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ABSTRACT. This article deals with the pricing of Asian options under a constant elasticity of
variance (CEV) model as well as a stochastic elasticity of variance (SEV) model. The CEV and
SEV models are underlying asset price models proposed to overcome shortcomings of the con-
stant volatility model. In particular, the SEV model is attractive because it can characterize the
feature of volatility in risky situation such as the global financial crisis both quantitatively and
qualitatively. We use an asymptotic expansion method to approximate the no-arbitrage price of
an arithmetic average Asian option under both CEV and SEV models. Subsequently, the zero
and non-zero constant leverage effects as well as stochastic leverage effects are compared with
each other. Lastly, we investigate the SEV correction effects to the CEV model for the price of
Asian options.

1. INTRODUCTION

Since the seminal achievement (Black & Scholes [1]) of Black and Scholes on European
vanilla options, pricing methods for a lot of complex exotic options also have been developed.
This study particularly concerns with the pricing of Asian options among those exotic options.
Asian options have a payoff frame more complex than the original European vanilla options
because Asian options have a strongly path-dependent feature. The name of Asian is known
to originate from the fact that two founders of the first pricing formula used to belong to Asia
(Tokyo, Japan) (cf. Wilmott [2]). Due to their averaging property, Asian options could diminish
the risk of financial market manipulation of underlying risky assets at the expiration day.

Like many other exotic derivatives, there is no analytic closed form formula for the price of
Asian options. So, many researchers have been devoted to develop how to price these options
approximately or numerically. For example, Geman and Yor [3], and Linetsky [4] used the
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approximation method. Kemna and Vorst [5] used the Monte Carlo method. Ingersoll [6],
Rogers and Shi [7], and Vecer [8] used the partial differential equation (PDE) method.

On the other hand, the Black—Scholes model (Black & Scholes [1]) corresponding to con-
stant volatility has been extended to fulfill requirements given by practical market phenomena
including volatility skew/smile, fat-tailed and asymmetricity of returns distributions, mean-
reversion of volatility and etc. For instance, constant elasticity of variance (CEV) model sug-
gested by Cox [9], stochastic volatility models by Heston [10] or Fouque et al. [11], and a
Levy model by Carr et al. [12] are among those popular ones. So, it is desirable to price
Asian options also based upon these advanced models. In fact, there are quite a number of
studies published along the lines of the extension. For example, there are Peng and Peng [13]
for the CEV model, Fouque and Han [14] for a mean-reverting stochastic volatility model, and
Lemmens et al. [15] for a Levy type model.

This paper chooses not only the CEV model but also the stochastic elasticity of variance
(SEV) model of Kim et al. [16] and compares the models by studying the price of an arithmetic
average Asian option. In the SEV model, stochastic leverage effect is a important feature of
the SEV model. It’s shown that the SEV model gives results of desirable correction to the
price under the Black—Scholes model in regard to both dynamics and geometry of the resultant
implied volatilities. The model has been utilized to study a perpetual American option (Yoon et
al. [17]) and an asset allocation problem (Yang et al. [18]). Further, the model can characterize
the feature of volatility during the peak period of the 2007-2008 global financial crisis both
quantitatively and qualitatively as shown in Kim et al. [19]. So, it would be quite interesting to
derive the value of the Asian option under this model.

This paper is organized as follows. In Section 2, we use the CEV model to characterize
the price of an arithmetic average Asian option. Section 3 is devoted to use the SEV model to
obtain a dynamic law of the price of the Asian option. In Section 4, we obtain the option price
in expanded form. Section 5 investigates the implications of the solution. Section 6 provides
concluding remarks.

2. PRICING UNDER CEV MODEL

In this section, we use a PDE method for the price of an Asian floating-strike option based
on the CEV model. In fact, Peng and Peng [13] have already studied the pricing of arithmetic
Asian options under the CEV model. They used a binomial tree method. In this paper, however,
we utilize Vecet’s dimension reduction skill given by Vecer [8] and some details in Fouque and
Han [14] to derive the corresponding option price.

Under a risk-neutral measure P*, the price S; of an underlying asset at time ¢ follows the
CEV model following stochastic differential equation (SDE) given by

0
dSy = rSudt + o SEAW}, t<T, 2.1

where 7 is an interest rate, o is a volatility coefficient, 6 is an elasticity parameter, W/ is a
Brownian motion. In this paper, we truncate smoothly the value of S; in such a way that the
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resultant price is bounded and bounded away from zero in the interval [0, 7] almost surely.
However, we are going to use the same notation ,S; for the resultant price still.
A payoff function for arithmetic average Asian options is defined by

T
h <1 / Sidt — K1ST — KQ) 2.2)
T Jo

for some constants /; and K5. Here, h is a homogeneous function with the property
h(az) = ah(z). (2.3)

Here, if K1 = 0, (2.2) becomes a payoff for fixed strike Asian options, while, if Ky = 0, itis
a payoff for floating strike Asian options.
Now, we define the Asian option price at ¢ = 0 by

1 T
P(O,S;T, Kl,KQ) = E* I:e_TTh (T/ Sudu - KIST - K2> ‘SO = 3] )
0

where I£* means the expectation under the risk-neutral measure P*.
As a preliminary, we compose a portfolio (c, 5;) whose value is given by

X; = oSy + Bre™ (2.4)

to replicate an averaged process % fg Sydu, where o and 3 are numbers of the risky asset and
risk-free asset at time ¢ so that they are to be determined later. Here, oy is assumed to be a
non-random function. Applying the self-financing strategy, we obtain that from (2.1) and (2.4)

dX; = adS; + Bed(e™)
= udS; + (X — auSy)dt
= rXudt + a(dS; — rSudt)
= rXdt+ OétO'Stg dWy. 2.9
Since the function o4 is a non-randomness, we can obtain
d(eT(T*t)atSt) = eT(T*t)at(dSt — rSidt) + " TS, doy (2.6)
Then, using equation (2.5) and (2.6), one can have
d(er(Tft)Xt) = —re'TDX,dt 4+ " T YgX,
—re" T Xy dt + " TV (r Xydt + oy (dS; — 1Sydt))
= T Dy (dS, — rS,dt)
= d(er(Tft)atSt) —e"T=98,doy, 2.7
Thus, by integrating equation (2.7), one can obtain

T
XT = eTTX() + aTST - aoeTTS() - / 6T(T7t)StdOét
0
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If we choose the trading strategy a; and the portfolio value X att = 0 as

1 — e r(T—t) 1—¢e T
i-e - 7 Xo=z= LS@ _ [(26*7"7“7

at = rT ’ rT

respectively, then the portfolio value X7 at ¢ = T becomes % f(;f Sidt — K and so the payoff
function (2.2) becomes h(Xp — K1S7). Refer to Vecer [8], and Fouque and Han [14]. Thus
the price at £ = 0 can be represented by

P(0,s;T,K1,K2) = E*[e " h(Xr — KiS7) | So = s].

with the portfolio process X;.
Now, we obtain a dynamic law of the arithmetic Asian option price in a PDE form as shown
in the next theorem.

Theorem 2.1. By the change of numeraire 1y := )g—;, the arithmetic Asian option price att = 0
under the CEV model (1) is given by
P(Oa S; Ta Kla KQ) = SU(O, /l]Z), Ta Klv KQ)a

176_7‘T

e — %e_’"T and u(t,; T, K1, K3) is the solution of the PDE

where 1 = T =
1 29609 _
ut+2(¢ Oét) (] U,ww—o
with the final condition u(T,; T, K1, Ko) = h(¢ — K1). Further, the price at arbitrary t > 0

satisfies

T—1
T
Proof. From the It6 formula and the SDE (2.1), we obtain the SDEs

P(t7S;T7K15K2): SU(O,w;T,Kl,KQ)-

o _ o_
d(s;ty = st [(02552 —r)dt — oS? lth*] . dX; =5, [r@btdt +ouoSE AWy

Then, using the It6 product rule, we have
dipy = Xpd(S7 1) + SN dXy 4 dXd(S7h)
0 0_
= [(0259—2 —r)dt — S} 1th*] + rhydt + oqoSE T AW — ay0? S0 2dt

[
g1

=y {0255—2dt — 08 th*} — [asf—th — S, 1th*] (2.8)

o _
2
ol ot
=052 (Oét @ZJt)(th O'St dt)

0
g1

=0S7 (o — y)dWy,
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- ~ 0_
where W/ is given by dW;" = dW; — oS 'dt. From the Girsanov theorem (cf. Oksendal
[20]), we change the probability measure P* into a measure P* through

Zii = e_TTg:g = exp [/OT US’tg_lth* - ;/OT UZSf_2dt] . (2.9)
Then, from (2.3) and (2.9), we have
P(0,s;T, K1, K) = E* [e ""h(Xr — K1Sr) | So = $]
= sE* [e‘”?h(w — K1) [ 4o = @Z)}
0
= sE[h(Yr — K1) | o = 9],

where I denotes expectation with respect to the probability measure P*.
Now, we introduce a function u defined by

u(t, v T, K1, K2) = B[h(¢r — K1) | ¢ = ).

Then the option price P(0, s; T, K1, K2) att = Osatisfies P(0, s; T, K1, K2) = su(0,¢; T, K1, Ko2).
Here, from the Feynman-Kac formula (cf. Oksendal [20]) and (2.8), u(¢,; T, K1, K2) satis-
fies the PDE

1
ug + 5(1/} —o)?0?8" Uy =0

with a final condition given by u(T',¢; T, K1, K2) = h(1)— K1). If the solution  is substituted
into P(0,s; T, K, K2) = su(0,v; T, K1, K3), then the option price P(t,s; T, K, K2) at any
time ¢ can be immediately determined by the aid of the following identity whose derivation can
be found at Fouque and Han [14].

T—t
P(t,S;T,Kl,KQ) = TP(O,S;T,Kl,KQ). (210)

O

3. PRICING UNDER SEV MODEL

In this section, the constant elasticity of variance is randomized and subsequently a dynamic
law of the price of Asian floating-strike option is obtained.

3.1. SEV Formulation. In the stochastic elasticity of variance (SEV) model of Kim et al.
[19], the elasticity of variance is assumed by a stochastic process in such a way that

dS; = rSydt + oS dWY',

0

M=3 +Vef(V1), (3.1)
1 2 2 .

dY, = E(m—Yt)—V\\/gA(Y;) dt+%de
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under a risk-neutral probability measure P*, where r, o, 6, m and v are positive constants,
and W/ and Zt* are Brownian motions correlated by d(WW}*, Zz‘ ) = pdt, and A represents the
market price of elasticity risk. When p is positive, Y; may explode to infinite, and so S; may
fail to be a true martingale. Refer to Andersen & Piterbarg [24]. Also, based on the analysis of
the most financial data excluding some commodity markets, it’s observed that the correlation
between stock price and its volatility is negative. So, p is assumed to be negative. Furthermore,
it is considered as a constant for simplicity. For avoiding the non-existence of moments of
S;, we assume that the function f have the condition that 0 < ¢; < f < ¢2 < oo for some
constants ¢; and cs.

As the Ornstein-Uhlenbeck process(OU) Y; is an ergodic process with an invariant distribu-
tion given by N (m,v2), for the later sections, we denote the average (- ) with respect to this
invariant distribution by

_ (y=m)?

1 too
9) = —F— g(y)e =7 dy,
< > 27‘(’V2 /oo ( )
for any function g.

Now, we suppose that 0 < € < 1 so that the process Y; reverts fast a mean. The introduction
of this process to finance by Fouque et al. [11] was motivated by an empirical analysis of
financial data (example, S&P 500 index). The process gives a quite useful analytic tool to deal
with the problems related to the valuation of financial derivatives. Refer to Fouque et al. [21].
Kim et al. [16] used it as a process for the elasticity of variance.

3.2. Price Dynamics. In this section, we extend Vecet’s dimension reduction technique intro-
duced by Fouque and Han [14] to obtain the option price in the form of two space dimensional
PDE. Since the option price under the SEV model depends on the stochastic processes S; and
Y; (differently from the CEV case), the payoff function for the option has a generalized form
given by

1 T
P(0,5,y: T, Ky, Ky) = B [e““)h (T / Sudu — K187 — Kg) S0 = 5,0 = y} (32)
0

under a risk-neutral measure P*, where h has the condition (2.3).

Similarly with the previous section, we want to replicate an averaged process % fg Sudu
with a portfolio X; = ;S + Bie™. Here, ay is also supposed to be a non-random function.
Then applying the self-financing strategy to X; yields

Q €
dX, = rXudt+ oSV awr (3.3)
Let us choose «; and X as oy = P%TT(T_U and X = 2 = oSy + e~ "1 Ko, respectively.

Then X1 = % fOT Stdt — K>, and so the payoft function (3.2) becomes
P(O’ Svi%T, Klu KQ) = E* [eiTTh(XT - KIST) | SO - 57Y0 - ?/] (34)
att = 0.



ARITHMETIC ASIAN OPTIONS WITH SEV 129

We define a probability measure P* by

dp* T lo-2)1ye - 1T Y-
= :erTizzexp [/0 o572 2”‘”(Y*’dwt*—2/o o2 il (3.5

Now, we derive the option price as follows:

Theorem 3.1. By the change of numeraire 1y := )5{—:, the arithmetic Asian option price att = 0
under the SEV model is given by

P(Oasay; Ta KlaKQ) = SU(Oa%Z/;T, K17K2)7

1—e— 7T

where ¢ = 7 = “=— — %e_rT and u(t,,y; T, K1, K3) sastisfies the PDE

g+ %(lﬂ )20V Wy pu\/i(at _ p)ostO-DHVEW),
Ve
2

1 Vﬂ 1 c v
+ (€<m—y>— T () — pos O f<y>>> ty + -ty =0

with the final condition w(T,v,y; T, K1, K2) = h(y) — K1). Furthermore, the price at arbi-
trary t > 0 sastisfies

Yy

Tt

P(t783y;TaK1aK2): Su(()’Say;TaKlaKZ)'
Proof. By the Ito formula and (3.3), we have the SDEs

lg_ € f
d(St_l) — St—l |:(0-25t02+2\/€f(n) o ’I”)dt _ O'St2(0 2)+\ff(Y)th*:| ,

L1o— €
dX, = 5, [rwtdt +agos2 IV (Yt)th*} .

Then, we obtain

dipy = Xyd(S; 1) + S, A X + dXd(S;h)
r 1
gy (08P 2HRVEDD) _ gy g DRV th*}

1ig_ . B i
+ rpdt + 0 Sf ¢ 2)+\[f(det* - oztUQ(Yt)Ste Ve () gy

i o
— iy | SITERIVEOD gy _ g O-DHVEITD) th*] 3.6)

1(0-2)11/
oS ERIED) gy_  ga 0DV th*]

Lo— €
= 0 SEO-DHVELND (o, — ) (dWy — o520 TVID gy

— O_St%(972)+\/gf(m)(at _ 'l/)t)th*
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~ ~ Lig—
where W/ is given by dW; = dW;" — an( 2)+ﬁf(yt)dt and it is a Brownian motion under
the measure P*. Since d(W}, Z}) = pdt, Zf = pW; + /1 — p?Z} for some independent
Brownian motion Z; with W;*. Then the process Y; satisfies the SDE

1 w2 RO HVEr ()
s =) = 2 (40) = pos; it

9 -
+ V\\[{(det* + /1= p2dZ)). 3.7)
From (2.3), (3.4) and (3.5), we have

P(0,s,y; T, K1, Ky) = E* [e7""h(Xr — K157) | So = 5, Yy =y
* | _—r S
= sE* [e T 2R (¢T—K1)|¢o—¢,yo—y]

:sIE*[h(wT—K1)\¢0=¢, Yo =1y].

dY; =

If we define a function u by
ult, v,y T, Ky, ) = B h($r — K1) [ = 9, Y, = y). (3.8)

Then the option price at ¢ = 0 can be represented by P(0, s, y; T, K1, K3) = su(0,¢,y; T, K1, K»).
Applying the Feynman-Kac formula to (3.6) and (3.7), we obtain a PDE for u of (3.8) as
given in Theorem 3.1. Furthermore, the option price at t > 0 satisfies

T—t T—
P(t7say; Tv K17K2) — TP(OWS??/) Tu KI)K2) —

SU(O, S, Y; Ta Kla KZ)

by the work of Fouque and Han [14].

4. ASYMPTOTIC EXPANSION

Itis difficult to solve the PDE obtained by Theorem 3.1. In this section, we use an asymptotic
expansion method to obtain PDEs whose numerical solutions can be computed easily. So, we

suppose the solution of the form u = > 7, ezu; for solveing the PDE problem in Theorem
3.1.
First, the PDE problem for u can be rewritten as

1
up + 5(1/) o at)20_280—2+2\ﬁf(y)

+\}E<puﬂ(at— V)os3O-DHVEWy,  /(A(y) — posiE-DHVEIW)), ) (4.1)

1
+ - ((m —y)uy + Vzuyy) =0

Unpyp
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with the final condition u(7T,v,y; T, K1, K2) = h(y» — K1). Applying the Taylor series ex-
pansion (cf. regular perturbation) to the PDE (4.1), we obtain

1 1
<6500 + %510 + (L11 + L20) + Ve(Li2 + La1) + €(L13 + 522)> u(t,,y) =0, (4.2)

where

Loo := (m —y)dy + 170y,
L= paV\@s%(H*Q)M((at — )Byy — 0y) — 6iV2A(y)Dy,, i=0,1,2,- -
1.
1
Log := 0 + §(¢ — at)20239_28w

Lo = 1(?/} _ at)20239—2w

= SOy i =12,

2

where §g = 1 and §; = 0 for i = 1, 2, ... Putting the expansion u = > 7, e%ui into the PDE
(4.2) and the final condition, we obtain

1 1
—Loouo + —=(Loour + Liouo) + (Loouz + Liour + Lirug + Laouo)
€ Ve 4.3)
+ \/E(,Coou;; + Lious + Li1uq + Logur + Lioug + EzﬂLo) =0
with the final condition 3%° e2u; (T, v, y; T, K1, K3) = h(ih — K).
Now, we obtain desirable PDEs for u and u;.

2
. . y_
Theorem 4.1. Suppose that u;, (i = 0,1,2,...), does not increase as much as u; ~ ez asy

goes to infinity. Then ug is a y-independent function and satisfies the PDE
Loouo(t,; T, K1, K9) =0, t<T,
uo(T,¢; T, K1, K2) = h(¢) — K1).
Proof. The % term of (4.3) yields the following equation
Loouog = 0.

The assumed growth condition on ug leads that the solution ug of this ODE doesn’t depend on
y, i.e., ug = uo(t, ). The ﬁ term of (4.3) gives

Loour + Ligug = 0.

Since the operator L1 has the partial derivative with respect to y in its every terms and ug does
not depend on the variable y, we have Lgou; = 0 and so u; is independent of the y variable.
By the y-independence of ug and u, the O(1) term of (4.3) becomes the PDE

Loouz + Lagug = 0.

From the solvability condition (cf. Ramm [22]) of this Poisson equation, we have Logug = 0.
Therefore, Theorem 4.1 is proved. U



132 MIN-KU LEE
Continuously, we derive a PDE for the correction term u; from the following theorem.

2
Theorem 4.2. Suppose that u;, (i = 0,1,2,...), does not increase as much as u; ~ e as Y
goes to infinity. Then uy is a y-independent function and satisfies the PDE

£20'LL1 (t7 ¢7 T7 K17 KQ) = _<£21>U0(t, 1/)7 T7 K17 K2)7 t < T7
Ul(T7¢§T7 KlaKQ) = 07
where ug is obtained by Theorem 4.1.

Proof. We have already found that ug and u; are independent on the variable y from the proof
of Theorem 4.1. Also, us is independent of y since the proof process of Theorem 4.1 gives
Loous = 0. Then, from the /€ term of (4.3), we obatin. Logus + Loour + Lorug = 0 and the
solvability condition of this Poisson equation for ug yields Logu1 + (L21)ug = 0. Hence, we
obtain Theorem 4.2. O

5. APPROXIMATE OPTION PRICE

This section investigates the influence of the stochastic elasticity of variance on the constant
elasticity of variance by using a numerical experiment.

In Section 4, we derived the first order approximation for u given by u(t, v, y; T, K1, K2) ~
uo(T,; T, K1, Ko)++/eui (t,¢; T, K1, K5). We define the leading order term P and the first
order term P by

T—t
PO(t,S;T,K]_,KQ) = SUO(O,QZ);T,KLKQ),

T —1t
Pi(t,s;T, K1, Ks) = sui(0,v; T, Ky, K»),

so that the option price P(t,s,y; T, K1, K1) at time ¢ has the approximation
P<t787y;T7 KlaKQ) ~ PO(t7S;T7 K17K2) + \ﬁPl(t,S;T7 KlaKQ)‘

The accuracy of this approximation depends on the property of the payoff h. If the payoff
is sufficiently smooth, it is straightforward to find an approximation error in the pointwise
convergent sense. Otherwise, it needs a regularization of the payoff function as the case of
European vanilla options in Fouque et al. [23]. This paper checks a numerical error instead of
the theoretical proof of accuracy. See Figure 1 (c).

Now, we solve the PDEs for the leading order Py and the correction P, := \/€P; by using
the finite difference method (the Crank-Nicolson method). The solution has the truncation
error given by O((At)?) + O((A)?) with A = 0.005 and v» = 0.0104. Here, the parameters
are given by r = 0.06, 0 = 0.5, 7 = 1, K1 = 0, Ky = 2, ¢ = 0.01, and f(y) = €Y is
chosen. Based on the observed financial data (such as S&P 500 index), we choose the value of
parameter 0 by three values § = 1.8, 0 = 2, and 0 = 2.2.

Figure 1 (a) shows the Asian option price F underlying the CEV model and Figure 1 (b)
shows the approximate price Py + P, under the SEV model. The CEV price also increases
as the elasticity 6 becomes larger but the stochastic elasticity of variance tends to lower the
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FIGURE 1. The price under the CEV model, and the approximate price under
the SEV models, and the correction term P; of the SEV price; r = 0.06,
020.5,T=1,K1 :O,andK2:2

increase. In fact, Figure 1 (c) shows the correction term Py which is negative and has a hump
shape in every case of 6. Here, the sign of P is determined by the choice of f,i.e., Py has the
opposite sign to the sign of (f). Note that the lowering effect has a maximum value near the
strike price K9 and it is more pronounced as ¢ becomes larger.

Figure 2 shows the sensitivity of the correction term P to the asymptotic parameters f. One
can observe that the correction term P; decrease as the asymptotic parameter f increases and
the slope is more large when the parameter 6 is large. So one can figure out that the correction
term P, is more sensitive to the asymptotic parameter as the parameter 6 increases.
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FIGURE 2. The sensitivity of P to the asymptotic parameter f; Sy = 2.5,
r=0.06,0=05T=1 K; =0,and Ky = 2

6. CONCLUSION

The SEV model has been devised based upon a direct observation on the market elasticity of
variance and successfully contributed to making up for the limitation of the CEV model for the
European vanilla option (path-independent option) price. From the standpoint of this success,
we price an Asian option (one of typical path-dependent options) under the SEV model by
using a dimension reduction technique and a singular-regular perturbation method. This study
finds that the CEV option price is somewhat over priced regardless of the elasticity parameter
0. The degree of over valuation has a maximum value near the strike price Ks. This may give
a remarkable feature of the SEV model in that Gamma, which is important due to the fact that
it corrects for the convexity of option value, is greatest approximately at-the-money.
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