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DEFORMING PINCHED HYPERSURFACES OF
THE HYPERBOLIC SPACE BY POWERS OF
THE MEAN CURVATURE INTO SPHERES

SHUNZI GUO, GUANGHAN L1, AND CHUANXI WU

ABSTRACT. This paper concerns closed hypersurfaces of dimension n > 2
in the hyperbolic space H?*! of constant sectional curvature evolving
in direction of its normal vector, where the speed equals a power 8 > 1 of
the mean curvature. The main result is that if the initial closed, weakly
h-convex hypersurface satisfies that the ratio of the biggest and smallest
principal curvature at everywhere is close enough to 1, depending only
on n and (3, then under the flow this is maintained, there exists a unique,
smooth solution of the flow which converges to a single point in HH!
in a maximal finite time, and when rescaling appropriately, the evolving
hypersurfaces exponential convergence to a unit geodesic sphere of HQ+1.

1. Introduction

This paper consider the following problem. Let M™ be a smooth, com-
pact oriented manifold of dimension n > 2 without boundary, (N"*1,5) be an
(n + 1)-dimensional completed Riemannian manifold, and Xq : M™ — N7+1
a smooth immersion. Consider a one-parameter family of smooth immersions:
X; : M™ — N™*1 The hypersurfaces M; = X;(M"™) are said to move by
powers of the mean curvature, if X; = X(+,t) satisfies the evolution equation

DX (p,t)=—HP (p,t)-v(p,t), peM™,

(1.1)
X(" 0) = XO(')a

where 8 > 0, v (p,t) is the outer unit normal to M; at X (p,t) in the tan-
gent space TN and H (p,t) the trace of the Weingarten map #_, (p,t) =
—#, (p,t) on the tangent space TM™ induced by X;.
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The flow (1.1) has been considered by Schulze in [21], [22] when N™T! is the
Euclidean space R™t! for My of strictly positive mean curvature hypersuface.
Schulze called such a flow an H”?-flow. In [21] he proved the following theorem.

Theorem 1.1 (see [21]). Let Xo: M™ — R™™! be a smooth immersion, where
H(My) > 0. Then there exists a unique, smooth solution to the flow (1.1) on
a finite mazimal time interval [0,T). In the case that

i) My is strictly convez for 0 < 8 < 1,

i) My is weakly convex for § > 1,
then M; converges to a point ast — T.

Here “weakly convex” and “strictly convex”, resp., are defined as all the eigen-
values \;(p) of the Weingarten map #* = {g"*hy;} = {h'} being positive and
nonnegative, resp., where {¢*/} is the inverse of the induced metric {g;;} and
{hi;} the second fundamental form for 1 < 4,5,k < n in a local coordinate.
Some counterexamples show that under the assumptions of Theorem 1.1 in gen-
eral the evolving hypersurfaces along the flow (1.1) may not become spherical
in shape as the limit is approached. Furthermore, if the initial hypersurface sat-
isfies a stronger assumption on principal curvatures, Schulze in [22] has shown
that for 8 > 1 the evolving hypersurfaces M; contract to a point in finite time,
becoming spherical in shape as t — T'. Precisely, denote the Gaufl curvature
by K, he prove the following:

Theorem 1.2 (see [22]). For 8 > 1 there exists a nonnegative constant C(n, )
< 1/n™ such that the following holds: If the initial hypersurface of R" Tt is
pinched in the sense that

K(p)
1.2 >C(n,B) forall pe M",
then this remains so under the HP-flow. The constant C(n, ) is increasing

in B, limg1 C(n,B) = 0 and limg_,1oo C(n, ) = 1/n". Furthermore the
normalized embedding

(1.3) X (pd) i= ((8+ Dnk(@ = )7 (X (p, 1) — 20)
converges for t — 400 exponentially in the C™-topology to the unit sphere of
R™1. Here t := — (8 + 1)"'n"PIn(1 — t/T), where T is the mazimal time

of existence of the un-normalized flow and xq is the point in R where the
evolving hypersurfaces shrink down to.

However, the results of [21] and [22] do not closely relate to the ambient
space, we face the challenges of extending the above results to hypersurface to
more general ambient spaces. But not every Riemannian manifold is well suited
to deal with the situation analogous to the setting in the Euclidean space. We
want to consider the case that the ambient space is a simply connected Rie-
mannian manifold of constant sectional curvature (< 0) whose flow behaves
quite differently compared with the Euclidean space to a certain extent.
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Set a = \/|k| and N2T! be isometric to the hyperbolic space H? ™! of radius
1/a:

1
H = {p € L™ : (p,p) = =}

Here (L2 (-, -)) denotes the (n+2)-dimensional Lorentz-Minkowski space. To
consider the flow (1.1) in N?*! is then equivalent to consider the flow (1.1) in
H7*!. Indeed, in order to formulate the main result of this work, it is necessary
to provide some definitions as in [6, 7] as follows.

Definition 1.3. A horosphere H of H"*1! is the limit of a geodesic sphere of
H?*! as its center goes to the infinity along a fixed geodesic ray.

Definition 1.4. An horoball 57 is the convex domain whose boundary is a
horosphere.

Definition 1.5. A hypersurface M of H?*! is said to be convex by horospheres
(h-convex for short) if it bounds a domain 2 satisfying that for every p € M =
09, there is a horosphere H of H"*! through p such that € is contained in J#
of H?*! bounded by H.

Remark 1.6. In fact, Borisenko-Miquel in [6] have shown that horosphere H of
H?+1 is weakly (strictly) h-convex if and only if all its principal curvatures are
(strictly) bounded from below by a at each point.

An earlier paper by the authors [13] has obtained the following result which
is an analogue of the above Theorem 1.1 of Schulze [21] on the flow (1.1) of
convex hypersurface of R"*! in the context of H?*1.

Theorem 1.7. Let Xo : M™ — H* be a smooth immersion with the mean
curvature strictly bounded from below by na, that is H(My) > na. Then there
exists a unique, smooth solution to the flow (1.1) on a finite maximal time
interval [0,T) and T is between ﬁ(Hmax(Mo))_(B“) and g4 (Hmin(Mo) —
na)~B+Y . In the case that

i) My is strictly h-convex for 0 < 8 < 1,

i) My is weakly h-convex for > 1,
then the hypersurfaces My are strictly h-convex for all t > 0 and they contract
to a point in H' ! as t approaches T.

Denote the turbulent second fundamental form given by ﬁij = hyj — agij.
Then the turbulent mean curvature H = H — na and the turbulent Gau8
curvature K = det{izf}. In this paper the turbulent geometric quantities are
distinguished by a tilde. The purpose of this paper is to present following
extension of the above Theorem 1.2 of Schulze [22] on the flow (1.1) of convex
hypersurface of R"*! to h-convex hypersurface of H7?+1.

Theorem 1.8. For > 1 there exists a nonnegative constant C(n,3) < 1/n"
such that the following holds: If the initial closed, weakly h-convex hypersurface
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of H™*! is pinched in the sense that

(1.4) {(—(m >C(n,B) foral peM",

H"(p)
then this remains under the HP-flow and the constant C(n, ) is increasing
in B, limg_1 C(n,B8) = 0 and limg_, 1o C(n,B) = 1/n™. Furthermore the
normalized embedding

(1.5) X (p1) i= ((8+ Dnk(@ = )7/ (X (p,1) — 00)
converges for t — 400 exponentially in the C™-topology to the unit geodesic
sphere. Here t := —(8 + 1)"'n"PIn(1 — t/T), where T is the mazimal time

of existence of the un-normalized flow and qo is the point in H'T! where the
evolving hypersurfaces shrink down to.

Remark 1.9. In fact, it is well-known that if the condition (1.4) with non-
negative constant C'(n, ) holds on a closed hypersurface, then the principal
curvatures are larger than a everywhere and satisfy ﬁij > E(C’)ﬁ gi; for a suit-
able £(C) > 0 which is increasing with C. In other words, (1.4) implies in
particular the h-convexity of M; for ¢t € [0,T), see Lemma 2.7 for details, ex-
actly as the case in R™™1 of [22]. So it can be viewed as a stronger pinching
condition on the principal curvature. A similar pinching condition has also been
considered by Chow [9] for Gauf} curvature flow, Cabezas-Rivas and Sinestrari
[8] for volume-preserving flow by powers of the m-th mean curvature.

There exists a wide literature about the behavior of evolving hypersurfaces
in the Euclidean space (or some Riemannian manifolds) in the direction of
its inner normal with speed given by some curvature function. For § = 1,
this flow in (1.1) is the well-known mean curvature flow, Huisken [14] showed
that, when N™*! is the Euclidean space R"*!, any closed convex hypersurface
My evolving by the mean curvature flow contracts to a point in finite time,
becoming spherical in shape as the limit is approached. In [15], he extended this
result to compact hypersurfaces in general Riemannian manifolds with suitable
bounds on curvature. In fact, the speed of the mean curvature flow can be
viewed as a symmetric function of the principal curvature with homogeneous
degree one, the results of [14] and [15] have been generalized to a class of fully
nonlinear parabolic equations of degree one in the Euclidean space (or some
Riemannian manifolds), see [1], [2], [9], [10], [16] and [18]. If one considers
the flows for which the speed has other positive degrees of homogeneity in
the principal curvature it is more difficult to prove corresponding results for
the flows. In some case it is known that if the initial hypersurface has an
appropriate pinching condition on the principal curvature (unless the case the
dimension of the hypersurface is two, see [3], [5] and [19]), then the evolving
hypersurfaces converge to a single point (see [4], [9] and [24]).

The rest of the paper is organized as follows: Section 2 first gives some useful
preliminary results employed in the rest of the paper, compute the evolution
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equation of the turbulent quantity K / H™ and applying the maximum principle
to this equation gives that if the initial hypersurface is pinched good enough,
then this is preserved for ¢ > 0 as long as the flow (1.1) exists, this is a funda-
mental step in our procedure as in most of the literature quoted above. Further-
more, using this result Section 3 shows that the principal curvature comes close
together, at least at those points where the mean curvature tends to infinity.
Using these, Section4 consider a natural normalized equation of the evolution
equation (1.1) by keeping some the total area of the normalized hypersurfaces
fixed and compute the evolution equations of the various normalized geometric
quantities. Using these normalized evolution equations Section5 shows that
the hypersurfaces become spherical in shape as the limit is approached. Since
the coefficients of the second order operator of the normalized evolution equa-
tions depend on the mean curvature and the normalized hypersurfaces have
not uniform bound from below on the normalized mean curvature in time, the
evolution equations may become priori degenerate when time goes to infinity,
similar to the case of the Euclidean space which was pointed out in [22]. To deal
with this problem, following the idea in [22], a regularity result on degenerate
parabolic equations, due to DiBenedetto and Friedman [11], will be applied,
since the normalized equation can be rewritten as a suitable porous medium
equation. Section 6 proves that these normalized hypersurfaces converge to a
geodesic sphere of H? ™! smoothly and at exponential rate.

2. Preserving pinching of curvature

From now on, we use the same notation as in [13] (or [7, 14, 21]) in local
coordinates. As we know that in the case 8 = 1 our HP-flow (1.1) is the mean
curvature flow, so we just only consider the flow (1.1) for 8 > 1. Theorem 1.7
shows that the evolving hypersurfaces are always strictly h-convex for positive
times. So the following always assume that our evolving hypersurfaces are
strictly h-convex, such that the mean curvature H > na, i.e., the corresponding
turbulent mean curvature H > 0, the turbulent GauB curvature K = det{fzg } >
0, and the inverse of the turbulent Weingarten map {IS;} = {B;}_l is well-
defined. To control the pinching of the principal curvature along the flow (1.1)
of the Euclidean space, Schulze, in [22], following an idea of Tso [24], looked
at a test function @ = K/H™, which was also considered in [8]. An analogous
quantity which is the quotient Q=K / H" is more natural for our flow. By the
arithmetic-geometric mean inequality, Q < 1/n™ on M; and equality holds at a
point in M, if and only if A== 5\", i.e., Ay = --- = \, at the point. Thus,
the only hypersurfaces such that Q = 1 /n™ are the geodesic spheres. The rest
of this section consists of showing the inequality @ > C' > 0 remains under the
evolution.

First recall the evolution equations for geometric quantities and correspond-
ing geometric quantities (see Theorem 3.2 and Theorem 3.3 in [13] for details).
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Lemma 2.1. On any solution M; of (1.1) the following hold:

(2.1) Drgij = —2Hhyj,

(2.2) ow = BHPIVH,

(2.3)  O(dpe) = —H M dpy,

(24)  Ophij = BHP Ay + B(B — 1)HP 2V, HV;H — (B + 1)H’ h¥ hy;
+50Af+nf)HWHw—ﬂ%ﬁ+nH%m

(2.5) Ohl = BHP=YAR] + B(B — 1)HP =2V, HV'H — (8 — 1)Hh¥h,
+ 8 (A" + na?) HO= 0] - a(8 + 1) H4],

(2.6)  OH =BHP'AH + B(8 — 1) HP2|VH|? + (|A|2 - na2) H,

(2.7) O H' = BHPTAH! +-18(8 — ) HPH 3|V H|?
+1 (}A}Q — na2) HPH=1 [ eR.

Lemma 2.2. On any solution M; of (1.1) the following hold:

(2.8)  8:hij = BHP L Ahyj + B(B8 — 1)HP 2V, HV;H — (8 + 1)Hh¥hy;
+ BHP YA Ry + a(B+ 1) H by,

(2.9) Okl = BHPT'AL] + B(B — 1)HP 2V, HVIH — (3 — 1)H"hFh],
+ B A HP b + a(8 + 1) HPR,

(2.10)  OH = BHP'AH + B(8 — 1) H 2|VH? + HP|A]” + 2aH’H,

(2.11)  8.H' = BHP'AH' +18 [(ﬂ —1)H - (- 1)H} H2HP2|\ VA2
+IHPH AP + 22HPH!, 1€R

The following algebraic property proved by Schulze in ([22], Lemma 2.5) will
be needed in the later sections.

Lemma 2.3. For any € > 0 assume that \; > e¢H > 0,1=1,...,n, at some
point of an n-dimensional hypersurface. Then at the same point there exists a

d =6(e,n) > 0 such that
n|A|* - H? ( 1 K )
A7 7 (=22,
H? -
Consider the functions as in [7] and [13]:

) — sinh(y/|x|z) _ sinh(ax) e (r) = ¢ (z
n( ) \/m a 5 n( ) n( )’

ta,(z) = , cox(x) =
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Denote r, the function “distance to p” in H*! and use the notation 8,, =
Vrp. And denote the component of Or, by 8;; tangent to M;, which satisfies
Or, = V(rp|an). Define the inner radius p_ and the circumradius radius py
by

p+(t) = inf{r : B.(q) encloses M; for some q € H" ™'},
p_(t) = sup{r : B,(q) is enclosed by M; for some ¢ € H"*1},

where B, (q) is the geodesic ball of radius r with centered at g. The following
well-known result for h-convex hypersurfaces in H?*! will be applied in later
sections.

Lemma 2.4. Let 2 be a compact h-convexr domain, o the center of an inball
of Q, p_ its inner radius, and py its circumradius radius. Furthermore let
T :=ta. (=), then

i) The mazimal distance maxd(o,08) between o and the points in O
satisfies the inequality

In(1+ /7)?
1+
ii) For any interior point p of Q, (v,0y,) > ata,(dist((p,0R)), where dist

denotes the distance in the ambient space H' 1 .
iii) There exists a constant C' = C(a) > 0 such that

p+ < C(p-+ =)

Proof. See ([6], Theorem 3.1) for the proof of i) and ii) in the lemma. As a
consequence of i) and ii) in the lemma, iii) in the lemma has been proved by
Makowski (see ([17], Theorem 5.2). O

maxd(0,00) < p_ +a < p-+aln2.

Lemma 2.5. On any solution My of (1.1) the quantity K satisfies the following
evolution equation:

~ 12
i i V| o
K = BHPIAK — ﬁHﬂ—lT — BHP VKN hIV b
+B8(8—1)HI 2KV, HVI AV, + (1 - B)HP K + gnHP A’ K

+na(B+1)HPK + aﬂHB_1|/~l|2f(Zl~7§

=1
-2
C men|VE R
(2.12) = BHA! AKfuerﬁ‘HvihgfhgviH’ )
n K H?2 g:b
" e |? L B=1) o0 mo i BH1
— o |VRAT| 4 S RV b 6 o (1 AR
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B APR a3 5 DHAR +ag O APE SO,

i=1

where
AV — v = e (g, — g v.it) (AVH, - WV

g,b

Proof. By using (2.9), one has
O K = 0y det{hl} = (9,h])bi K

= K0} (5HB—1AB{ +B8(8—-1)H2V,HV'H — (8 — 1) HhFh),
+ BlAPHP '] + a(B + 1)Hﬂﬁg’>.

On the other hand, note that
VK = KV, kb,
which implies that
AK = V™V, K
-2
‘VK’ S
=1 —1 + KAV, + KV, h] V™D
K
Therefore
~ 12
i i VK| o
K = BHPIAK — ﬁHﬂ—lT — BHP ' KNV™hIV bl
+B(B—1)HP 2KV, HVIHY, + (1 — B)H 'K
+na(B+1)HPK + HP A Khib:

12
) VK| o
= BHP'AK — ﬂHﬂ—lT — BHPT'KV™ RV b
+B(B—1)HP 2KV HVI Y, + (1 - B)HPH K + pnHP AP K
+na(f+1)HK + aﬂH5*1|/~l|2f(Zl~7§,
i=1
where the second equality was derived by using the equations
WEG = ol + 80,
The second equality of the lemma then follows from

Vol = BV b,
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K 7 ik 7 Imingiil <VK’VH> > ’Vﬁ[f
— ‘Hvlh”m —WVH|T = KV ViR —o Ly gL
JiE ¥ i a2
and
<Vf(,VH> N L ’vf(
oA T G gVHE L T G g L
H H? nkK nk U

Lemma 2.6. On any solution My of (1.1) the quantity Q satisfies the following
evolution equation:

1 f np, (14D) W (1) o oy H
0,0 = BH {AQ+ — (vQ,viar) - — (VQ,VE) — VQ‘
(ﬂ*l)Q oir (7 s Q in _in |2
(2.13) VY (B =26 ) o [AVi, RV
(B—DQH |+ 2 —:; 0’
+7B£[ (n‘A| -H ) +aQ|A| ;bif 7
Proof. By (2.11) with [ = n and (2.12)
0,Q = 8tK ~ Fom 8tH”
s 2
_ \V4 rrn V(KH_")
_BHBlAK K e 1‘H A :
H»  H2n n KHn» n K

~ ~ ~ 12
G-1) & - n((B=DH = @-1)H) K V(i)
T e VI H S i fnt2

~ ~12
no_ h;vzﬂ‘ )
g,b

KB o (1 H N 420D o 228
+= [ e (1 BH>}A|+ Hrad z;b”

Hn

(2.14)

Recall the relation H = H + na, so that these terms in square bracket [ ] can
be computed as follows:

) PR (1 - ﬂiH) AT+ LEpL

B

1— H 1
= ( ﬂﬁ)H(H—na)—l—n(l—ﬁ—(Tﬁﬁ) ‘A‘ +a ‘A’ Zbl

1_ -
%mm( >\A\ w2 Al AP sz
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(B—-1)H 212 mo ~ 2 n~i n?
(2.15) = T (n\A\ - ) +al A (;bi — E) :

On the other hand, the first derivative and second derivative term in the brace
{} can be computed as follows, the equality

implies

(2.16) _ . +2=—V, H"V"H" — —AH",
Hn H?2n 3n 2n
B\ .. (vA"VE) g
(2.17) Vil = | ViH" = - 2 |VA",
Hn Hn 2
and
~ 2 ~
K - VK K
(2.18) Vi | = vi— VA <VH",VK>
Hn Hn H?2n
From (2.16), (2.17) and (2.18), it follows
2
. _ 1 |VK
Y SR
Hn H?2n n KH»

o)) <v <£> ,vf(> I v,
nk an 2

Thus, equations (2.19) and (2.15) apply to (2.14) to give

N —1 K (TL+].) K rrn
w<v<£> vf(>g—? v<£> 2
nk Hn |’ nk H"

-1 K Y S . K |~ - - -
BV K G avin (b;. - 25;.) s [ AR, — b,
I av) " aee

2

T

g9:b
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(ﬂfl)H[( ~2 = K | 2w - n?

which is (2.13). O
In order to apply the maximum principle to (2.13) and show that
. I~y ’t
JIin Q(p,?)

is non-decreasing in time some preliminary inequalities are needed in the sequel.
The following elementary property is a consequence of ([8], Lemma 4.2) (see
also [9] and [22]).

Lemma 2.7. For any e € (0,1/n) and any A = (A1,..., \,) € R™ with X\; > 0
for alli=1,...,n, there exists a constant C = C(e,n) € (0,1/n™) satisfies
Q) >C
such that ~ L
Amin > EH()\)

The following estimate which is a stronger version of Lemma 2.3(ii) in [14]
is also needed.

Lemma 2.8. If H > 0 and the inequality ilz > 51:1517 is valid with some € > 0
at a point on a hypersurface immersed in H' 1, then ¢ < 1/n and

n—1

L. - 2 - 2
AV:R — i vH| > S22 ‘VA‘ .

Proof. The proof of the lemma can be argued exactly as in ([8], Lemma 4.1),
only define h! := h! — ad? at a point on a hypersurface immersed in H? ™. O

The preceding two lemmas allow us to prove the pinching estimate for our
flow, which is one of the key steps in the proof of our main result.

Theorem 2.9. There exists a constant C(n,B) € (0,1/n™) such that if the
initial hypersurface My satisfies (1.1) with the constant C(n, ), then the in-
equality Q > Cy is preserved under the HP-flow in HIH!,

Proof. The evolution equation (2.10) of H implies that if H > 0 on initial
hypersurface H > 0 for ¢ > 0 under the H?-flow, then ensures that the quotient
Q is well-defined for ¢ > 0. For proof of the theorem, it is suffices to prove that
the minimum of Q (denote by Q) is nondecreasing in time. To this purpose
applying the maximum principle to equation (2.13) for o) gives

~ 4= 1 - - - ~ |2 (ﬁ — 1) IS AU n .
> ps—1 n n n 7. . J % Sy
8,0 > BH Q{ — ‘Hvlhm hmVZH‘g’B A <b] 5J>

DI (o) 4P ~2) + ol " (z_j - %) }

+

|~
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~. n ..
b — —gi
i h

J

AR

1(8—-1)H 2 ~o c2 =5 n?
(2.20) +E(5T)<TL’A’ — %) + a4 (;bﬁ>}

where H < H and Holder inequality were used to compute the second inequal-
ity.

If the ratio of the biggest and smallest principal curvature at everywhere
on initial hypersurface is close enough to 1, then the various terms appearing
here can be estimated as follows. First, if the initial hypersurface is weakly h-
convex, Theorem 1.7 i) implies that M; under HP-flow in H?*! remains strictly
h-convex. This implies that the third term of right hand side in inequality (2.20)
can be dropped with the strictly h-convexity on M;. The last term can also be
dropped by the arithmetic-harmonic mean inequality,

iéﬁ%zo
=1

on M;. It remains to estimate the first two terms of right hand side in inequality
(2.20), now proceeding exactly as in [8], [9] and [22], choose orthonormal frame
which diagonalises % so that

L ~ 2 1 1 /7~ - - N2
Vi — Vi =3 —— (Hvih; - h;viH)
90 = A An
1 L . N2
(2.21) > — (Hvihﬁl - h;viH) ,
H2

where Am < H was used in the last inequality by strictly h-convexity of My,
i.e., Ay, > 0 for any m. Furthermore, h-convexity of a hypersurface and Lemma
2.8 imply that the inequality (2.21) can be estimated as follows:

2 n
_ >
g:b

L . . -1 2
(2.22) ‘Hvih; v —e* ‘VA‘ for some ¢ € (0,1/n).

A next step is to show that ‘l;; — 55; is small if the principal curvatures are

pinched enough. It is clear that

5=l = v () ()b
Since for some € € (0,1/n)
(2:23) Amin > eH,
then
(2.24) Lo lzen
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On other hand, (2.23) gives
(2.25) Amax < (1 —(n—1)e) H
which implies that
1 —-1)(1-
(2.26) n_ 1 _=hUl=ng
H  dmax  H(1 - (n—1)e)

This combines with estimate (2.24) to give

n

(2.27) b;- — E(S; < A (e),
where \/_( )
n(l —en 1
— l<e ——,
eH 2(n —1)

Hle) = vn(n —1) (1 —ne) 1 1

AO—(m-Dg)  2m-1) " "n

-2 ~
Thus, the inequality ‘VH’ <n ’VA

2
, estimations (2.22) and (2.27) give:

~ ~ ~ ~ 12 — ~ 12|~ .
L‘Hvih;fh;viﬂ‘ B val| - =
H? g9:b H T HY
12
’VA‘ n—1,
2.28 > 1 — ¢ —nﬁ—l)%a).
2.29) mf(Q (B-1)4)

To achieve our purpose by application of the maximum principle, it is needed
that A7(e) := (%52e* — n (B — 1) A (€)) is non-negative on M;. In fact, 4 (¢)
is a strictly decreasing function of e; in addition, .#'(g) is arbitrarily large as
€ goes to zero and tends to zero as € goes to 1/n by its definition. Therefore,
A () is a strictly increasing function of €, it is negative as € goes to zero and
positive as € goes to 1/n. So there exists a unique value ¢ € (0,1/n) such that

(2.29) N (g9) = 0.

By Lemma 2.7 there exists a constant Cy € (0,1/n") satisfies Q(\) > Cy such
that Amin > e¢H(A) with a g9 € (0,1/n) given by (2.29). Thus, if @ > Cy >0
everywhere on the initial hypersurface, applying the maximum principle for @

implies that 9,9 >0, ie., Qs nondecreasing in time. This guarantees that
Q > Oy is preserved under the H?-flow in Hr L [l

3. The pinching estimate

This section will show that the principal curvature comes close together,
at least at those points where the mean curvature tends to infinity (for the
un-normalized equation (1.1)). To do so, let

1 K

f=w " am
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Then as remarked in Section2, f > 0 with equality holding only at umbilic
points.

Theorem 3.1. If 3 > 1 and the initial hypersurface of H™ is pinched in the
sense that ~
K(p)

H"(p)
then there exist constants o > 0 and C' < 400 depending only on My such that
1 K
— - —<CH”
nm Hn
for all time 0 <t < T wunder the flow (1.1).

> C(n,B) forall peM",

The rest of this section will consist of proving Theorem 3.1. Our goal is
to bound the function f, := H? f for sufficiently small ¢. First, an evolution
equation for the quantity f, is needed.

Lemma 3.2. For any o, f, has the evolution equation

Ohfs = ﬂH‘“{Afa 42 (1 s (1 + f%)) <Vfa, %> 4 HI; V1,

7 rrn VH
J<1+(ﬂ1)%+0<1+f%>>fg gJ

[jo MK Niaveh:d B
+ A |- HnVJWJH (bj Haj)
(3.1) HW ’HV hn — BV H’ + —f|A\
£(5 1)H( ’A’ Hz)
H» BH

K | 02 n~i n? 2a0H
—az|4] <Zbi—ﬁ>+ 3 f]}

Proof. From Lemma 2.6 and the evolution equation (2.11) of H? it follows that
Oify = HOOf + fOH

_ B— (7o (7o (7o (7’L+1) rrn
— BH 1{H Af+ AR+ A7 <Vf,VH>

5 2
(1) N a((ﬂ—l)Hf(a—l)H) ‘VH’

B2 - (v, w}n—[( V£ + i 3
BV R G v (5;_15;1) i, —invdl|

o fn H n+2 g,b
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DR (a2 + 2L g ap
BH  H" BH
K -2({<~- n? 2a0H
—a—|A bt — —
gl (G- 7) + 25
Furthermore

Vifs =HVf +ofH "'V, H,

. K . . .
VK = (% + UfH”1> Vill — fH""Vifo,

(3.3) Af, = HOAf + fAH + 20H"! <Vf, vfz> :
(3.4)  H° <Vf, VH> - <Vfg,Vﬁ> — (;}f; vHr,
(3.5) <Vf, vf(> — g (% + 201‘?[”1) <Vfg, VH> ,
- (nf(—i-aff{") E—J; ‘Vf{‘? —H" 7|V,
(3.6) VIP = B2 (9 fo* = 20 f, 172771 ( f,, VIT)
R\

Using identities (3.3), (3.4), (3.5), and (3.6) a direct calculation gives

HPAf + fAR + H° (”gnl) NAZOE % (V1. VE)
- J((ﬂfl)ﬁf(afl)H) ‘VHF

H™ 9
——|VfI" +
nK| /]

(3.7) Afa+2<1 ”<1+fk>><vf"’ﬁ>+ IR IV fol

Identity (3.7) applies to (3.2) to give (3.1). O
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Proof of Theorem 3.1. In order to apply the maximum principle to (3.1) for
fo, the following inequality is needed:

] [rn VI:I
a(—l—l—(ﬁ—l)%—i—a(l—i—f%))f‘ HJ

-1) K _ - . K |~ - N
38 VBV EGavig (bZ i&) - —— AV — v
Hr Ji i

[N~}

ot 2 ﬁ(ﬁ 1)H 2_ 772
_aﬁjAf(;z};i— i) + 2“;Hf <0

Since on the initial hypersurface @ = K (p)/H"(p) > C(n, 8), then this remains
so on M; for any ¢t > 0 by Theorem 2.9. Thus, as in the proof of Theorem 2.9
(see inequality (2.28)), there exists a constant 5(> g0) such that

-1 K - .
39) BV G avig (b;. - 25?) ‘HV i el
H fn i 2

J g;b

1 !
S _gc(naﬁ)'/‘/ (5) |H|2 )

12 12
where the inequality % ‘VH ’ < ’VA‘ on a convex hypersurface was used to

obtain the last inequality. Thus, since

f

—1+(ﬁ—1)%+0<1+f%>

always can be bounded on the hypersurfaces M; for any ¢ > 0, choosing o
small enough implies that the first order derivative terms in the left hand side
of (3.8) can be made non-positive. With the aid of H = H + na, H? < n‘flf,
the arithmetic-harmonic mean inequality, Lemma 2.3 and Theorem 2.9, the
rest of terms in the left hand side of (3.8) can be estimated as follows:

)HK 12 K | o2 n~i n? 2a0H
AP O I (i) (S35

o ~ 1 200 H
B(H—)f!flf—co(n,ﬁ)a% (1+—) ] + A !
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o 1
B(1+—)f]A\ —Co(n, B)S (ﬁ )(14——)]“’14’

3
2a0 \/ﬁ
+ =7 f
<|A| i \) Ar

< %{Co(nvﬂ)a(ﬂl) <1+%) +o <1+ %)+2a <|‘{4_‘+‘ZT )

<12
batar
Furthermore, choosing o even smaller implies that

(1+"—f‘) +2a <\/ﬁ+ﬂ>]go.
H A |4
Now, applying the maximum principal to (3.1) for f, shows that there exists

a o > 0 such that
fo (p,t) < max fo (p,0), V(p,t)e M x[p,T),
peEM™

—Coln, B)5(8 — 1) (1 + %) np

which concludes the proof. (I

4. The normalized equation

As we have seen in [13], the solution of the un-normalized equation (1.1)
shrinks down to a single point gy in H?T! after a finite time. Note that go
lays in the region enclosed by M; for all times 0 < ¢ < T'. Since it is shown in
Sections 2 and 3 that the initial pinching is preserved under the initial condi-
tions and that it improves as the curvature becomes large, thus for ¢ close to
T all quantities arising from the metric of the hyperbolic space are negligible
compared to the curvatures of the hypersurface. Then in this section we can
follow the same way as in the Euclidean case ([1], [14] and [22]) to consider a
natural normalized equation of the evolution equation (1.1) by keeping some
geometrical quantity fixed, for example the total area of the normalized hyper-
surfaces which equals to the same area of the unit geodesic sphere of H?1,
i.e., the total area A(M;) = A(Mjy), where the geometric quantities associated
with the normalized immersions are distinguished by a hat. The next section
follows closely Section 7 of [1] and Section 6 of [2].

Let a = (B+1)n?, (t) = (a(T — t))fl/(ﬁﬂ), multiply the solution X of
(1.1) at each time 0 < ¢t < T with a positive constant t(¢) such that the
hypersurface M, is given by

X(-ot) = ¥(6)(X(-t) = qo).

Define a new time parameter ¢ by ¢ := —é In (1 — ) such that

T
dt

(4.1) =

= (1)
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A direct calculation shows that the following equation is satisfied for £ in the
interval [0, 4+00):

(4.2) ;X (-,8) = —H" - 0+ nPX(p,1).

The following evolution equations for various geometric quantities along the
normalized flow can be obtained.

Theorem 4.1. On any solution ME of (4.2) the following hold:

(43) 8£gij = — Qﬁﬁhij + Qnﬁgij,

(4.4) o0 = BHPIVH,

(4.5) 9:(djig) = — H ' dy +nfdjy,

(4.6)  9;hi; = BHP T Ahy; + B(B —1)HP 2V, HV,;H — (B + 1)HPhFhy;

+8 (|A|2 + ”a2) HP " hij — a®(B+ 1) HP gy
+nPhij + a®n? <X ﬁ> Gis,
(4.7) 9kl = BHPTYAR] + B(B — V)HP >V, HV'H — (8 — 1)H°hlh],
+5 (|A|2 + na2) H=' — a2(B + 1) 5,
—nPh! + a?n® <x a> 5,
(4.8)  0H = BHPTAH + B(B — 1) HP~2|VH|? + (|A|2 - naQ) il
—nPH + a®nfH! <X y> :
= AfP 4 (|A]* = na®) (P = 0P + a*n" 7 (X0,
"1 (|A[* ~na?) APH1

(4.9)  0H'= BHPAH'+18(B—1)HH3|VH

—InPH + a?nfH! <X y> H-', [ eR.

Proof. Since the metric (-, -) on H?*! is independent of time,
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using the definitions of the first and the second fundamental form. The evolu-
tion of the unit normal to M; is a straightforward computation:

The time derivative of the measure dfi; = (/det g;;d& on Mf can be easily
derived from (4.3).

Denote V;X by ¢é; for all i = 1,...,n. First, the evolution of the normalized
second fundamental {h;;} can be calculated from the definition of {h;;} and
the evolving equation (4.4) as follows:

O;hij = — 0; (Ve,é5, 1)
== WX*(@{Wéiéj, V> —(Ve,e;,0:0)
af)éj’ 17> - <Réi,5(*(6£)éj7ﬁ> - <véiéj’ @ﬁﬁ>
S <%ﬁéj _fB o nBX) ,19> - <Réi7_mﬁ+ngx(p,i)éj,ﬁ>
— (Ve85 éx) VIHP M
=V P = (Vs e) VPG — HP (Y0, V0)

Il
\
S
<
S':h
<
IS

— nB <?éiéj, ZA/> + HBRinO — HBX’YI:I’&RWJ‘O
:HeSS@Hﬁ (éz, éj) — Hﬁibzkibllj + nﬁﬁij + IflﬁRiojO + nﬁX'YHﬁRivjo,
where X = )A('Vé,y, v=0,1,...,n and 7 is arranged to be éy. Thus, the desired
equation (4.6) follows from Simons’ identity (see [23] for a proof or see also [20]

for a simple derivation) which is a consequence of the equations of Gaufl and
Codazzi:

Ailij = @i@jﬁ + Hﬁikﬁ? — M\Qﬁij + ﬁf{wjo - ﬁinkOko
+ ilijklil + hikRkljl - 2ﬁklﬁikjl + ?ijOki + kaiij

and having into account that in our case the background space is a hyperbolic
space, the ambient space is locally symmetric (VR = 0) and the Riemann
curvature tensor of the ambient space takes the form

Raﬁ’yé = _GQ(ga'ygﬂé - gaégﬂv)-
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The evolution equations (4.7), (4.8) and (4.9) can be easily derived from the
evolution equations (4.3) and (4.6). O

From the definition of ¢(¢) and the relation (4.1) it follows that

(4.10) o ="
and
dy~L(¢ .
(4.11) ¢d£( ) _ —nPyL(D).
Thus, the normalized turbulent second fundamental form is given by
(4.12) ;lij = hij — a¥™ s,
which implies that
(4.13) H=1— nay !
and
(4.14) 4> = |A]” + na?y=2 — 2a~ .

From (4.10), (4.11), (4.12), (4.13), (4.14) and Theorem 4.1 the following theo-
rem can be obtained by computations similar to those in Theorem 4.1 above.

Theorem 4.2. On any solution Mf of (4.2) the following hold:

(4.15)  O;hyy = BHPYAhy; + BB — WHP2V,HV, H — (8 + V) HPhEhy,
+5(1A1 +na? (1 - 2)) AP~ hij + a(8 + 1)~ HPhy;
+TLB;Lij + an” <X,ﬁ>§ij +a*(B+1) (1/) —1) Hﬁgz]7

(4.16)  9;h = BAPYAR + BB — 1)AP-2V, HVIH — (8 — 1) HPRER]

+ 6 (JAf +na (1= 972)) BP0 + a8+ 1o 7R
— nB;Lf + a*n” <X,f/> 8 +a*(B+1) (v 1) HAG,

(417)  O;H = BHPYAH + B(8 — VHP2VH[? + HP|A|* + 20y~ Bl

— na® (1 - 1/1*2) HP — nﬁﬁ + a?nftl <X f/>

(4.18) 9.H' = BHPYAH +18[(8 — VH — (I — VHH'2HP 2|V I |?
+LHPHYA) + 20l HPH' — na®l (1 - ¢2) BP

—InPH + a2nft! <X, ﬁ> H-' 1eR.
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Denote the normalized quantity det{i:Lg} for the turbulent Gaufl curvature
K= det{iz{ } by I:( . Since the Mf remains strictly convex along the normalized
flow (4.2) for ¢ > 0, i.e., ;Lij > 0, the inverse of the normalized turbulent
Weingarten map {Z;} = {izzé}’l is well-defined. From (4.16) the evolution

equation for K along the normalized flow is easily derived in the same way as
the un-normalized equation.

Lemma 4.3. On any solution Mg of (4.2) the quantity K satisfies the following
evolution equation:

(4.19)
Vil
2 ~ ~ = — VK X DN Lmn 2mn . < 2
GthﬁHﬂ‘l{A S Gani)} e BT V7K (88
n K 2 9,b
:2nA:: 2 — 2 A 2 A .22 — ~ o R
G U ke e+ YD ek
nk H B
‘A’ +na® (1 -y~ ))I:( n+a¢121§§>
i=1
—1 S 2 ~ P
4 nav ﬂ(ﬁ + 1)HK} PR 1 a2nf <X, p> K b
i=1

5. Convergence to a unit geodesic sphere

To finish the proof of Theorem 1.8 observe that it remains to deal with the
issues related to the convergence of the normalized flow. This section will show
that the normalized hypersurfaces Mf along the normalized flow (4.2) converge
to a unit geodesic sphere of H?*! in the C™-topology as ¢ — 4-00.

It is useful to bound the normalized inner radius p_(#) and the normalized
circumradius radius p (f) of Mi for £ > 0.

Lemma 5.1. There exists a constant 0 < Cy = C(a, Mo) such that on M;
along the normalized flow (4.2) for all £ >0

1

- <1< py <(Cf.
C1 < p- Sp+ >0

Proof. Let By (o) be the geodesic ball of radius r with centered at o. Since along
the normalized flow the total area of M; satisfies that A(M;) = A(B1(0)) = Ay,
the formulas for the total area of Bz(0)

A(Br(0)) = sg(r)AS"),
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where A(S") is the total area of the unit sphere S™ in R**!, and the inequality
A(B,_(0)) < Ao < A(B,, (0)) implies that

(5.1) po <1<y

Firstly, choosing a bigger &y for ¢ > fo, by grouping (5.1) and Lemma 2.4 iii)

it follows that there exists a positive constant C' = C(atp=1(f)) < C(a) (argue
similarly as in Theorem 3.1 of [6] by replacing ay)~! to a) and

(5.2) 1<py <C(po+ Vi) <20V5,

which is

(5.3) b > (%)2

Combining (5.1) and (5.2) it shows that
(5.4) oy < 2C.
Note that ¢»~1(#) < 1~1(0), the same argument on [0, %] also gives (5.3) and
(5.4). Therefore taking the constant C; as
C1 = max {402, 20}
gives our conclusion. O
The above lemma allows us to obtain a uniform bound on the normalized

mean curvature H (t) for all £ > 0. For this purpose, following the procedure of
[1], [7], [18] and [24], we consider again the evolution under (4.2) of the function

T
where U = <19, X> and € is a constant to be chosen later. Using Theorem 4.1 a

routine computation in the same way as the un-normalized equation gives the
evolution equation for Z; along the normalized flow (4.2).

Lemma 5.2. Fort e [0, +00) and any constant €,
. .. 2BHP L AP
7 = BHPTAZ + % <VZ, V\IJ> + <(ﬂ +1)— e’ﬂ%) VA
—€

. . . 2 1 .
—nBa’HP'Z — BnPZ + (nf; — —) nfuZ.

(5.6)

U —¢
Proof. The equations (4.2) and (4.4) imply that
(5.7) o = —[° 0 (X,0) + BHP (X, V).
A straightforward computation gives

(5.8) Av =i+ (X,viT) - |f'w.
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By substitution of this expression in (5.7), the evolution equation of ¥ can be
obtained:

(5.9) OV = BHP VAV — (8 + 1) HP + 0P U 4 BHP AW,
Thus, from (4.9) with [ = 8 and (5.9), it follows

Al?
A o 72
A\I/+<(ﬂ+1) €B—= )Z

ﬂHﬁilAﬁﬁ BH2571

- pET
81& \I/—GI (\11*6/)2

(5.10)

2
24815 85 nﬁa 1 B 5
— HP ™ Z — Z — — vZz.
nBa Bn"Z + ( ST n
Another computation shows that

BHP-TAHP  BH2P-IAW BHP-1

5.11 = BHPYAZ + 2 VZ, V).
A w—ap " T2 VAV
Therefore the equation (5.10) can be manipulated into the desired form (5.6)
by combining (5.11) with (5.10). O

Proposition 5.3. Let M; be a solution of the normalized flow (4.2) in HITL.
There exists a positive constant such that

H(p,t) < C(My,B,n,a) for all (p,f) € M™ x [0, +00).
Proof. For any fixed € [0, +00), the convexity of the Mf implies
o<V =(0.X) < py.

Moreover, having into account Lemma 5.1, this gives

1
— < U <.
c - -
Thus, taking the constant ¢ in the definition (5.1) of Z as
g L
2C,
implies
(5.12) Cr—e>U—¢ > >0.
Combining this, convexity of Mg implies that
A - 1 -
(5.13) Z>0, and |A>-A%
n
From Lemma 5.2, (5.12) and (5.13) the following inequality can be obtained:

s h1as  2BHPTT
;7 < BHPTIAZ + 57

L (vzgoy s (- ol ) 2

nBa? 1 R
—_— = vZ.
+( H 016’)n

(5.14)
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Assume that in (pg,fo), Z attains a big maximum C > 0 for the first time.
Then
Hﬁ(pOa 1?0) Z C(\Ij - 6/)(p07£0) Z E/Cv

which gives a contradiction if

B
C > max {Z(p,O),l/ (n(ﬁ—i— 1)) ,l, (nﬁa2 (Cy —6/))ﬁ}.

peM™ € €'p € 0

To prove our result, a key step is to obtain a Harnack inequality or a Holder
estimate which is uniform in time on the curvature. Such an estimate implies
that if the curvature is positive at a given point of our hypersurface, then it
also satisfies a uniform positive lower bound in a whole neighborhood and so
guarantees uniform parabolicity. However, it is hard to derive this type of
inequalities, which has been pointed out by Schulze in [22], since the speed for
the flow has a homogeneity degree larger than one in the curvatures. Schulze in
[22] (see also [8] for details) has also realized that in contrast with the standard
Laplacian A, the operators ﬁf{ B=1A which appear in the evolution equations
become degenerate if the curvatures approach zero. In fact, following [22], the
evolution equation for H can be view as a porous medium equation, see the
second form in the evolution equation (4.8), and an interior Holder estimate for
solutions of such equations has been established by DiBenedetto and Friedman
([11], Theorem 1.2).

Lemma 5.4. For a normalized flow (4.2), there exists a constant C satisfying
to o . . . . . .
/ / \VHP|"dp;dt < C (1412 — 1)  for 0<t <ty < +o0.
1?1 M£

Proof. Applying the evolution equations (4.5), (4.9) with { = 8+ 1 and inte-
gration by parts gives

d [ giry et . i
5/}\4 H*dp; = /M QéHﬁHdufﬂL/M H*0;(djiz)
—(B+ 1)/A [VHPdj
M;
+ /Mf H?? ((ﬁ +1) (’AF - na2) - 1:12) djy;

+(n—6—1)nB/A

NI

HP Y i+ (B+1)nP+a? / HPwdp,,
M;
which is

(5.15)

. 1 d -
VH? | dp; = — ——A/ P ap;
/MJ R R W i, ¢
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1 . 2 .
- HQB( 1 (A - 2)7H2)d*
e [, 1 (@0 (147 - fi
—B—1nP . .\
+ (”57)” Hﬂ+1dﬂ£+n5+1a2/ Hﬂqjdﬂf_
f+1 N N

Since Mg is convex along the normalized flow the last term on the right hand
side of (5.15) can be estimated:

nPHlg? Ifl'gll'dﬂf < n5+1a2ﬁgax / Wdgy;
M; M;

< OnPrra?HE | sT(1)A(S™).

max-K

As remarked earlier, A’ < ’f[ ’ and H is uniformly bounded, so that the second,
the third and the last term on the right hand side of (5.15) can be bounded by
a positive constant. Therefore, after integrating (5.15) from #; to to applying
these facts above gives the conclusion of Lemma 5.4. (]

Proposition 5.5. For any point (p,t) € M x (0,+00), there exists a space-
time neighborhood U C M x (0,400), whose diameter does not depend on the
point (p,t) and such that

H c

Ceo(U) <
for some positive constants C' = C(n,a, S, Mg) and « € (0,1).

Proof. For any point (pg,to) € M x (0,400), Lemma 5.1 implies that there is
ago € M x (0,400) such that Mio encloses By /¢, (qo), where By /¢, (qo) is the
geodesic ball of radius 1/Cy centered at o in H? . Proposition 5.3 tells us that
the speed of the normalized flow (4.2) is uniformly bounded. Then there exists
7 > 0 (depending only on Hpax) such that Mio encloses B /¢, (qo) for all te
(max{fy —n,0}, min{fo — n,T}). Since along the flow (4.2) izij > ap™1g;; >0,
i.e., hypersurfaces Mf are strictly convex for £ > 0, which yields

5 1
7, X - > >

< )= 2Ch
for all (p,£) € M x (max{to — 1,0}, min{fo —n,T}). As a consequence of the
fact p+ < C7 and Hadamard’s theorem in the hyperbolic space, for a proof see
[12, Theorem 10.3.1]. there is a constant ¢ > 0, 2¢ < n, such that such evolving
hypersurfaces M; N exp,, S¢(qo), where S¢(qo) C Ty, H ™! with radius ¢, can
be represent as a graph over a function 7(u,t) on S{(qo), which is uniformly
bounded in C2?. Here recall some basic formulae relating quantities over Mi
satisfying M; = graphr(t). For each £, regard Tq, as a function on S". Let D
be the Levi-Civita connection on S". Then a local coordinate vector field of
M; has the following representation
0

(5.16) Xin(gs

) = Dir(u)0y, + sk (r(u))es, 1<i<n,
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and the outward unit normal vector of Mf can be expressed as

(5.17) b= é(sn(r)arp - i Dire;)

with

(5.18) €| = \/s2(r) + | Dr]?.

After a standard computation, the second fundamental form of Mf can be
expressed as

(5.19) hij = (SK(T)DjDir — $2(r)ex ()0 — QCK(T)DiTD]—r),

1

¢l
and the metric g;; is
(520) gij = Dﬂ’DjT + Si(T)O’ij.

From this, the inverse metric can be expressed as

g 1 3 1
5.21 g7 = —(a” - —DZrDjr),
20 5%(r) €1°

where Dir = ¢ D;r. Then equations (5.19) and (5.21) imply that

- 1 cu(r) ( |Drf?
(5.22) H= —M(AST — Wvgr(Dr, Dr)) + €] (n—|— M )

Using (5.20) and (5.21) the Christoffel symbols have the expression:

. 1
Ik = {DiDerlr + 8x(r)cx(r) (Diroy; + Djroy — Dlraij)}

ij 2
(5.23) S“(z)l N
. (O’ — WD rD T).

Thus, in local coordinates the Laplacian A can be represented as:
A i .
A =g (DiDj . FijDk)
= Di(37D,) - Di(§) D, ~ ° T4y
= D (9 D;) + (P6" + 14,9") D; — g1, Dy
= Di (§”D;) + 1,9 D;.

Therefore, the second identity of the evolution equation (4.8) of H can be
rewritten as

. 1 S T X .
(5.24)  8;H =D, <s2 = (o7 - WD%«DM«) DjHﬁ> + VD HP ¢
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with coefficients given by

b = f‘;ikgkj = b (u,r, Dr, D2r) ,
5.25 . . A .
( ) c= (|A|27na2) HP —nPH + o®nft! <X,1§> ::C(U,T,DT,D27’),

which are uniformly bounded coming from the bounds on curvature and the
preserving h-convexity of evolving hypersurface. Moreover, Lemma 5.4 gives

/ A A A IVH? | djidi < C(0).
MiNexpg, S?(QU)X [max{to7§,0},min{t07§,T}]
Therefore applying Theorem 1.2 in [11] to (5.24) with ¢’ = (/2 gives that

H <C

C (Nfiﬁequo SZ‘, (qo) % [max{fo7§’,O},min{t})7(’,T}])
for suitable a € (0, 1) and some positive constants C' = C(n, a, 3, MG)- O

Theorem 5.6. Under the conditions of Theorem 1.8, the normalized hyper-
surfaces M; converge smoothly as t — 400 to a unit geodesic sphere of Hn L

Proof. Take a sequence of time {#;} C [0,400) with #; — 4-00. The uniform
bounds on the curvatures imply that there exists a subsequence of {t}-}, again
denoted by {#;}, such that, depending only on distance from the origin,

Mt}- — M+OO in the C*“-topology for any a < 1,

and M+Oo is a convex C'!-hypersurface. Since p; < Cj, at each time #;, there
exists a point p; € M satisfying

(5.26) H(p;, t;) = nco,(Ch).
Proposition 5.5 implies that H cannot decrease too fast in the sense that there
exists a § > 0, independently of (p;,t;), satisfying
Al > Mo (1)
My, Nexpgy, S (gi)x [max{fi—5,0},min{fi—6,T}] 2
where ¢; = )A((pz) Furthermore, choosing § small enough implies that, pro-
ceeding as in Proposition5.5, M; M exp,, S§ (¢;) can be written as the graph
of a function r; for any ¢ € [max{f; — 6,0}, min{¢; — 6,T}]. Using parabolic
Schauder theory on any space-time neighborhood
M; Nexp,, S§(g;) x [max{t; — 6,0}, min{#; — 6, T}

gives uniform C*°-estimates on the functions r; in a neighborhoods even smaller
with a suitable radius, denoted by §’. Therefore,
M,fi Nexpg, S5 (qi) — Moo expg, . S5 (g+oc) n C%,

where X(pi, i) = Qoo € M+OO.
On the other hand, Theorem 3.1 implies that M o Nexpy, S% (g+00) must
be totally umbilic, and therefore is a part of a geodesic sphere. From (5.26)
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it follows that M. N exp,, . S§(g+oc) has mean curvature at least nco, (C1).
Then, using again the uniform Hoélder continuity shows that (5.25) holds for
i larger enough in exp,, S§(qi)/ exp,, S§/(¢;). Thus, the region where Mo is
known to be spherical can be extended. After finitely many iterations it can
be shown that M+Oo is a unit geodesic sphere, centered at the origin.

Since the above argument can be applied to any time sequence {t}-}, it can
be concluded that the whole family Mg converges to a unit geodesic sphere as
t — 400 in C*, depending only on distance from the origin. O

6. Exponential convergence

The last step towards the proof of Theorem 1.8 is to show that under the
normalized flow (4.2) the M; converges to M4 exponentially. A natural
quantity to control the pinching of the principal curvature along the normalized
flow (4.2) is the quotient K/H™ denoted by Q. From (4.13), (4.18) and (4.19)

the evolution equation for Q along the normalized flow can be derived in the
same way as the un-normalized equation.

Lemma 6.1. On any solution Mg of (4.2) the quantity Q satisfies the following
evolution equation:

70 = ﬁffﬂ—l{Aé D (vg vir) - (9. 9k) - o v
nH nk nk
= 2 2 2t 3 2 amn an ]2
A O FE A AR
H jig b
+é(ﬁ_1)H( AP 1) + av™'Q (\fq? zi}m@)
ﬁH i=1
+ na? (1 — 1/)72) é (az/;l Zgz + n) }
=1

Thus the above lemma gives the evolution equation of f = 1/n" — Q as
follows.

Proposition 6.2. On any solution Mf of (4.2) the quantity f satisfies the
following evolution equation:

@fﬂﬁf’l{AquLLt V(v vim) - 0D <w,w%>+ﬁf i
nH nK nk

vf
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i=1
—a*nP <X, ﬁ> I:(zn: (I:); — 7;;) —a?n? (1 y2) gﬂ%.
i=1

From the preceding proposition the same arguments as in Theorem 3.5 of
[22] shows that the normalized flow (4.2) converges exponentially in C*° to a
unit geodesic sphere of H?tL.

Theorem 6.3. There are ty, positive constants §; and C; for every i > 0 such
that for all t € [tg, +00) the following estimates hold

o (2
9i(u,u)
’@Z (/it - A+oo)’ < e,

) ‘ < Coe % for every non-zero tangent vector u,

‘ﬁg — n‘ < Coe_‘s’f.
Hence, under the normalized flow (4.2) the ME converges exponentially in to
in C* to a unit geodesic sphere of H'1.
Proof. For a time %, big enough, the following estimate can be obtain:
1-4¢=2>0 forallfc [f,+00).
Applying the similar argument as in Theorem 2.9 for Proposition 6.2 with

Lemma 2.3 gives

agfgﬁflﬂ—l{AerLtl) oi v - 0D (of ok
- *E ( )~ == (V1. VK)

Hn
+—
nk

~ A2 20 a
Vf‘ —5H2f}

for some constant § > 0 small enough. Note that H can be bounded from below
by the positive constant nco,(Cy) and the positive factor 1(f) is increasing in

time, thus there exists a time #; even bigger such that H > n(co.(C1) — a)
for all ¢ € [fl, +00). Then applying the maximum principle to (6.1) implies
that for a time ¢ even bigger there exist a positive constant ¢’ and a positive
constant C satisfying

fh) < ce 't
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Once this is established one can derive as in Theorem 3.5 of [22] the desired
estimates of Theorem 6.3. O
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