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ABSTRACT

Uncertainty appears not only in real quantities but also in complex quantities. Complex uncertain process is essentially
a sequence of complex uncertain variables indexed by time. In order to describe complex uncertain process, a formal
definition of complex uncertain distribution is given in this paper, as well as the concepts of independence and vari-
ance. In addition, some properties of complex uncertain integral are presented.
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1. INTRODUCTION

In order to describe these non-determinate phenol-
mena in nature, probability theory, fuzzy mathematics
and rough set theory have been produced. In 1933, Kol-
mogorov founded the theory of probability axiomatic
theorem. The theory of fuzzy set was established by
Zadeh (1965). Rough set theory was presented by Paw-
lak (1982) for the first time in 1982. In many cases of
our real life, classical measure is widely used. Classical
measure satisfies nonnegativity, but the measure has no
countable additivity. In order to satisfy this demand,
capacities was proposed by Choquet in 1954 and fuzzy
measures introduced by Sugeno (1974). Although both
capacity and fuzzy measures put emphasis on continuity,
instead of on self-duality and countable subadditivity, as
we all know, self-duality and countable subadditivity are
of utmost importance. To define a self-dual measure, the
concept of credibility measure was put forward by Liu
and Liu (2002). In 2007, Liu (2004) founded uncertainty
theory, then it was refined by Liu (2011) which based on
an uncertain measure satisfying normality, duality, sub-
additivity, and product axioms. Thereafter, a lot of ex-
plorations were undertaken. For example, You (2009)
researched the convergence of uncertain sequences in
2009. For studying dynamic uncertain events, the con-
cept of uncertain process was initiated by Liu (2008).

Up to now, uncertainty theory has been applied to
uncertain calculus (Liu, 2009), uncertain differential eqg-

uation (Liu, 2008; Yao and Chen, 2013), uncertain logic
(Liu, 2011), uncertain programming (Liu, 2009; Liu and
Chen, 2015) and uncertain finance (Liu, 2009; Chen,
2011), etc.

Since the 1900s, complex stochastic variable and
complex stochastic process have been widely applied in
information science, electronic systems and physical
fields. Inspired by this, complex uncertain variable was
discussed by Peng (2013). Considering the increasing
applications of complex numbers and the uncertainty
involved in dynamic systems, the properties of complex
uncertain process are explored in this paper, including
definition and theorems of complex uncertain distribu-
tion, independence, expected value, variance and inte-
grals of complex uncertain process.

There are four sections in this paper. In Section 2,
we will recall some concepts in uncertainty theory, then
some properties of complex uncertain process are dis-
cussed in Section 3. A brief summary is given in the last
section.

2. PRELIMINARY

In this section, some basic knowledge in uncer-
tainty theory are introduced, which will be used in this
paper.

To measure uncertain event, uncertain measure was
introduced as a set function satisfying normality axiom,
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duality axiom and subadditivity axiom.
After the introduction of uncertain measure, we re-
call the definition of uncertain space.

Definition 2.1 (Liu, 2007) Let T be a nonempty set, £ a
o -algebra over T, and s an uncertain measure. Then
the triplet (T, £, ¢ ) is called an uncertainty space.

Definition 2.2 (Liu, 2007) An uncertain variable & is a
function from an uncertainty space (T, 2, %) to the set
of real numbers such that {&eB} is an event for any
Borel set B of real numbers.

Definition 2.3 (Peng, 2013) A complex uncertain vari-
able ¢ is a function from an uncertainty space (T, £, M)
to the set of complex numbers such that { eB} is an
event for any Borel set B of complex numbers.

Definition 2.4 (Peng, 2013) The complex uncertain dis-
tribution ® of a complex uncertain variable ¢ is de-
fined by

®(z)=m{Re(¢) < x,Im({) <y},
for any complex number z=x+iy, x, yeR.

Theorem 2.1 (Peng, 2013) A function ®(c): C+[0,1]
is a complex uncertainty distribution of complex uncer-
tain variable if and only if it is a monotone increasing
function with respect to the real part and imaginary part
of c, respectively, and

1) JLn}cm(x+bi) #1 yliqu)(aJ“ yi)#1,Va,beR.

2) lim

Jim O(x+yi)=0.
Definition 2.5 (Liu, 2007) Let &£ be an uncertain vari-
able. Then the expected value of & is defined by

E[g]:fomm{gz x}dx—flm{fs x}dx,

provided that at least one of the two integrals is finite.

Definition 2.6 If the real and imaginary parts of com-
plex uncertain process Z, exist, then the expected value
of z, is defined by

E[Z,]=E[Re[z]]+iE[Im[Z]].

In order to describe dynamic uncertain systems, un-
certain processes are introduced.

Definition 2.7 (Liu, 2008) Let T be an index set and let
(T, £, ) be an uncertainty space. An uncertain process
is a function X, () from T x (T, £, m) to the set of the
real numbers such that {x, B} is an event for any Borel
set B of real numbers at each time t.

Since uncertain process is used to describe uncer-
tain phenomena changing over time, it is a series of un-
certain variables changing over time.

Remark 2.1 The above definition says X, is an uncer-
tain process if and only if it is an uncertain variable at
each time t.

Definition 2.8 Let (T, £, ) be an uncertain space and
let T be an index set. A complex uncertain process is a
function from T x (T, £, ¢) to the set of complex num-
bers.

Furthermore, Z, is a complex uncertain process if
and only if there exist two uncertain processes X,, Y, such
that z, = X, +iY,.

Definition 2.9 (Liu, 2009) An uncertain process C, is
said to be a canonical Liu process if
(i) C,=0 and almost all sample paths are Lip-
schitz continuous,
(if) C, has stationary and independent increments,
(iii) every increment C,, . - C, is a normal uncer-
tain variable with expected value 0 and vari-
ance t°.

Definition 2.10 If C,, C,, are independent Liu processes,
then C,=C,+iC, is a complex Liu process, where
i> =-1. Especially, complex Liu process C, is said to be
standard if C,, C,, are canonical Liu processes.

Definition 2.11 (Liu, 2009) Let X, be an uncertain proc-
ess and let ¢, be a canonical Liu process. For any par-
tition of closed interval [a,b] with a=t, <t, <---<t,, =h,
the mesh is written as

A = maxi|t

1<i<k

t|.

i+l

Then Liu integral of X, with respect to C, is defined as
b Lok
[ xdc, :méxn (Ca-Cy)

provided that the limit exists almost surely and is finite.
In this case, the uncertain process X, is said to be inte-
grable.

Theorem 2.2 (Liu, 2011) If X, is a sample-continuous
uncertain process on [a,b], c, is a canonical Liu process,
then X, is integrable with respect to ¢, on [a, b].

Theorem 2.3 If uncertain processes X,,Y, are all inte-
grable with respect to complex Liu process C,, then the
complex process Z, is said to be integrable with respect
to C,, and
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[*z,c, = (j" X.dC, —I:YtdCZt)+ |(jb X,dC,, + J':Y[an),

where Z, = X, +iY,, C,= C,+iC,,.

3. THE PROPERTIES OF COMPLEX
UNCERTAIN PROCESS

In this section some concepts and theorems of com-
plex uncertain process will be discussed.

As uncertainty distribution is an important method
to describe uncertain variable, the complex uncertainty
distribution of a complex uncertain process is of prime
importance.

Definition 3.1 Complex uncertain process z, is said to
have a complex uncertainty distribution o (z) if at each
fixed time t", complex uncertain variable Z. has com-
plex uncertainty distribution @ (z).

Theorem 3.1 A function @, (z): TxC +[0,1] is a complex
uncertainty distribution of complex uncertain process if
and only if at each time t, it is monotone increasing with
respect to the real part Re(z) and imaginary part Im(z),
respectively, and

i) lim @, (x+bi) %1 lim @ (a+yi)#1vabeR.

i) lim @, (x+yi)0.

X+, ¥

Proof: Since z, is a complex uncertain process if and
only if the real part and imaginary part of z, are com-
plex uncertain variables at each time t, by Theorem 2.1,
the theorem is proved.

Next, we introduce the definition of independence
of complex uncertain processes.

Definition 3.2 Complex uncertain processes z,,, Z,,, -+,
z,. are said to be independent, if for any Borel sets of
complex numbers g, B,,---, B,, We have

m{j@lzj‘ E Bj}: ,le{zn eB}.

Theorem 3.2 Complex uncertain processes z,,z,, -,
z,, are independent if and only if for any Borel sets of
complex numbers B, B,,---, B,, we have

< s

n
W{len € Bj}: v M{Z, B}

1

Proof: By the self-duality of uncertain measure, z
..., Z,, are independent if and only if

|

z

1t <2t

Cs

I
N

Z, e Bj}=1—M{lej[ € BjC}

:1—51%{2]1 B/}

= ilm{zﬁ € BJ}.

Theorem 3.3 Let 7, = X, +iY,, Z,, = X, +iY,, be two in-
dependent complex uncertain processes, where X,,Y,,
X, Y, @reuncertain processes. Then

i) X, isindependent with X, orY,,.

ii) X, isindependent with X, or Y.

iii) Y, is independent with Y,,.

2t

Proof: For B, B, c R, we have
{Xn S Bl} F\{X2t S Bz}
={Xn eB,Y, e R}m{Xm eB,, Y, e R}

={th e{x +iy|x e Bl}}m{z2t e{x +iy|x e BZ}}.

Since 2, Z,, are independent, we get
M{{X, € B} N {X, eB,}}
:514{21I e{x +iy|x e Bl}} /\514{22l e{x +iy|x e Bz}}
:9l/l{X1t eB,Y, e R} A?l/l{XZt €B,, Y, € R}
=9VI{X1t € Bl} /\ﬁl/l{X2t € BZ}.

Thus X,, X, are independent. Similarly, we can prove
the other conclusions.

Theorem 3.4 Let z,, z, be independent complex uncer-
tain processes with finite expected values. Then for any
complex numbers a, b, we have

E[az, +bZ,]=aE[Z,]+bE[Z,],

where z, =X, +iY,, j=1.2.

Proof: If z,, z, are independent complex uncertain pro-
cesses with finite expected values, then

Re[Zy +Zy | = Xy + Xop, IM[Zy + Z, ] =Yy + Y,y -

Since X, is independent with X,,, Y, is independent with
Y,., we have

E[az, +bZ,]=E[aRe(Z,)+bRe(Z,)]
+HE[alm(Z,)+bIm(Z,)]
=E[aX,, +bX, ] +iE[aY, +bY,]
=E[aX, ] +iE[aY, ]+ E[bX, ] +iE[bY, ]
=aE [ X, ] +iaE[Y, ]+ bE[X,,] +ibE[Y, ]
=aE[Z,]+bE[Z,].
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Definition 3.3 Let z, be a complex uncertain process
with finite expected value Z. Then the variance of Z, is
defined by

V[Zt]= E[(Z‘—Z)Z} )

Some useful properties of complex uncertain proc-
esses are illustrated as follows.

Theorem 3.5 Let Z, be a complex uncertain process, f a
function from C to R. Then f(Zz,) is an uncertain proc-
ess.

Proof: If z,is a complex process, f is a function from C
to R, then f~*(B) is a Borel set of real numbers, i.e.

{z.e t7(B)}={reT|z, e f7(B)}.
Then we have
{f(2)eB}={rer|f(z,)eB}.
Theorem 3.6 Let z,, z,,, -, Z,, be complex processes, f
a function from C" to C. Then z,= f(Z,,Z,,--, Z,) isa
complex uncertain process.
Proof: If z,,Z,,---, Z,, are complex processes, f is a

function from C" to C, then for any Borel set B of com-
plex numbers, f*(B) isa Borel set of C", we get

{(an Zyi i Zy)eE fﬁl(B)}:{f(Zn’ Zyr s Zm)e B}:

then f(z,, 2, Z,) isacomplex uncertain process.

Theorem 3.7 If X, is a monotone bounded uncertain
process on [a,b], and C, is a canonical Liu process,

then j: X,dC, exists.

Proof: Let uncertain process X, be increasing on [a, b]
with respect to t. Thus X, > X,. For any ¢>0, let 5=

¢ __ Then partition closed interval [a, b], such that

b Xa
the mesh

A = max(t

1<i<k

41 _ti‘ <¢€.
Since almost all sample paths of C, are Lipschitz con-
tinuous with respect to t, we have |, | .__¢__ Let M,

Xb_xa
m, be the supremum and in fimum of X, on [t t_,], res-
pectively. Since X, is increasing on [a, b] with respect
tot, then m,=x, ,m =x,, thus

In a similar proof of Theorem 2.2, the theorem is proved.

Theorem 3.8 If X,,Y, are monotone bounded uncertain

b .
processes on [a, b], then ja X,Y, dC, exists.

Proof: Let uncertain processes X,,Y, be increasing on
[a b] with respect to t. For any ¢ >0, there is 5=

__%__ Then partition [a,p] into T, parts. Since almost
Xh_xa

all sample paths of C, are Lipschitz continuous with

respect to time t, we have ac)<—4 . Let M* be the
Xb - Xa

supremun of X, and m" be the infimum of Y, on [a, b].
Let M*, m* be the supremum and infimum of X, and
M., m" be the supremum and infimum of Y, on [t t,,],
respectively. Since X, is increasing on [a, b] with re-
specttot, then M X=X, , m* =X, thus

!

Ky

Ky
Dac (M -m) <5 B (M )

i=1

__ &
Xb - xa

(Xb —Xa)zgl.

Similarly, for the partition T, of Y,, we have

Let T =T,+T,, and g=¢/2m", &, =¢/2M*. We have

i‘ACLHMiXMiY -m*m")
i=1

M~

_ ) ‘Actl"(MiXMiY _Mixmiv +Mi><miY _mixmiv)

I
[N

-

Il
N

e[ 7 <)o (<]

<M Xi‘ACtIHMiY —miY)+in‘ACtl‘-(MiX -m*)
i=1 i=1
<M¥g, +m'g

:8’

where k =k, +k,.
The theorem is verified.
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Theorem 3.9 If Z, = X, +iY, is a complex uncertain pro-
cess, where X,,Y, are all monotone bounded uncertain
processes, C,=C,+iC, is a complex uncertain Liu proc-

ess, then Liu integral j:ztd C, exists.

Proof: Since
[*zdc,=["xdc, +if XdC, +i[ YdC, - [ ¥dC,,

X, Y, are all monotone bounded uncertain processes.
According to Theorem 3.7, [°X,dC,, [*X,dC,. ["YdC,

and JbYtdCZI are finite, thus Liu integral I"z[dc[ exists.

Theorem 3.10 If Z, = X, +iY, and z, = X,, +iY,, are Liu
integrable complex uncertain processes, where X,,Y,,
X,., Y,, are all monotone bounded uncertain processes,
C,=C,+iC, is a complex uncertain Liu process, then

J'hzn z,dcC, exists.
Proof: It follows Theorem 3.8 that

b b .
_[ 2,Z,dC, = J. xn Xa _Ynth) + '(ana +Yy, Xy ))dCt

J. uXa —

+iL(Xan[ .)dc, +|j (X Yy + Yy X5 JAC,

Y, )dC, — (X Y, + Yy X, )dCy

b
= L Xy X dCy — _L Yy, Y, dCy — L Xy Yo dCy — L Yy, X, dCyy

b (b b b
'HJ.a X3 X5dCy = 'L YiYodCy + 'L Xy Yo dCy + L Yy X dCy.

The above integrals are all exist, then [ °7,Z,,dC, exists.

4. CONCLUSIONS

In this paper, distribution, independence and variance
of complex uncertain process were defined which broa-
dened the scope of uncertain process. Based on the re-
sults of uncertain theory, sufficient and necessary condi-
tion of complex uncertain distribution, some theorems
about independence, expected value and integrals of
complex uncertain process were deduced. These theo-
rems provided theoretical basis for complex uncertain
process and promoted the developments of uncertainty
theory in complex field.
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