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HALF b - CONNECTEDNESS IN TOPOLOGICAL
SPACES

TAKASHI NOIRI* AND SHYAMAPADA MODAK**

ABSTRACT. This paper will discuss the huge change of b - sepa-
rated, b - connectedness, b - disconnectedness and their applications
when the definition of b - separated and b - connectedness are small
changed.

1. Introduction and preliminaries

The idea of b - open sets has been introduced by D. Andrijevié [1] in
1996, but the same is defined by El-Atik [6] under the term of -y - open
sets. Formally a set A in a topological space X is said to be b - open if
A C Cl(Int(A)) U Int(CIl(A)), where ‘Cl’ and ‘Int’ denote the closure
and interior operator respectively in the space X. The collection of all
b - open sets in a space X is denoted as BO(X). The complement of a
b - open set is called a b - closed set. The b - closure of a set A, denoted
by bC1(A), is the intersection of all b - closed sets containing A. bC1(A)
is the smallest b - closed set containing A. The b - interior of a set A,
denoted by bInt(A), is the union of all b - open sets contained in A.
bInt(A) is the largest b - open set contained in A.

In the theory of b - open sets, connectedness and disconnectedness [7]
have already been defined. In this paper, we define and investigate the
notions of half b - separated sets and half b - connected sets with the help
of b - open sets in a topological space. We shall draw the interrelation
between half b - connectedness (resp. half b - separated sets) and b - con
nectedness (resp. b - separated sets). We shall also discuss the situation
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of the b - irresolute, b - continuous and b - closed image of half b -
connected spaces.

2. Half b - separated sets

DEFINITION 2.1. Two subsets A and B in a space X are said to be half
b - separated (resp. b - separated [4], Cl—CI - separated [8] ) if and only
if ANbC1(B) = 0 or bCI(A)NB = (resp. ANbCI(B) =0 = bCl(A)NB,
Cl(A)NCl(B) =0).

DEFINITION 2.2. (i) [7] A subset S of a space X is said to be b -
connected relative to X if there are no two b - separated subsets
A and B relative to X with S = AU B.
(ii) A subset A of a space X is said to be half b - connected (resp.
Cl—ClI - connected [8]) if A is not the union of two nonempty half
b - separated (resp. Cl — C1 - separated) sets in X.

REMARK 2.3. From the above definitions, we have the following im-
plications. However, converses are not always true as shown in the
following examples.

Cl — Cl — separated = separated = b — separated =
half b — separated

EXAMPLE 2.4. Let X = {a,b,c,d} with a topology 7 = {X,0,{a},
{b,c},{a, b, ct}. BOX) = {X,0,{a},{b},{c},{a, b}, {a, ¢}, {b,c},
{a,b,c},{a,b,d},{a,c,d}, {b,c,d}}. b - closed sets are: X, 0,{b,c,d},
{a,c,d}, {a,b,d},{c,d}, {b,d},{a,d},{d},{c},{b} and {a}. Here {a,b}
and {c,d} are half b - separated as ({a,b}) NbCIl({c,d}) = 0. Since
bCl({a,b}) N ({c,d}) # 0, so they are not b - separated.

From the fact that bCl(A) C CI(A) for every subset A of X, every
Cl — (' - separated set is half b - separated. But the converse may not
be true as shown in the following example.

ExAaMPLE 2.5. Consider Example 2.4, the sets {a,b} and {c,d} are
half b - separated. Now Cl({a,b}) N Cl({c,d}) # 0. So they are not
Cl — CI - separated.

EXAMPLE 2.6. [7] Let X = {a,b, ¢,d} with a topology 7 = {X,0,{a},
{b},{a,b}}. The subsets {a}, {c,d} areb - separated but not separated.

ExXAMPLE 2.7. [8] In R with the usual topology on R the sets A =
(0,1) and B = (1, 2) are separated sets but not Cl — CI - separated sets.
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THEOREM 2.8. Let A and B be nonempty sets in a space X. The
following statements hold:

(i) If A and B are half b - separated and A1 C A and B; C B, then
Ay and By are so.
(ii) If AN B =0 and one of A and B is b - closed or b - open, then A
and B are half b - separated.
(iii) If one of A and B is b - closed or b - open and if H = AN (X — B)
and G = BN (X — A), then H and G are half b - separated.

Proof. (i) This is obvious.

(ii) In case Ais b - open by AN B =10, ANbCI(B) = (. In case A
is b - closed bCI(A) N B = AN B = (). Therefore, A and B are half b -
separated. In case B is b - open or b - closed it follows similarly that A
and B are half b - separated.

(iii) (1) Let A be b - closed (B be b - closed), then we have

bCI(H)NG CWCH(AN(X —A)=AN(X—-A) =0 ( HNbCI(G) C
(X —B)NbCl(B)=10).

(2) Let A be b - open ( B be b - open ). Then we have

HNbClHG) CANBCI(X —A)=AN(X—A) =0 (bCI(H)NG C
bCI(X — B)N B =10 ). Therefore, H and G are half b - separated. [

THEOREM 2.9. The subsets A and B of a space X are half b -
separated if and only if there exists U in BO(X) such that A C U and
BNU =0 or there exists V in BO(X) such that B CV and ANV = 0.

Proof. Let A and B be half b - separated sets, then ANbCI(B) = () or
bCI(A)NB = (. Suppose ANbCI(B) = . Set U = X —bCI(B), then we
have U € BO(X), AC U and BNU = (). Suppose bCI1(A)NB = 0. Set
V =X —bCl(A). Then we have V€ BO(X), BCV and ANV = .

Conversely, suppose that there exists U € BO(X) such that A C U
and BNU = ). Then bCI(B)NU = () and hence ANbCI(B) C U N
bCl(B) = . Thus A and B are half b - separated. In case the another
condition holds, the proof is similar. O

3. Half b - connected sets

REMARK 3.1. The following implications follow from Remark 2.3.

half b — connected = b — connected = connected —>
Cl — Cl — connected
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THEOREM 3.2. A space X is half b - connected if and only if it
cannot be expressed as the disjoint union of a nonempty b - open set
and a nonempty b - closed set.

Proof. Let X be a half b - connected space. If possible suppose that
X =UUF,where UNF =0, U(# 0) isa b - open set and F(# () isa b
- closed set in X. Since F' is a b - closed set in X, then U NbCI(F) = ()
and hence U and F are half b - separated. Therefore X is not a half b -
connected space. This is a contradiction.
Conversely, suppose that X is not a half b - connected space, then there
exist nonempty half b - separated sets A and B such that X = AU B.
Let ANbCIB) = 0. Set U =X —bCIl(B) and F = X — U. Then
UUF =X and UNF = (. And also U is a nonempty b - open set and
F' is a nonempty b - closed set.

In case bCI(A) N B = () we have the similar argument. O

Let recall the definitions of a yTj space and a v75 space .

DEFINITION 3.3. [5] A space X is said to be

(i) vTp if for each pair of distinct points in X, there exists a b - open
set containing one of them but not the other,

(ii) ~Tx if for each pair of distinct points z, y € X, there exist b - open
sets U and V such that x € U, y e Vand UNV = ).

THEOREM 3.4. Let X be a vTy space, where /X/ > 2, then it is not
half b - connected.

Proof. Let x, y be distinct points of X. Then there exists a b - open
set Usuchthatx e Uandy ¢ Uory € U and x ¢ U. In case x € U and
y ¢ U it follows that y € X — U, X —U is b - closed. In case z ¢ U and
y € U it follows that x € X — U and X — U is b - closed. Furthermore,
X =UU(X =U), of course U and X — U are disjoint. Therefore, by
Theorem 3.2 X is not half b - connected. O

COROLLARY 3.5. Let X be a 415 space, then it is not half b - con-
nected.

THEOREM 3.6. Let X be a space. If A is a half b - connected subset
of X and H, G are half b - separated subsets of X with A C H U G,
then either AC H or A C G.

Proof. Let A be a half b - connected set. Let A C HU G. Since H
and G are half b - separated, GNbCI(H) = () or bCI(G) N H = (). Let
GNbCI(H) = (. Since A = (ANH)U(ANG), then (ANG)NbCI(ANH) C
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GNbCI(H) = 0. Suppose ANH and ANG are nonempty. Then A is not
half b - connected. This is a contradiction. Thus, either AN H = () or
ANG = (. This implies that A C H or A C G. In case bCI(G)NH = ()
we have the same argument. O

THEOREM 3.7. If A and B are half b - connected sets of a space X
and A and B are not half b - separated, then AU B is half'b - connected.

Proof. Let A and B be half b - connected sets in X. Suppose AU B
is not half b - connected. Then, there exist two nonempty half b -
separated sets G and H such that AU B = G U H. Since G and H are
half b - separated, G NbCI(H) = () or bCI(G) N H = (. Suppose that
GNbCI(H) = (). Since A and B are half b - connected, by Theorem 3.6,
either ACGand BC Hor BCGand AC H.

Case (). f AC G and B C H, then ANbCI(B) C GNbCI(H) = (.

Thus, A and B are half b - separated, which is a contradiction. Hence,
AU B is half b - connected.

Case (ii). If BC G and A C H, then bCI(A)N B C bCI(H) NG = .

Thus, A and B are half b - separated, which is a contradiction. Hence,
AU B is half b - connected.

In case bCI(G) N H = () we have the similar argument. O

THEOREM 3.8. If {M; : i € I} is a nonempty family of half b -
connected sets of a space X and M;e;M; # (), then U;crM; is half b -
connected.

Proof. Suppose U;crM; is not half b - connected. Then we have
UierM; = HUG, where H and G are nonempty half b - separated sets in
X. Since NjerM; # 0, we have a point € Nje;M;. Since x € U;er M,
either x € H or x € G. Suppose that x € H. Since x € M; for each
i € I, then M; and H intersect for each i € I. By Theorem 3.6, M; C H
or M; C G. Since H and G are disjoint, M; C H for all i € I and hence
UierM; C H. This implies that GG is empty. This is a contradiction.
Suppose that z € G. By the similar way, we have that H is empty. This
is a contradiction. Thus, U;cr M; is half b - connected. ]

THEOREM 3.9. Let X be a space, {A, : a € A} be a family of half
b - connected sets and A be a half b - connected set. If AN A, # () for
every o € A, then AU (UaepAq) Is half b - connected.

Proof. Since AN A, # ) for each o € A, by Theorem 3.8, AU A, is
half b - connected for each o € A. Moreover, AU (UA4,) = U(AU A,)
and N(AU Ay) D A # (. Thus by Theorem 3.8, AU (UA,) is half b -
connected. O
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DEFINITION 3.10. (i) [4, 6] A function f: X — Y is said to be
(1) b - continuous if the inverse image of each open set in Y is b -
open in X.
(2) b - closed if the image of each closed set in X is b - closed in
Y.
(ii) [2] A function f : X — Y is said to be b - irresolute if for each
point z € X and each b - open set V of Y containing f(x), there
exists a b - open set U of X containing x such that f(U) C V.

THEOREM 3.11. The b - irresolute image of a half b - connected space
is half b - connected.

Proof. Let f: X — Y be ab - irresolute function and X be a half b -
connected space. If possible suppose that f(X) is not a half b - connected
subset of Y. Then there exist nonempty half b - separated sets P and
Q@ in Y such that f(X) = PUQ. Since P and @ are half b - separated,
bCI(P)NQ =0 or PNbCI(Q) = 0. Since f is b - irresolute, we have
bCI(F PN SHQ) € FHBCUP) N Q) = L (BCIP)NQ)) = 0
or f=HP)NCI(f~1(Q)) C fTHP)NFH(BCUQ)) = f~H(PNCUQ)) =
(). Since P # (), there exists a point p € X such that f(p) € P and hence
f71(P) # 0. Similarly, we have f~1(Q) # (. Therefore, f~1(P) and
F~1(Q) are nonempty half b - separated sets such that X = f~'(P)u

7HQ).
Therefore X is not a half b - connected space. This is a contradiction.
Hence f(X) is a half b - connected space. O

LEMMA 3.12. [6] Let f : X — Y be a b - continuous function. Then
bOI(f~1(B)) C f~Y(CI(B)) for each BC Y.

THEOREM 3.13. If f: X — Y is a b - continuous function and K is
half b - connected in X, then f(K) is Cl — Cl - connected in Y.

Proof. Suppose f(K) is not Cl—CI - connected in Y. There exist two
nonempty Cl—C1 - separated sets P and ) of Y such that f(K) = PUQ.
Set A=Kn f~1(P)and B=Kn f~1(Q). Since f(K)N P # 0, then
KN f~Y(P)# 0 and so A # (). Similarly we have B # (). Moreover, we
have AUB = (K1 f~1(P))U(KN f1(Q)) = KN (f~ (P)US1(Q)) =
Knf{(PUuQ)=Knf(f(K) =K.

Case(i). Suppose PN Cl(Q) = (. Since f is b - continuous, then
by Lemma 3.12, ANbCI(B) C f~1(P)NbCI(f~1(Q)) C f~H(CL(P))N
FCUQ)) = fH(CUP) N CUQ) = D.

Case(ii). Suppose CI(P)N @ = (. Now by Lemma 3.12, bCI(A) N
B CHCIU(f ()N fHQ) € £ (CUP) N FH(CUQ) = £ (CUP)N
Cl(Q)) = 0. This is contrary to that K is half b - connected. O
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COROLLARY 3.14. If f : X — Y is a bijective b - closed function and
K is half b - connected in Y, then f~!(K) is Cl — CI - connected in X.

Proof. Let f: X — Y be a b - closed bijection. Then f~1:Y — X
is a b - continuous bijection. Since K is half b - connected in Y, by
Theorem 3.13, f~1(K) is Cl — CI - connected in X. O
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