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MULTI-DEGREE REDUCTION OF BEZIER CURVES
WITH CONSTRAINTS OF ENDPOINTS USING
LAGRANGE MULTIPLIERS

HASIK SUNWOO*

ABSTRACT. In this paper, we consider multi-degree reduction of
Bézier curves with continuity of any (r, s) order with respect to Lo
norm. With help of matrix theory about generalized inverses we can
use Lagrange multipliers to obtain the degree reduction matrix in a
very simple form as well as the degree reduced control points. Also
error analysis comparing with the least squares degree reduction
without constraints is given. The advantage of our method is that
the relationship between the optimal multi-degree reductions with
and without constraints of continuity can be derived explicitly.

1. Introduction

Given control points p = (pg, p1,- - -, Pn)’, a degree n Bézier curve is
defined by
n
(1.1) p(t) =Y piB(t), t€[0,1]
i=0

where BJ'(t) = (7)t'(1 — t)"~* is the Bernstein polynomial of degree
n. The problem of degree reduction with respect to Lo norm is to find

control points q = (qo, ¢1, - - - ,qm)t which define the approximate Bézier
curve

m
(1.2) q(t) =Y _aBy'(t), t €[0,1]

i=0

of degree m (m < n) such that the Ly norm
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(1.3) da(p, ) = \/ /0 Ip(t) — a(t) Pt

is minimized. Degree reduction of parametric curves was first proposed
as an inverse problem of degree elevation, see [4], [6]. The least squares
degree reduction with endpoints constraints can be found in [3].

Many authors have contributed to solve the degree reduction problem
in a vector-matrix form (see, for example, [8], [11], [12], and [14]). The
vector-matrix form of the least squares multi-degree reduced control
points without constrains can be found in [7] and [9]. They showed that
the least squares control points can be represented as

(14) qa=(T'T)"'T'p

where T is the degree elevation matrix.

In [15] the multi-degree reduced control points with fixed endpoints is
obtained using Lagrange multipliers. They showed that the multi-degree
reduced control points with fixed endpoints can be represented in terms
of the least squares degree reduced control points without constraints
of endpoints continuity and the original control points. In this paper,
we extend the works of [15] to the problem of multi-degree reduction
of Bézier curves with continuity of any (r,s) order at the endpoints.
Constructing the problem in a vector-matrix form is very similar to the
works of [15]. With the help of matrix algebra about generalized inverse
and the Moore-Penrose inverse of a partitioned matrix, we find the opti-

mal multi-degree reduction matrix Rggjzl with arbitrary order continuity

with respect to Lo norm, consequently, we can easily obtain the opti-
mal multi-degree reduced control points q(™*), that is, q(™*) = Rf;’j)np.
From these results we can derive that the optimal multi-degree reduced
control points can be represented in terms of the least squares degree re-
duced control points without constraints and the original control points.
Also we derive the error of degree reduction comparing with the least
squares degree reduction without constraints in a simple form.

In section 2 we introduce some important matrices used in this paper
such as a degree elevation matrix and Legendre-Bernstein basis transfor-
mation matrix. Some properties of generalized inverse and the Moore-
Penrose inverse of partitioned matrices are given in section 3. Matrix
representation of constraints is given in section 4. In section 5, we
present the optimal multi-degree reduction with (r,s) order continuity
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using Lagrange multipliers. Finally, an error analysis is given in section
6.

2. Preliminaries

The problem of degree reduction is an inverse process of degree eleva-
tion. For a given Bézier curve p(t) with control points p = (po, p1, - - -, Pn)?,
we have to find a Bézier curve ¢(t) with control points q = (qo, q1, - - -, gm )"
The first step of degree reduction without constraints of endpoints con-
tinuity is to find control points q™ such that

(2.1) q™ = Thxma

where T« is a degree elevation matrix whose elements are given by,

see [7],

(D
(7)
The Ly norm of the Bézier curve p(t) with control points p can be

expressed as a matrix notation as follows, see [7],

1] n
(2.3) Ipll2 = /0 S Bl
1=0

where @), is defined by

(2.2) Thxm(i,j) = 1=0,1,...,nand 7=0,1,...,m.

2
dt = p'Q,p

1 (D)

:2n+1(ﬁ9

(2.4) @n (i, j)

i,j=0,1,...,n.

In [5] we can find useful results about Legendre-Bernstein basis trans-
formations. Consider a polynomial P,(t) of degree n, expressed in the
degree n Bernstein and Legendre basis on ¢ € [0, 1]:

n n
(25) Pa(t) = _¢;Bj(t) = Y _dily(t).
§=0 k=0
We may express this in a vector-matrix form as

(2.6) c=M,d

where ¢ = (cg,c1,...,¢,)" and d = (dg,d1,...,d,)". Then the basis
transformation matrix M, and its inverse M, ! are given by
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@7) MGk = YR mmfk) (=1 <k> <k> <n' _ @)

(j) i=max(0,j+k—n) A 7
and
(2.8)
L 1 1 i (T (RHE\(n—kFi—i
M= (i k) = v2j+1 : —1)7t ’

The relationship between the degree elevation matrix T, x,, and the
Legendre-Bernstein basis transformation matrices can be found in [8].

LEMMA 2.1. The followings are true.
(a) TémenTnxm = Qm
(b) Qr_nl = MmMﬁL
(©) Q' Thsm@n = MinLxn M,

(d) Tn><m - MnInXmMrﬁl
where Ip,xp is an (m + 1) x (n + 1) matrix whose elements are defined
by

N J 1 ifi=y

(29) Imxn(lvj) - { 0 if Z?é] :

3. Some properties of generalized inverse

In order to solve the degree reduction using Lagrange multipliers in
vector-matrix form, we need to introduce a concept of a generalized
inverse as well as an inverse of a partitioned matrix.

An m x n matrix G is called a generalized inverse of an n X m matrix
Aif AGA = A and is denoted by G = A~. Clearly, if A~! exists, then
A~ = A~!is the unique generalized inverse of A. But if not, there exist
infinitely many generalized inverses. If we impose some conditions, we
can get a unique generalized inverse, namely the Moore-Penrose inverse.
The definition of the Moore-Penrose inverse is as follows:

DEFINITION 3.1. For any matrix A, there exists a unique matrix G
satisfying the following four conditions:
(i) AGA = A, (il) GAG = G,

(iii) AG is symmetric, (iv) GA is symmetric,

and is denoted by G = Af.
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Useful properties of generalized inverse and the Moore-Penrose in-
verse can be found in [1], [10], and [13]. As an application of a gen-
eralized inverse, we can obtain general solutions to a consistent linear
system Ax = b.

LEMMA 3.2. For a given linear system Ax = b, if the system is
consistent, then x = A~ b is a solution. Furthermore general solutions
are given by

x=A"b+ (I — A A)z for any vector z
where I is an identity matrix.

We introduce some results about generalized inverses of partitioned

. S Lt
matrices of the form [U V] and I 0 )
LEMMA 3.3. ([10]) Let A= [U V]. If VKTV =V, then the Moore-
Penrose inverse of A is given by
Ut —UWKT
(g

where

K=(I-UUhv.

LEMMA 3.4. ([10]) Let S be a k x k positive semidefinite matrix and
L be any q x k matrix. If the row space of L is contained in the row
space of S, then
S LY\ (S-S L'WTLS™ STL'W-
L 0 N W-LS™ -W-
where W = LS~ L.

4. Matrix representation of constraints

Given a degree n Bézier curve p(t), an optimal multi-degree reduction
with endpoints continuity of (r,s) order with respect to Lo norm is to
find a degree m (m < n—1) Bézier curve ¢(t) such that Ly norm da(p, q)
is minimized where

d'q(0) _ d'p(0)

(4.1) T ,1=0,1,...,7;

and

dq(1) _ dp(1)

4.2 — = -
(42) dt? dt?

, 3=0,1,...,s.
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Assume that m is sufficiently large so that r + s < m < n — 1 and
0 <r,s <n—m asin the works [2]. The matrix forms of the constraints
(4.1) and (4.2) can be found in [14] as follows:

b(mvn)
?772 n) (m,n) @ po
(4.3) 0,17 b1,1’ q1 _ P1
) pmn) - pme |\ g Pr
and
(4.4)
(m,n) (m,n) (m,n)
bmfs,nfs T bm—l,n—s bm,nfs gm—s Pn—s
bggl_’??n_l bfg?,’f_)l qm—1 Pn—1
b%”h”) dm Pn
where

(4.5) plmen) _ Ni) =i/

Let us define a (k + 1) x (k + 1) matrix I,S"’s) as follows

Livi 00
=1 0 o0 o0
0 0 Is—l—l
so that
I,(,:’S)q = (q0s ey @y 0, .., 0, sy ooy @)
and

I7(7,T7S)p = (p07 <oy Pry 07 ety Oapn—87 "'7pn)t'

Now we can combine two equations (4.3) and (4.4) as a single equation
in a vector-matrix form

where
L 0 0
(4.7) C = 0 0 0
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where L and U are the coefficient matrices in Egs. (4.3) and (4.4),
respectively. Note that two matrices L and U are both triangular matri-
ces, hence they are invertible. It is easy to see that the Moore-Penrose
inverse of C' as follows:

Lt 0 0
(4.8) ct=|( o 0 0
0 0 vt

The explicit forms of L™ and U~! can be found in [14],

(4.9) L;klz(’f))aj_k, j=0,1,...,mk=0,1,...,7,

(5
and
n
(4.10) Uﬁglz((’;n))akj, j=0,1,....,8k=74,7+1,...,s
j

where {a;} is a sequence of constants defined by ag = 1 and

-1
(4.11) aw=-> <nl—m>% 1=1,2,....
—1

i=0
LEMMA 4.1. CT T = I8,

Proof. Comparing explicit elements of two matrices C' and T;,xm we
can see that the first (r + 1) rows and the last (s + 1) rows of C' and
T, xm are the same. Hence we have the results. ]

5. Degree reduction using Lagrange multipliers

The problem of degree reduction with endpoints continuity of higher
order with respect to Ly norm can be restated in a vector-matrix form
similar to the statement in [15]. The object functions to be minimized
are the same, but the constraints used in this problem are given Egs.
(4.1) and (4.2), or equivalently, in Eq. (4.6). Multiplying CT to both
sides of Eq. (4.6) we have

(5.1) Ig’s)q = C'p.

For the simplicity of computation we use constraints given in Eq. (5.1)
instead of Eq. (4.6). Hence the problem of multi-degree reduction with
continuity of (r,s) order with respect to Ly norm can be re-stated as
follows:
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Find the control points q such that
Minimize d5(p, q) = (P — Trxmq)'Qn(P — Trxma)
Subject to I,g:’s)q =C'p.
Since
(5.2) d3(p,q) = P'Qup — 24"}, 1, QuP + ' T @nTrxmd,

by differentiating d% (p,q) and I,(Tf’ )q by qf, respectively, we have

0
aiqt(dg(Z% Q)) 2T7L;><anp +2 nmen nxmd
0
aqt
Hence an introduction of a vector of Lagrange multipliers A leads to
equations

— (1) q) = 1),

nXan nqu+I(r8))\ - nmenp
Iq = C'p.

Since T ., QnTrxm = Qm by Lemma 2.1, we have equations in a vector-
matrix form as

Qm 17(7275) q . Témenp

To solve this linear system we have investigate some properties of a
matrix W = Ig’S)Q,;lIg’S). These can be found in the following lemma.

LEMMA 5.1. Let W = I(T’S)Q;Lllg’s). Then the followings are true.
(a) ISOWT = wir®) = wi
(b) 10 QW = w1 1) = 1)
Proof. The proof of (a) is very easy and is omitted. Since
[7(;18)@;11[/[/1‘ — ]7(7;15)@ 1[(T W = Www' = ](7’ 5)
we have Iy(:;’s)Q;fWT = L(Tf’s). Also three matrices Iy(,f’s , Q1 and Wt
are symmetric, we have WTQ;SL(;’S) = LE,Z’S). O

Now we can solve the problem of Lagrange multipliers using Lemma
5.1. Note that @Q,, is positive definite, therefore the inverse of ()., exists
and we have following result.
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THEOREM 5.2. Let A be a matrix defined by
(r,s)
A= ( Om I ) .
Iy 0

At ( Q' — QuWiQLt Qi )
wiQ! ~wi

Then we have

where W = I},I’S)Q;U?S;’S).
Proof. Let

o ( Qu' — QWi QW >
wiQ! -wt )

Then using the facts in lemma 5.1, we have

ac — [ Qm V) Qa-Quwien Qnwi
5 o wiQy! ~wi

| Lup =W+ IIWHQE W —
I Qut = IVQuIwiQLL  IiYQutw

Ipia 0
= L0 o)

I 0
Similarly we have GA = ( 0+1 09) ) Hence AG and GA are

symmetric and
AGA=A, GAG=QG.

Therefore G is the Moore-Penrose inverse of A. O

By Lemma 3.2, the general solutions to Eq. (5.3) is given by
a ) _ g4t T7§><anp gt Z
(5.4) < \ ) =A < Cip +(I—ATA) 2

Im-i—l 0

A
(55) a=Qu Tl ,,Qup — QL WH(QITL,,.Qn — Cp,

which does not involve z;’s and is therefore unique. Hence the optimal

for arbitrary vectors z; and z,. Since ATA = ( ), we have

degree reduction matrix Rﬁ;i)n with endpoints continuity of (r, s) order
is given by
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(5.6)  RTY = QulTl. . Qn — QrWH(QuMTE . Qn — CT),

which is independent from the original control points p.

THEOREM 5.3. The optimal multi-degree reduction matrix jo)n of
Bézier curves with endpoints continuity of (r,s) order with respect to

Lo norm is given by
Ry, = Qo T @n = Q! WHQ T Qn — C7),
where W = IT(,Z’S)Q;JI,SZ’S).
Let Ryxn = QT Q.. Then we can see that the matrix R,xp is

m +m,r
the least squares degree reduction matrix without constraints, see [8],

and also R,,x, can be represented in several expressions
Rmxn = Qr_an;;,,rQn = (Trtn,rQnTm,r>_lT7$1,rQn = (T7$17rTm,7“)_1T1$17r'

Note that the matrix R,,«, is the Moore-Penrose inverse of the degree
(r,s)

elevation matrix Tj,xm, see [7]. We can show that the matrix R,,};, in

Theorem 5.3 is also a generalized inverse of T}, xm.
(r,5)

THEOREM 5.4. The optimal multi-degree reduction matrix R, is

a generalized inverse of Ty xm-
Proof. By part (a) of Lemma 2.1, T, QnTrxm = Qm, hence
Q;LlT;LXanTnXm = Q;}Qm = Im+1~
Also by Lemma 4.1 we have

Irg:’s)(Qr_anriXan - CT)Tnxm = (Ir(r?;’s) - Ir(,:’s)) =0.
Using the fact wt = WTIT(;;’S) in Lemma 5.1 we have Rgi)nTnxm =Ins.
Therefore T, nme(mr’i)nTnxm = T, «m holds. ]

We have the optimal multi-degree reduction matrix Rﬁ;’j)n, however

the computation seems to be very complicated. So using the results
about Lengendre-Bernstein basis transformations, we simplify this re-
sult.

Note that by Lemma 2.1, Q' = M,, M! . Hence R™%) becomes

mxXn
(5.7) RS = Rovven — My MW Ry — CT].
If we let
(58) Mrs — 17(7:78)Mm7
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then
W =1 Q I{r®) = 1) M, ML T™) = M, MY,

m
Therefore we have
Rﬁ:fj)n = Rpxn — MmMﬁs(MrsM:s)T[Rmxn - CT]
= R = MM [Ricn — O]
because M (M, ML) = M,

Now we have the optimal multi-degree reduction matrix R
simple form as follows.

(r,s)

mxn 111 &

THEOREM 5.5. The optimal multi-degree reduction matrix jo)n of
Bézier curves with endpoints continuity of (r, s) order at the endpoints
with respect to Lo norm is given by

Ry = R = MM, | Ranen = €]

The degree reduced control points q(™®) can be obtained from the

original control points p as
q(r,s) — R(T,S)

anp'

Also the least squares degree reduced control points q without con-
straints is given by

(5.9) q = RmxnP-
Let q. = C'p, then we get
(5.10) q") = § — My M (G — qc).

THEOREM 5.6. Let q = R;,xnp be the least squares degree reduced
control points without constraints. Then the optimal multi-degree re-
duced control points with endpoints continuity of (r,s) order at the
endpoints with respect to Lo norm is given by

q(r,s) =q-— MmM;rs(él - QC)
where q. = C'p.

We have simple forms of multi-degree reduction matrix and degree-
reduced control points. As seen in Theorem 5.6, the optimal degree re-
duced control points can be represented in a very simple form. The ma-
trix M, and the vector d. depend on the order (r, s). Although we intro-
duced the constraints matrix C' and C' in order to derive our results in a
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vector-matrix form, the elements of the vector q. = (qo,..-,r,0,...,¢m—
S,...,qm)! can be obtained iteratively as given in [2] as follows:
(5.11)
(
1
qo = (mn)pO) q; = m,n) Zblmn) ]_12 <oy T
bo.o B
| 3.d
Im = )y Pro
bin,n
1 h
gm—j5 = W Pn—j — me in— ijl 7j:1727"‘78'
bm —j,n—j =0

We describe a simple algorithm to compute the Moore-Penrose in-
verse M,IS. Since M, = I},’;’S)Mm, M, s has the first (r +1) rows and the
last (s + 1) rows only being not zero. Let MY, be a matrix extracting
zero rows from M, and let

vo
vt
(5.12) MO, = A

t
vr+s+1

that is, v! is the i-th row vector of the matrix M?. The Moore-Penrose
inverse of M,; can be obtained using Lemma 3.3 iteratively.

Step 0: Let My = v{. Then Mof
Step 1: For k=1,2,...,r+s+1, 1et

VO

and let
¢ =vi(I — M]_ M)
Since ¢! is a column vector, the Moore-Penrose inverse of ¢! is
1
AN
c)l'=—oc,
(c) cle

and we have
M= (Ml - (v, ().

The resulting matrix is MT 4s+1- Then by inserting appropriate zero
columns into M ristr1y WeE can obtain M,Ts.
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6. Error analysis

In the previous section we have multi-degree reduced control points

A" = & = MM, (@~ qc).
If we let G(t) and ¢("*)(t) the Bézier curves represented by the control
points g and q("*) , respectively, then the approximation errors (squared)
of G(t) and ¢ (t ) are given by
(6.1) Errg) = d3(p,d) = (P — Tnxm@)'Qu(p — Tuxmd)
and
(6.2)  Errgg = d3(p,q") = (0 = Tuxmd")' Qu(p — Tuxma ™).
Using the results in the previous section, we derive the relationship be-

tween two errors (squared) Err(g) and Err(, ).

LEMMA 6.1.
(p - Tnde)thTnXm =0.

Proof. By lemma 2.1 we have q = Q'T" ., Qnpand T% ., QnThxm =
Q.- Hence we have

(p_TnXmQ)thTnxm = ( n+1l — Qn nXmQ 1Tq§><m)QnTnxm
= P (Qn nxm — Qn n><m) =0.

]
Expanding Eq. (6.2), we have
Errgs = (P—Thxm@) ' Qn(P — Thxmq)
(6.3) +2(P — Txm@)' QnTnsem M M]G0

+ (a- qC)t(MT ) My, Ty @n nmequlLs(él — qc).
By lemma 6.1, the second term of Eq. (6.3) equals to zero. Also by
lemma 2.1 we have

Tm@nToxm = Qm = (M) "' M,!
hence the third term of Eq. (6.3) becomes
(@ — o) (M) M} T Qu T M M (@ — @)
=(@-q )t(MT)Mt (M)~ My My, M (G — qc)
= (@—qo)' (ML) M} (a - qc)
= (@—a)'W'(@- o)

,Qz
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Note that MTSM,'ES = I%’S)Q;ZUT(;’S) = W is defined in Theorem 5.2.
Now we have the result

(6.4) Errs = Errgy + (@ — a.)' Wi(a — qo).

It appears that two errors have close relationship.

7. Conclusions

We have derived the optimal multi-degree reduction matrix R%i)n
with endpoints continuity of (r,s) order in Theorem 5.5 in a simple
form using Lagrange multipliers. Consequently, the optimal degree re-
duced control points q("*) is given in Theorem 5.6. As seen in Theorem
5.5 and 5.6, our results have close relationship with the least squares de-
gree reduction. Also error analysis comparing the least squares degree
reduction is given.
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