation
¢

W0 = prs [ (=9 009, (GH)(5), (S0)(5))ds

L(a) Jo
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1 b ’ a—1
7 [T [ 9 ). (G, (Su)e)ds — et € .
Let
reerH ol TUH e
Do) (gza)ies Ja+ 0] Tla)(azg)i e Ja+ bl

Now we define the operator F on B, := {y € C(J,X) : ||y|| < r} as follows

(Fy)(t) = ﬁ / (t— )2 f(s,9(5), (Cy)(s), (Sy)(s))ds

7 1
a+b

b

’ -1
m%“ﬁ MMWWWWMcMu

Therefore, the existence of a solution of the fractional BVP (1) is equivalent to
that the operator F' has a fixed point on B,.. We shall use the Banach contraction
principle to prove that F' has a fixed point. The proof is divided into two steps.

Step 1. Fy € B, for every y € B, For every y € B, and any 6 > 0, by (H3)
and Holder inequality, we get

I(Fy)(t +6) — (Fy) @)

< Hr(l@ [T =7 =9 (0, o) ()6
1 t+06
e / (E46— ) f(s,5(5), (Gu)(s), (Sy)(s))ds
< ﬁ / [(t = 5)°~1 = (t 46 — )7 | £ (5, 5(5), (Gy)(s), (Sy)(5)) |ds
1 t+06
@ / (t+6— ) U f(s,5(s), (Gu)(s), (Sy)(s))ds
< ﬁ A e R A O
t46
+ﬁ/t (t 40— )= h(s)ds
< F(la)</0 [(t—s)falz—(tw—s)faé]ds) (/0 (h(s))alzds)
t+0 ot 1=c2 t+6 ) a2
+ﬁ </t (t+6— s)l‘wds> (/t (h(s))%d5>
a—agy a—ay a—ag \ l—a2 a—ag \ 1—a2
H (tFe T (t+0)Te H [T
colmrE ) )



200 K. Karthikeyan, C. Chandran and J.J. Trujillo

__H
Fla) (=)

170(2
2H*— 2
Do) (E2)

1—0&2

[(t% — (t+0) e + §Tas )Ime2 4 ga—o

As 0 — 0, the right-hand side of the above inequality tends to zero. Therefore,

F is continuous on J, i.e., Fiy € C(J,X). Moreover, for y € B, and all t € J,
we get

IFy) @) < ﬁ / (= 9 £ (5, (s, (Gy)(s), () (5)) | ds

10| g a-1 |c]
e [ 0 (), @), (S e)lds + o
< ﬁ/o (t —5)* " 'h(s)ds

b / - ¥
fa T olr(@) /, (L% R

< @ (/Ot(ts)la;zd8>l_a2 ([ tsnias)
+ |a+|:‘|r (/ (T — s)T-az ds>1a2 </0T(h(s))(%2d8>a2 n ‘a|i| ;

+

)

T "2H Lo TOCH ||
T Da)(=52)1 e ja+ o D) (§=52) o2 a+0|

<,
which implies that ||Fy|lcc < 7. Thus, we can conclude that for all y € B,,
Fye B,.ie., F: B, — B,.

Step 2. F is a contraction mapping on B,. For z,y € B, and any t € J,
using (H2) and Holder inequality, we get

[(Fz) () = (Fy) (@)

1t o
< @/0 (t =) If (s, 2(5), (Ga)(s), (Sz)(s)) = £(5,(5), (Gy)(s), (Sy)(s)) llds

‘b‘ T a—1
+m/0 (T = )| f (s, 2(s), (Ga)(s), (Sz)(5)) — f(s,9(s), (Gy)(s), (Sy)(s))l|ds

< iy [ 9T @(6) — y(6)] + (o)) ~ G

+ m3(s)||Sz(s) — Sy(s)||ds

I L /T(T —9)* 'ma(s)[[a(s) — y(s)l| + ma(s)||Gx(s) — Gy(s)|
la + b|T"(cr)

+m3( MSz(s) — Sy(s)||ds
ylloo / (t — $)* " m1(s) + voma(s) + yims(s)]ds

\b\Hz _y”oo

la +b|0(a) Jo (T‘S)a_l[ml(SHVOW(s) + y1m3(s)]ds
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ylloo (/ (t—s)T-ar ds)lf"l (/Ot([ml(usmQ( ) sl A d )«11

‘Ti'fb}y”m ([ (T—swlds)l_m ([ a6+ 2umate) + vimaoipas)

<M =vlloe Ty (9) 4 oma(s) + mms ()] s
T e (gt L°tT (J,RT)

blle — yllo T
+ +
la + b|T () (a all)l P [I[[m1(s) +~voma(s) +y1ms(s )]HL"‘l (D)

MTe—o o]
: [F(a)(ww o (” |a+b|)

So we obtain

lz = ylloo-

||F$—Fy||oo§Q7

yHoo-

Thus, F' is a contraction due to the condition (5).
By Banach contraction principle, we can deduce that F' has an unique fixed
point which is just the unique solution of the fractional BVP (1). (]

Our second result is based on the well known Schaefer’s fixed point theorem.

Theorem 3. Assume that (H4)-(H6) hold. Then the fractional BVP (1) has

at least one solution on J.

Proof. Transform the fractional BVP (1) into a fixed point problem. Consider
the operator F : C(J, X) — C(J, X) defined as (6). It is obvious that F is well
defined due to (H4). For the sake of convenience, we subdivide the proof into
several steps.

Step 1. F'is continuous.

Let {y,} be a sequence such that y,, — y in C(J, X). Then for each ¢ € J,
we have

1(Fyn)(t) — (Fy)(®)]
t
. / (t = )L £(5,5n (), (G)n(5), (S¥)n(5)) — £(5,5(5), (Gy)(5), (Sy)(5))|ds
04) 0
) T
st /0 (T = )21 (5, yn(5), (GWn(5), (S1)n(5)) — F(5,5(5), (Gy)(5), (Sw)(s))1ds

Lo ) = FevODles [ [ orgs s 1 [T r g,
< (o) e it by J) =]

™ 1o
S Tt (” |a+b|) 1 Coyn () = FCy(O)loo-

Since f is continuous, we have

I = Pl < sy (14 )
<G00 (G, (S0)n () = FC50), @), (S Olee = 0

as n — oQ.

Step 2. F maps bounded sets into bounded sets in C(J, X).
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Indeed, it is enough to show that for any n* > 0, there exists a £ > 0 such
that for each y € By- = {y € C(J, X) : [[ylloc <"}, we have [|[Fylloc <.
For each t € J, we get

I(Fy)(0)]] < ﬁ / (t — )1 £(5,5(5), (Gy)(s), (Sy)(s)) | ds
TR L/~ / C = 9 £, 5(5), (Go)(5), (S1)(s)
la + b|T(a) J, PYL8) \EYIRS), WY

N+ llyl* + llyld [ a-
g{ OF(a) /O(tfs) 1ds}

||
|a + b

+

BNV + ollyl + i) / . ¥
T —s)* *d
|a+b|r< ] (T —stas] ¢

N( 1+’Yo +71(n ) )/Ot(ts)alds}

IN

+

|b|N1+Wo )+71( M) (T e [
|a+b|r<> /0<T 5)°ds]

[
|
|
[N 1+70 +71(?7 ™) /t(t_s)alds]
|
{

+

0
b N ( 1+W0 ) ) [T e
[0+ T (@) ) - sras
TN (1+ (") +7(n*)* )+ TN (14 v0(n*)* + 71 (n*)*)
INa+1) la + 0|7 (a4 1)
lc] [T“N(1+70(n*)k+w(n*)k)]

|a + b| IMNa+1)
N {IbITaN(1 + 70(7*)* +71(ﬂ*)“)}

la + bl (a+ 1) ’

_|_

IN

+

which implies that

TN (1 + (") + 71 (n*)*) 0] ||
Ta+1) <”|a+b|>} fa+0)
TN (1 +v®m) +71(n*)Y) || L
{ T(a+1) <1+|a+b>}'_€'

1Pyl < |

Step 3. F maps bounded sets into equicontinuous sets of C'(J, X).
Let 0 <t; <ty <T,y € B,-. Using (H5), we have

I(E'y tz) (Fy) ()]

Fa =97 = = 9 (). G5 (S () s
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1 a
* o) / ta — ) 7 f(5,9(s), (Gy)(s), (Sy)(s)) | ds
o
N(1 A
< [MLE00 'y” * ullla / (11 = 5)°7" = (t2 = )" 1)(L+ y(s)]|")ds

0

()
[N(l + 900 + 71 (7)) / "l -9~ (1 ) )ds|
0

- I'(a)
*\A *\ A ta
4 |:N(1+70(7}()a)+ 71(77 ) )/tl (tg _ S)a_ld8:|
*\ A *\ A
< |:N(1 +701_§E7a)+_1|')71(77 ) ) (‘t? —t§| —|—2(t2 _tl)a)]

BN (1 +70(n")* + 11 (")) (t2 — tl)“}
I'a+1) '
As ty — t1, the right-hand side of the above inequality tends to zero, therefore
F' is equicontinuous.
Now, let {y,}, n =1,2,--- be a sequence on B,-, and

(Fyn)(t) = (F1yn)(t) + (Fayn)(T), t € J.

<A +vm)*+ vl(n*)A)[

where

(Fiyn)(t) = ﬁ/o (t = 5)"7 1 f(5,9n(s), (GY)n(s), (Sy)u(s))ds, t € J,

1
a+b

b

(Foyn)(T) = — (o) /0 (T — )" £ (5, yn(5), (Gy)n(s), (Sy)n(s))ds — C] :

In view of the condition (H6) and Lemma 6, we know that convK is compact.
For any t* € J,

(Fuyn)(t") = ﬁ / (= 97 (5, un(5), (G)a(5), (Sy)n(s))ds

k * —1 % ok » .
- ﬁ klif;o; tk (t - %) f (%’yn(%), (Gyn)(%)’ (Syn)(%))
_ s
- F(Oz)é-n’
where

Since convK is convex and compact, we know that §~n € convK. Hence,
for any t* € J, the set {(Fiyn)(t*)} is relatively compact. From Lemma 7,
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every {(Fiyn)(t)} contains a uniformly convergent subsequence {(Fiyn,)(t)},
k=1,2,--- on J. Thus, the set {F1y : y € B,-} is relatively compact. Simi-
larly, one can obtain {(Fay,)(T")} contains a uniformly convergent subsequence
{(Foyn, )(T)}, k=1,2,---. Thus, the set {Fby : y € B~} is relatively compact.
As a result, the set {Fy,y € B,-} is relatively compact.

As a consequence of Step 1-3, we can conclude that F' is continuous and
completely continuous.

Step 4. A priori bounds.

Now it remains to show that the set

E(F)={yeC(J,X):y=AFy, for some X € (0,1)}

is bounded.
Let y € E(F), then y = AFy for some A € (0,1). Thus, for each t € J, we
have

0= (a7 [ =9 st (S
T
“ss | <T5>“f<s,y<s>,<5y><s>>dsCD.

For each t € J, we have

NT* DI TN (1 + 50 (1) + 11 (n*)Y) ]
ly@I < T(a+ 1) [ la+bT(a+ 1) ]+ |a + bl
N1 +5%0)*+7n(0)*) [* a1
+[ 0 ey /O (t—s) ds}
BN (1 +v0(n")* +y1(n*)*) [T o1
+[ |a0—|— b (@) 1 /0 (T =) ds}'

By Lemma 9, there exists a M* > 0 such that
ly(Dlf < M*, teJ.
Thus for every t € J, we have
[Ylloe < M™.

This shows that the set E(F') is bounded. As a consequence of Schaefer’s fixed
point theorem, we deduce that F' has a fixed point which is a solution of the
fractional BVP (1). O
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