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EXISTENCE OF COINCIDENCE POINT UNDER

GENERALIZED NONLINEAR CONTRACTION WITH

APPLICATIONS

Bhavana Deshpande, Amrish Handa, and Shamim Ahmad Thoker

Abstract. We present coincidence point theorem for g-non-decreasing

mappings satisfying generalized nonlinear contraction on partially ordered
metric spaces. We show how multidimensional results can be seen as sim-

ple consequences of our unidimensional coincidence point theorem. We

also obtain the coupled coincidence point theorem for generalized com-
patible pair of mappings F, G : X2 → X by using obtained coincidence

point results. Furthermore, an example and an application to integral

equation are also given to show the usability of obtained results. Our re-
sults generalize, modify, improve and sharpen several well-known results.

1. Introduction and Preliminaries

In order to fix the framework needed to state our main results, we recall the
following notions. For simplicity, we denote from now on X × X × ... × X (n
times) by Xn, where n ∈ N with n ≥ 2 and X is a non-empty set. Let {A, B}
be a partition of the set Λn = {1, 2, ..., n}, that is, A and B are nonempty
subsets of Λn such that A ∪ B = Λn and A ∩ B = ∅. We will denote ΩA,B =

{σ : Λn → Λn : σ(A) ⊆ A, σ(B) ⊆ B} and Ω
′

A,B = {σ : Λn → Λn : σ(A) ⊆ B,

σ(B) ⊆ A}. Henceforth, let σ1, σ2, ..., σn be n mappings from Λn into itself
and let Υ be the n−tuple (σ1, σ2, ..., σn). Let F : Xn → X and g : X → X be
two mappings. For brevity, we denote g(x) by gx where x ∈ X.

In [10], Guo and Lakshmikantham introduced the notion of coupled fixed
point for single-valued mappings.

Definition 1. [10]. Let F : X2 → X be a given mapping. An element (x,
y) ∈ X2 is called a coupled fixed point of F if

F (x, y) = x and F (y, x) = y.
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Gnana-Bhaskar and Lakshmikantham [2] obtained some coupled fixed point
theorems for single-valued mappings by defining the notion of mixed monotone
property on partially ordered metric spaces.

Definition 2. [2]. Let (X, �) be a partially ordered set. Suppose F : X2 → X
be a given mapping. We say that F has the mixed monotone property if for all
x, y ∈ X, we have

x1, x2 ∈ X, x1 � x2 =⇒ F (x1, y) � F (x2, y),

and

y1, y2 ∈ X, y1 � y2 =⇒ F (x, y1) � F (x, y2).

After that, Lakshmikantham and Ciric [18] presented the existence of coupled
coincidence point by defining the notion of mixed g-monotone property.

Definition 3. [18]. Let F : X2 → X and g : X → X be given mappings. An
element (x, y) ∈ X2 is called a coupled coincidence point of the mappings F
and g if

F (x, y) = gx and F (y, x) = gy.

Definition 4. [18]. Let F : X2 → X and g : X → X be given mappings. An
element (x, y) ∈ X2 is called a common coupled fixed point of the mappings F
and g if

x = F (x, y) = gx and y = F (y, x) = gy.

Definition 5. [18]. The mappings F : X2 → X and g : X → X are said to be
commutative if

gF (x, y) = F (gx, gy), for all (x, y) ∈ X2.

Definition 6. [18]. Let (X, �) be a partially ordered set. Suppose F : X2 → X
and g : X → X are given mappings. We say that F has the mixed g-monotone
property if for all x, y ∈ X, we have

x1, x2 ∈ X, gx1 � gx2 =⇒ F (x1, y) � F (x2, y),

and

y1, y2 ∈ X, gy1 � gy2 =⇒ F (x, y1) � F (x, y2).

If g is the identity mapping on X, then F satisfies the mixed monotone property.

Subsequently, Choudhury and Kundu [4] modify the results of Lakshmikan-
tham and Ciric [18] by introducing the notion of compatibility in coupled coin-
cidence point context.

Definition 7. [4]. The mappings F : X2 → X and g : X → X are said to be
compatible if

lim
n→∞

d(gF (xn, yn), F (gxn, gyn)) = 0,

lim
n→∞

d(gF (yn, xn), F (gyn, gxn)) = 0,
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whenever {xn} and {yn} are sequences in X such that

lim
n→∞

F (xn, yn) = lim
n→∞

gxn = x,

lim
n→∞

F (yn, xn) = lim
n→∞

gyn = y, for some x, y ∈ X.

A great deal of these studies investigate contractions on partially ordered
metric spaces because of their applicability to initial value problems defined by
differential or integral equations.

Hussain et al. [12] proved some coupled coincidence point results by intro-
ducing a new concept of generalized compatibility of a pair of mappings F,
G : X2 → X.

Definition 8. [12]. Suppose that F, G : X2 → X are two mappings. F is
said to be G−increasing with respect to � if for all x, y, u, v ∈ X, with G(x,
y) � G(u, v) we have F (x, y) � F (u, v).

Definition 9. [12]. Let F, G : X2 → X be two mappings. We say that the
pair {F, G} is commuting if

F (G(x, y), G(y, x)) = G(F (x, y), F (y, x)), for all x, y ∈ X.

Definition 10. [12]. Suppose that F, G : X2 → X are two mappings. An
element (x, y) ∈ X2 is called a coupled coincidence point of mappings F and G
if

F (x, y) = G(x, y) and F (y, x) = G(y, x).

Definition 11. [12]. Let (X, �) be a partially ordered set, F : X2 → X and
g : X → X are two mappings. We say that F is g-increasing with respect to �
if for any x, y ∈ X,

gx1 � gx2 implies F (x1, y) � F (x2, y),

and

gy1 � gy2 implies F (x, y1) � F (x, y2).

Definition 12. [12]. Let (X, �) be a partially ordered set and F : X2 → X be
a mapping. We say that F is increasing with respect to � if for any x, y ∈ X,

x1 � x2 implies F (x1, y) � F (x2, y),

and

y1 � y2 implies F (x, y1) � F (x, y2).

Definition 13. [12]. Let F, G : X2 → X are two mappings. We say that the
pair {F, G} is generalized compatible if

lim
n→∞

d(F (G(xn, yn), G(yn, xn)), G(F (xn, yn), F (yn, xn))) = 0,

lim
n→∞

d(F (G(yn, xn), G(xn, yn)), G(F (yn, xn), F (xn, yn))) = 0,
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whenever (xn) and (yn) are sequences in X such that

lim
n→∞

G(xn, yn) = lim
n→∞

F (xn, yn) = x,

lim
n→∞

G(yn, xn) = lim
n→∞

F (yn, xn) = y, for some x, y ∈ X.

Obviously, a commuting pair is a generalized compatible but not conversely in
general.

Erhan et al. [8], indicate that the results obtained in Hussain et al. [12] can
be deduce from the coincidence point results in the existing literature.

In [8] Erhan et al. used the following definitions:

Definition 14. [1, 9]. A coincidence point of two mappings T, g : X → X is a
point x ∈ X such that Tx = gx.

Definition 15. [8]. A partially ordered metric space (X, d, �) is a metric space
(X, d) provided with a partial order � .

Definition 16. [2, 12]. A partially ordered metric space (X, d, �) is said
to be non-decreasing-regular (respectively, non-increasing-regular) if for every
sequence {xn} ⊆ X such that {xn} → x and xn � xn+1 (respectively, xn �
xn+1) for all n ≥ 0, we have that xn � x (respectively, xn � x) for all n ≥ 0.
(X, d, �) is said to be regular if it is both non-decreasing-regular and non-
increasing-regular.

Definition 17. [8]. Let (X, �) be a partially ordered set and let T, g : X → X
be two mappings. We say that T is (g, �)-non-decreasing if Tx � Ty for all x,
y ∈ X such that gx � gy. If g is the identity mapping on X, we say that T is
�-non-decreasing.

Very recently, the concept of multidimensional fixed/coincidence point intro-
duced by Roldan et al. in [22], which is an extension of Berzig and Samet’s
notion given in [3], which extended and generalized the mentioned fixed point
results to higher dimensions. However, they used permutations of variables and
distinguished between the first and the last variables.

A partial order � on X can be extended to a partial order v on Xn in the
following way. If (X, �) be a partially ordered space, x, y ∈ X and i ∈ Λn, we
will use the following notations:

x �i y ⇒
{
x � y, if i ∈ A,
x � y, if i ∈ B.

Consider on the product space Xn the following partial order: for Y = (y1, y2,
..., yi, ..., yn), V = (v1, v2, ..., vi, ..., vn) ∈ Xn,

Y v V ⇔ yi �i vi. (1)

Notice that v depends on A and B. We say that two points Y and V are
comparable, if Y v V or V v Y. Obviously, (Xn, v) is a partially ordered set.
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Definition 18. [15, 22, 23]. A point (x1, x2, ..., xn) ∈ Xn is called a
Υ−coincidence point of the mappings F : Xn → X and g : X → X if

F (xσi(1), xσi(2), ..., xσi(n)) = gxi, for all i ∈ Λn.

If g is the identity mapping on X, then (x1, x2, ..., xn) ∈ Xn is called a Υ−fixed
point of the mapping F.

It is clear that the previous definition extends the notions of coupled, tripled,
and quadruple fixed points. In fact, if we represent a mapping σ : Λn → Λn
throughout its ordered image, that is, σ = (σ(1), σ (2), ..., σ (n)), then

(i) Gnana-Bhaskar and Lakshmikantham’s coupled fixed points occur when
n = 2, σ1 = (1, 2) and σ2 = (2, 1),

(ii) Berinde and Borcut’s tripled fixed points are associated with n = 3,
σ1 = (1, 2, 3), σ2 = (2, 1, 2) and σ3 = (3, 2, 1),

(iii) Karapinar’s quadruple fixed points are considered when n = 4, σ1 = (1,
2, 3, 4), σ2 = (2, 3, 4, 1), σ3 = (3, 4, 1, 2) and σ4 = (4, 1, 2, 3).

These cases consider A as the odd numbers in {1, 2, ..., n} and B as its even
numbers. However, Berzig and Samet [3] use A = {1, 2, ..., m}, B = {m + 1,
..., n} and arbitrary mappings.

Definition 19. [22]. Let (X, �) be a partially ordered space. We say that F
has the mixed (g, �)-monotone property if F is g-monotone non-decreasing in
arguments of A and g-monotone non-increasing in arguments of B, that is, for
all x1, x2, ..., xn, y, z ∈ X and all i,

gy � gz ⇒ F (x1, ..., xi−1, y, xi+1, ..., xn) �i F (x1, ..., xi−1, z, xi+1, ..., xn).

Remark 1. [14]. In order to ensure the existence of Υ-coincidence/fixed points,
it is very important to assume that the mixed g-monotone property is compat-
ible with the permutation of the variables, that is, the mappings of Υ = (σ1,

σ2, ..., σn) should verify σi ∈ ΩA,B if i ∈ A and σi ∈ Ω
′

A,B if i ∈ B.

Definition 20. [23, 26]. Let (X, d) be a metric space and define ∆n, ρn :
Xn ×Xn → [0, +∞), for Y = (y1, y2, ..., yn), V = (v1, v2, ..., vn) ∈ Xn, by

∆n(Y, V ) =
1

n

n∑
i=1

d(yi, vi) and ρn(Y, V ) = max
1≤i≤n

d(yi, vi).

Then ∆n and ρn are metric on Xn, (X, d) is complete if and only if (Xn, ∆n)
is complete. Similarly, (X, d) is complete if and only if (Xn, ρn) is complete.
It is easy to see that

∆n(Y k, Y ) → 0 (as k →∞)⇔ d(yki , yi)→ 0 (as k →∞),

and ρn(Y k, Y ) → 0 (as k →∞)⇔ d(yki , yi)→ 0 (as k →∞), i ∈ Λn,

where Y k = (yk1 , y
k
2 , ..., y

k
n) and Y = (y1, y2, ..., yn) ∈ Xn.

Lemma 1.1. [23, 26, 27]. Let (X, d, �) be a partially ordered metric space
and let F : Xn → X and g : X → X be two mappings. Let Υ = (σ1, σ2, ..., σn)
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be an n−tuple of mappings from Λn into itself verifying σi ∈ ΩA,B if i ∈ A and

σi ∈ Ω
′

A,B if i ∈ B. Define FΥ, G : Xn → Xn, for all y1, y2, ..., yn ∈ X, by

FΥ(y1, y2, ..., yn) =

 F (yσ1(1), yσ1(2), ..., yσ1(n)),
F (yσ2(1), yσ2(2), ..., yσ2(n)),

..., F (yσn(1), yσn(2), ..., yσn(n))

 ,

and G(y1, y2, ..., yn) = (gy1, gy2, ..., gyn).

(1) If F has the mixed (g, �)−monotone property, then FΥ is monotone (G,
v)−non-decreasing.

(2) If F is d−continuous, then FΥ is ∆n−continuous and ρn−continuous.
(3) If g is d−continuous, then G is ∆n−continuous and ρn−continuous.
(4) A point (y1, y2, ..., yn) ∈ Xn is a Υ−fixed point of F if and only if (y1,

y2, ..., yn) is a fixed point of FΥ.
(5) A point (y1, y2, ..., yn) ∈ Xn is a Υ−coincidence point of F and g if and

only if (y1, y2, ..., yn) is a coincidence point of FΥ and G.
(6) If (X, d, �) is regular, then (Xn, ∆n, v) and (Xn, ρn, v) are also

regular.

The commutativity and compatibility of the mappings are defined as follows.

Definition 21. [22]. We will say that two mappings T, g : X → X are
commuting if gTx = Tgx for all x ∈ X. We will say that F : Xn → X and
g : X → X are commuting if gF (x1, x2, ..., xn) = F (gx1, gx2, ..., gxn) for all
x1, x2, ..., xn ∈ X.

The following notion was introduced in order to avoid the necessity of com-
mutativity.

Definition 22. [4, 11, 20, 21]. Let (X, d, �) be an ordered metric space. Two
mappings T, g : X → X are said to be O-compatible if

lim
n→∞

d(gTxn, T gxn) = 0,

provided that {xn} is a sequence in X such that {gxn} is �-monotone, that is,
it is either non-increasing or non-decreasing with respect to � and

lim
n→∞

Txn = lim
n→∞

gxn ∈ X.

The natural extension to an arbitrary number of variables is the following
one.

Definition 23. [21]. Let (X, d, �) be an ordered metric space and let F :
Xn → X and g : X → X be two mappings. Let Υ = (σ1, σ2, ..., σn) be an

n−tuple of mappings Λn into itself verifying σi ∈ ΩA,B if i ∈ A and σi ∈ Ω
′

A,B

if i ∈ B. We will say that (F, g) is a (O, Υ)−compatible pair if, for all i ∈ Λn,

lim
m→∞

d(gF (xσi(1)
m , xσi(2)

m , ..., xσi(n)
m ), F (gxσi(1)

m , gxσi(2)
m , ..., gxσi(n)

m )) = 0,
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whenever {x1
m}, {x2

m}, ..., {xnm} are sequences in X such that {gx1
m}, {gx2

m},
..., {gxnm} are � −monotone and

lim
m→∞

F (xσi(1)
m , xσi(2)

m , ..., xσi(n)
m ) = lim

n→∞
gxim ∈ X for all i ∈ Λn.

Lemma 1.2. [21]. If F and g are (O, Υ)-compatible, then FΥ and G are
O-compatible.

In [7], Ding et al. obtained coupled coincidence and common coupled fixed
point theorems for generalized nonlinear contraction on partially ordered metric
spaces which generalize the results of Lakshmikantham and Ciric [18]. Our basic
references are[5,6,7,8,12,13,16,17,24,25,26,27].

In this paper, we present coincidence point theorem for g-non-decreasing
mappings satisfying generalized nonlinear contraction on partially ordered met-
ric spaces. We show how multidimensional results can be seen as simple conse-
quences of our unidimensional coincidence point theorem. We also obtain the
coupled coincidence point theorem for generalized compatible pair of mappings
F, G : X2 → X by using obtained coincidence point results. Furthermore, an
example and an application to integral equation are also given to show the us-
ability of obtained results. Our results generalize, modify, improve and sharpen
the results of Gnana-Bhaskar and Lakshmikantham [2], Ding et al. [7] and
Lakshmikantham and Ciric [18].

2. Main results

Let Φ denote the set of all functions ϕ : [0, +∞)→ [0, +∞) satisfying
(iϕ) ϕ is non-decreasing,
(iiϕ) limn→∞ ϕn(t) = 0 for all t > 0, where ϕn+1(t) = ϕn(ϕ(t)).

It is clear that ϕ(t) < t for each t > 0. In fact, if ϕ(t0) ≥ t0 for some t0 > 0,
then, since ϕ is non-decreasing, ϕn(t0) ≥ t0 for all n ∈ N, which contradicts
with limn→∞ ϕn(t0) = 0. In addition, it is easy to see that ϕ(0) = 0.

Theorem 2.1. Let (X, d, �) be a partially ordered metric space and let T,
g : X → X be two mappings such that the following properties are fulfilled:

(i) T (X) ⊆ g(X),
(ii) T is (g, �)-non-decreasing,
(iii) there exists x0 ∈ X such that gx0 � Tx0,
(iv) there exists ϕ ∈ Φ such that

d(Tx, Ty) ≤ ϕ (M(x, y)) ,

where

M(x, y) = max

{
d(gx, gy), d(gx, Tx), d(gy, Ty),

d(gx, Ty)+d(gy, Tx)
2

}
,

for all x, y ∈ X such that gx � gy. Also assume that, at least, one of the
following conditions holds:

(a) (X, d) is complete, T and g are continuous and the pair (T, g) is O-
compatible,
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(b) (X, d) is complete, T and g are continuous and commuting,
(c) (g(X), d) is complete and (X, d, �) is non-decreasing-regular,
(d) (X, d) is complete, g(X) is closed and (X, d, �) is non-decreasing-regular,
(e) (X, d) is complete, g is continuous, and monotone-non-decreasing, the

pair (T, g) is O-compatible and (X, d, �) is non-decreasing-regular.
Then T and g have, at least, a coincidence point.

Proof. We divide the proof into three steps.
Step 1. We claim that there exists a sequence {xn} ⊆ X such that {gxn}

is �-non-decreasing and gxn+1 = Txn, for all n ≥ 0. Let x0 ∈ X be arbitrary.
Since Tx0 ∈ T (X) ⊆ g(X), therefore there exists x1 ∈ X such that Tx0 = gx1.
Then gx0 � Tx0 = gx1. Since T is (g, �)-non-decreasing, therefore Tx0 � Tx1.
Again, since Tx1 ∈ T (X) ⊆ g(X), therefore there exists x2 ∈ X such that
Tx1 = gx2. Then gx1 = Tx0 � Tx1 = gx2. Since T is (g, �)-non-decreasing,
therefore Tx1 � Tx2. Repeating this argument, there exists a sequence {xn}n≥0

such that {gxn} is �-non-decreasing, gxn+1 = Txn � Txn+1 = gxn+2 and

gxn+1 = Txn for all n ≥ 0. (2)

Step 2. We claim that {gxn}n≥0 is a Cauchy sequence in X. Now, by contrac-
tive condition (iv), we have

d(gxn+1, gxn+2) = d(Txn, Txn+1) ≤ ϕ (M(xn, xn+1)) , (3)

where

M(xn, xn+1)

= max

{
d(gxn, gxn+1), d(gxn, Txn), d(gxn+1, Txn+1),

d(gxn, Txn+1)+d(gxn+1, Txn)
2

}
= max

{
d(gxn, gxn+1), d(gxn, gxn+1), d(gxn+1, gxn+2),

d(gxn, gxn+2)+d(gxn+1, gxn+1)
2

}
≤ max

{
d(gxn, gxn+1), d(gxn+1, gxn+2),

d(gxn, gxn+1)+d(gxn+1, gxn+2)
2

}
≤ max {d(gxn, gxn+1), d(gxn+1, gxn+2)} .

If d(gxn+1, gxn+2) ≥ d(gxn, gxn+1). Then

M(xn, xn+1) ≤ d(gxn+1, gxn+2). (4)

From (3), (4) and by the fact that ϕ(t) < t for all t > 0, we get

d(gxn+1, gxn+2) ≤ ϕ (d(gxn+1, gxn+2)) < d(gxn+1, gxn+2),

which is a contradiction. Hence, d(gxn, gxn+1) ≥ d(gxn+1, gxn+2). Then

M(xn, xn+1) ≤ d(gxn, gxn+1). (5)

Thus, by (3) and (5), we have for all n ∈ N,

d(gxn+1, gxn+2) ≤ ϕ (d(gxn, gxn+1)) ≤ ϕn (d(gx0, gx1)) ≤ ϕn(δ), (6)
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where

δ = d(gx0, gx1).

Without loss of generality, we can assume that d(gx0, gx1) 6= 0. In fact, if this
is not true, then gx0 = gx1 = Tx0, that is, x0 is a coincidence point of g and
T. Thus, for m, n ∈ N with m > n, by triangle inequality and (6), we get

d(gxn, gxm+n)

≤ d(gxn, gxn+1) + d(gxn+1, gxn+2) + ...+ d(gxn+m−1, gxm+n)

≤ ϕn(δ) + ϕn+1(δ) + ...+ ϕn+m−1(δ)

≤
n+m−1∑
i=n

ϕi(δ),

which implies, by (iiϕ), that {gxn}n≥0 is a Cauchy sequence in X.
Step 3. We claim that T and g have a coincidence point distinguishing

between cases (a)− (e).
Suppose now that (a) holds, that is, (X, d) is complete, T and g are contin-

uous and the pair (T, g) is O-compatible. Since (X, d) is complete, therefore
there exists z ∈ X such that {gxn} → z and {Txn} → z. Since T and g are
continuous, therefore {Tgxn} → Tz and {ggxn} → gz. Since the pair (T, g) is
O-compatible, therefore limn→∞ d(gTxn, T gxn) = 0. Thus, we conclude that

d(gz, Tz) = lim
n→∞

d(ggxn+1, T gxn) = lim
n→∞

d(gTxn, T gxn) = 0,

that is, z is a coincidence point of T and g.
Suppose now that (b) holds, that is, (X, d) is complete, T and g are contin-

uous and commuting. It is evident that (b) implies (a).
Suppose now that (c) holds, that is, (g(X), d) is complete and (X, d, �)

is non-decreasing-regular. As {gxn}n≥0 is a Cauchy sequence in the complete
space (g(X), d), so there exist y ∈ g(X) such that {gxn} → y. Let z ∈ X
be any point such that y = gz, then {gxn} → gz. Indeed, as (X, d, �) is
non-decreasing-regular and {gxn} is �-non-decreasing and converging to gz, we
deduce that gxn � gz for all n ≥ 0. Applying the contractive condition (iv), we
get

d(gxn+1, T z) = d(Txn, T z) ≤ ϕ (M(xn, z)) , (7)

where

M(xn, z) = max

{
d(gxn, gz), d(gxn, Txn), d(gz, Tz),

d(gxn, Tz)+d(gz, Txn)
2

}
= max

{
d(gxn, gz), d(gxn, gxn+1), d(gz, Tz),

d(gxn, Tz)+d(gz, gxn+1)
2

}
.

Since limn→∞ gxn = gz, there exists n0 ∈ N such that for all n > n0,

M(xn, z) = d(gz, Tz). (8)
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By (7) and (8), we get

d(gxn+1, T z) ≤ ϕ (d(gz, Tz)) .

Now, we claim that d(gz, Tz) = 0. If this is not true, then d(gz, Tz) > 0, which,
by the fact that ϕ(t) < t for all t > 0, implies

d(gxn+1, T z) < d(gz, Tz).

Letting n→∞ in the above inequality and using limn→∞ gxn = gz, we get

d(gz, Tz) < d(gz, Tz),

which is a contradiction. Hence we must have d(gz, Tz) = 0, that is, z is a
coincidence point of T and g.

Suppose now that (d) holds, that is, (X, d) is complete, g(X) is closed and
(X, d, �) is non-decreasing-regular. It follows from the fact that a closed subset
of a complete metric space is also complete. Then, (g(X), d) is complete and
(X, d, �) is non-decreasing-regular. Thus (c) can apply here.

Suppose now that (e) holds, that is, (X, d) is complete, g is continuous, the
pair (T, g) is O-compatible and (X, d, �) is non-decreasing-regular. As (X, d)
is complete, so there exists z ∈ X such that {gxn} → z. Since Txn = gxn+1 for
all n ≥ 0, we also have that {Txn} → z. As g is continuous, then {ggxn} → gz.
Furthermore, since the pair (T, g) is O-compatible, we have limn→∞ d(ggxn+1,
T gxn) = limn→∞ d(gTxn, T gxn) = 0. As {ggxn} → gz the previous property
means that {Tgxn} → gz.

Indeed, as (X, d, �) is non-decreasing-regular and {gxn} is �-non-decreasing
and converging to z, we deduce that gxn � z for all n ≥ 0. Applying the
contractive condition (iv), we get

d(Tgxn, T z) ≤ ϕ (M(gxn, z)) , (9)

where

M(gxn, z) = max

{
d(ggxn, gz), d(ggxn, T gxn), d(gz, Tz),

d(ggxn, Tz)+d(gz, Tgxn)
2

}
.

Since {ggxn} → gz, therefore there exists n0 ∈ N such that for all n > n0,

M(gxn, z) = d(gz, Tz). (10)

By (9) and (10), we get

d(Tgxn, T z) ≤ ϕ (d(gz, Tz)) .

Now, we claim that d(gz, Tz) = 0. If this is not true, then d(gz, Tz) > 0, which,
by the fact that ϕ(t) < t for all t > 0, implies

d(Tgxn, T z) < d(gz, Tz).

Letting n→∞ in the above inequality and using {Tgxn} → gz, we get

d(gz, Tz) < d(gz, Tz),
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which is a contradiction. Hence we must have d(gz, Tz) = 0, that is, z is a
coincidence point of T and g.

Next we give an n−dimensional coincidence point theorem for mixed mono-
tone mappings. For brevity, (y1, y2, ..., yn), (v1, v2, ..., vn) and (y1

0 , y
2
0 , ...,

yn0 ) will be denoted by Y, V and Y0 respectively. Consider the mappings FΥ,
G : Xn → Xn defined by

FΥ(Y ) =

 F (yσ1(1), yσ1(2), ..., yσ1(n)),
F (yσ2(1), yσ2(2), ..., yσ2(n)),

..., F (yσn(1), yσn(2), ..., yσn(n))

 , (11)

and G(Y ) = (gy1, gy2, ..., gyn), for Y ∈ Xn.

Under these conditions, the following properties hold:

Lemma 2.2. Let (X, d, �) be a partially ordered metric space and let F :
Xn → X and g : X → X be two mappings. Then

(1) If there exist y1
0 , y

2
0 , ..., y

n
0 ∈ X verifying gyi0 �i F (y

σi(1)
0 , y

σi(2)
0 , ...,

y
σi(n)
0 ), for all i ∈ Λn, then there exists Y0 ∈ Xn such that G(Y0) v FΥ(Y0).

(2) If there exists ϕ ∈ Φ such that

d(F (y1, y2, ..., yn), F (v1, v2, ..., vn)) ≤ ϕ (M(y1, ..., yn, v1, ..., vn)) ,
(12)

for all y1, y2, ..., yn, v1, v2, ..., vn ∈ X with yi �i vi, for i ∈ Λn, where

M(y1, ..., yn, v1, ..., vn) (13)

= max
1≤i≤n


d(gyi, gvi), d(gyi, F (yσi(1), ..., yσi(n))),

d(gvi, F (vσi(1), ..., vσi(n))),
d(gyi, F (vσi(1), ..., vσi(n)))+d(gvi, F (yσi(1), ..., yσi(n)))

2

 ,

then

ρn(FΥ(Y ), FΥ(V )) ≤ ϕ (Mρn(Y, V )) , (14)

where

Mρn(Y, V ) = max

{
ρn(G(Y ), G(V )), ρn(G(Y ), FΥ(Y )), ρn(G(V ), FΥ(V )),

ρn(G(Y ), FΥ(V ))+ρn(G(V ), FΥ(Y ))
2

}
,

(15)
for all Y, V ∈ Xn with G(Y ) v G(V ).

Proof. (1) is obvious.
(2) Suppose that G(Y ) v G(V ) for Y, V ∈ Xn. For fixed i ∈ A, we have

yσi(t) �t vσi(t) for t ∈ Λn. From (12), we have

d(F (yσi(1), yσi(2), ..., yσi(n)), F (vσi(1), vσi(2), ..., vσi(n))) (16)

≤ ϕ (M(y1, y2, ..., yn, v1, v2, ..., vn)) ,
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for all i ∈ A. Similarly, for fixed i ∈ B, we have yσi(t) �t vσi(t) for t ∈ Λn. It
follows from (12) that

d(F (yσi(1), yσi(2), ..., yσi(n)), F (vσi(1), vσi(2), ..., vσi(n)))

≤ d(F (vσi(1), vσi(2), ..., vσi(n)), F (yσi(1), yσi(2), ..., yσi(n)))

≤ ϕ (M(y1, y2, ..., yn, v1, v2, ..., vn)) , (17)

for all i ∈ B. By (1), (11), (16), (17) and ϕ is non-decreasing, we have

ρn(FΥ(Y ), FΥ(V )) ≤ ϕ (Mρn(G(Y ), G(V ))) ,

for all Y, V ∈ Xn with G(Y ) v G(V ).

Theorem 2.3. Let (X, �) be a partially ordered set and suppose that there is
a metric d on X such that (X, d) is a complete metric space. Let F : Xn → X
and g : X → X be two mappings and Υ = (σ1, σ2, ..., σn) be an n−tuple of

mappings from Λn into itself verifying σi ∈ ΩA,B if i ∈ A and σi ∈ Ω
′

A,B if
i ∈ B. Suppose that the following properties are fulfilled:

(i) F (Xn) ⊆ g(X),
(ii) F has the mixed g-monotone property,

(iii) there exist y1
0 , y

2
0 , ..., y

n
0 ∈ X verifying gyi0 �i F (y

σi(1)
0 , y

σi(2)
0 , ...,

y
σi(n)
0 ), for all i ∈ Λn,

(iv) there exist ϕ ∈ Φ satisfying (12). Also assume that at least one of the
following conditions holds:

(a) (X, d) is complete, F and g are continuous and the pair (F, g) is (O,
Υ)-compatible,

(b) (X, d) is complete, F and g are continuous and commuting,
(c) (g(X), d) is complete and (X, d, �) is non-decreasing-regular,
(d) (X, d) is complete, g(X) is closed and (X, d, �) is regular,
(e) (X, d) is complete, g is continuous, the pair (F, g) is (O, Υ)-compatible

and (X, d, �) is non-decreasing-regular.
Then F and g have, at least, a Υ−coincidence point.

Proof. It is only necessary to apply Theorem 2.1 to the mappings T = FΥ and
g = G in the ordered metric space (Xn, ρn, v) taking into account all items of
Lemma 1.1 and Lemma 2.2.

Next, we derive the two dimensional version of Theorem 2.1. Define the
mappings TF , TG : X2 → X2, for all (x, y) ∈ X2, by

TF (x, y) = (F (x, y), F (y, x)) and TG(x, y) = (G(x, y), G(y, x)). (18)

Lemma 2.4. Let (X, d, �) be a partially ordered metric space and let F, G :
X2 → X be two mappings. Then

(1) If F is d-continuous, then TF is ρ2-continuous.
(2) If F is G-increasing with respect to �, then TF is (TG, v)-non-decreasing.
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(3) If there exist two elements x0, y0 ∈ X with G(x0, y0) � F (x0, y0) and
G(y0, x0) � F (y0, x0), then there exists a point (x0, y0) ∈ X2 such that TG(x0,
y0) v TF (x0, y0).

(4) For any x, y ∈ X, there exist u, v ∈ X such that F (x, y) = G(u, v) and
F (y, x) = G(v, u), then TF (X2) ⊆ TG(X2).

(5) Assume there exists ϕ ∈ Φ such that

d(F (x, y), F (u, v)) ≤ ϕ (M(x, y, u, v)) , (19)

where

M(x, y, u, v) = max


d(G(x, y), G(u, v)), d(G(x, y), F (x, y)),
d(G(u, v), F (u, v)), d(G(y, x), G(v, u)),
d(G(y, x), F (y, x)), d(G(v, u), F (v, u)),

d(G(x, y), F (u, v))+d(G(u, v), F (x, y))
2 ,

d(G(y, x), F (v, u))+d(G(v, u), F (y, x))
2

 ,

(20)
for all x, y, u, v ∈ X, where G(x, y) � G(u, v) and G(y, x) � G(v, u), then

ρ2(TF (x, y), TF (u, v)) ≤ ϕ (Mρ2
((x, y), (u, v))) , (21)

where

Mρ2((x, y), (u, v)) = max


ρ2(TG(x, y), TG(u, v)),
ρ2(TG(x, y), TF (x, y)),
ρ2(TG(u, v), TF (u, v)),

ρ2(TG(x, y), TF (u, v))+ρ2(TG(u, v), TF (x, y))
2

 ,

(22)
for all (x, y), (u, v) ∈ X2, where TG(x, y) v TG(u, v).

(6) If the pair {F, G} is generalized compatible, then the mappings TF and
TG are O-compatible in (X2, ρ2, v).

(7) A point (x, y) ∈ X2 is a coupled coincidence point of F and G if and
only if it is a coincidence point of TF and TG.

Proof. Statement (1), (3), (4), and (7) are obvious.
(2) Assume that F is G-increasing with respect to � and let (x, y), (u,

v) ∈ X2 be such that TG(x, y) v TG(u, v). Then G(x, y) � G(u, v) and G(y,
x) � G(v, u). Since F is G-increasing with respect to �, we have that F (x,
y) � F (u, v) and F (y, x) � F (v, u). Therefore TF (x, y) v TF (u, v) which
shows that TF is (TG, v)-non-decreasing.

(5) Suppose that there exists ϕ ∈ Φ such that

d(F (x, y), F (u, v)) ≤ ϕ (M(x, y, u, v)) ,

for all x, y, u, v ∈ X, where G(x, y) � G(u, v) and G(y, x) � G(v, u) and let
(x, y), (u, v) ∈ X2 be such that TG(x, y) v TG(u, v). Therefore G(x, y) � G(u,
v) and G(y, x) � G(v, u). From (19), we have

d(F (x, y), F (u, v)) ≤ ϕ (M(x, y, u, v)) . (23)
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Furthermore G(y, x) � G(v, u) and G(x, y) � G(u, v), the contractive condition
(19), implies that

d(F (y, x), F (v, u)) ≤ ϕ (M(x, y, u, v)) . (24)

Combining (23) and (24), we get

max {d(F (x, y), F (u, v)), d(F (y, x), F (v, u))} ≤ ϕ (M(x, y, u, v)) . (25)

It follows from (25) that

ρ2(TF (x, y), TF (u, v))

= ρ2 ((F (x, y), F (y, x)), (F (u, v), F (v, u)))

= max {d(F (x, y), F (u, v)), d(F (y, x), F (v, u))}
≤ ϕ (M(x, y, u, v))

≤ ϕ (Mρ2
((x, y), (u, v))) .

(6) Let {(xn, yn)} ⊆ X2 be any sequence such that TF (xn, yn)
ρ2→ (x, y) and

TG(xn, yn)
ρ2→ (x, y) (note that it is not require to suppose that {TG(xn, yn)}

is v-monotone). Thus

(F (xn, yn), F (yn, xn))
ρ2→ (x, y)

⇒ F (xn, yn)
d→ x and F (yn, xn)

d→ y,

and

(G(xn, yn), G(yn, xn))
ρ2→ (x, y)

⇒ G(xn, yn)
d→ x and G(yn, xn)

d→ y.

Therefore

lim
n→∞

F (xn, yn) = lim
n→∞

G(xn, yn) = x ∈ X,

lim
n→∞

F (yn, xn) = lim
n→∞

G(yn, xn) = y ∈ X.

Since the pair {F, G} is generalized compatible, therefore

lim
n→∞

d(F (G(xn, yn), G(yn, xn)), G(F (xn, yn), F (yn, xn))) = 0,

lim
n→∞

d(F (G(yn, xn), G(xn, yn)), G(F (yn, xn), F (xn, yn))) = 0.

In particular,

lim
n→∞

ρ2(TGTF (xn, yn), TFTG(xn, yn))

= lim
n→∞

ρ2(TG(F (xn, yn), F (yn, xn)), TF (G(xn, yn), G(yn, xn)))

= lim
n→∞

ρ2

(
(G(F (xn, yn), F (yn, xn)), G(F (yn, xn), F (xn, yn))),
(F (G(xn, yn), G(yn, xn)), F (G(yn, xn), G(xn, yn)))

)
= lim

n→∞
max

{
d(G(F (xn, yn), F (yn, xn)), F (G(xn, yn), G(yn, xn))),
d(G(F (yn, xn), F (xn, yn)), F (G(yn, xn), G(xn, yn)))

}
= 0.
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Hence, the mappings TF and TG are O-compatible in (X2, ρ2, v).

Theorem 2.5. Let (X, �) be a partially ordered set such that there exists a
complete metric d on X. Assume F, G : X2 → X be two generalized compatible
mappings such that F is G-increasing with respect to �, G is continuous and
there exist two elements x0, y0 ∈ X with

G(x0, y0) � F (x0, y0) and G(y0, x0) � F (y0, x0).

Suppose that there exists ϕ ∈ Φ satisfying (19) and for any x, y ∈ X, there exist
u, v ∈ X such that

F (x, y) = G(u, v) and F (y, x) = G(v, u). (26)

Also suppose that either
(a) F is continuous or
(b) (X, d, �) is regular.
Then F and G have a coupled coincidence point.

Proof. It is only require to use Theorem 2.1 to the mappings T = TF and
g = TG in the partially ordered metric space (X2, ρ2, v) by applying Lemma
2.4.

Corollary 2.6. Let (X, �) be a partially ordered set such that there exists a
complete metric d on X. Assume F, G : X2 → X be two commuting mappings
satisfying (19) and (26) such that F is G-increasing with respect to �, G is
continuous and there exist two elements x0, y0 ∈ X with

G(x0, y0) � F (x0, y0) and G(y0, x0) � F (y0, x0).

Also suppose that either
(a) F is continuous or
(b) (X, d, �) is regular.
Then F and G have a coupled coincidence point.

Next, we deduce results without g-mixed monotone property of F.

Corollary 2.7. Let (X, �) be a partially ordered set such that there exists a
complete metric d on X. Assume F : X2 → X and g : X → X be two mappings
such that F is g-increasing with respect to � and there exist ϕ ∈ Φ such that

d(F (x, y), F (u, v)) ≤ ϕ (Mg(x, y, u, v)) , (27)

where

Mg(x, y, u, v) = max


d(gx, gu), D(gx, F (x, y)), D (gu, F (u, v)),

D(gx, F (u, v))+D(gu, F (x, y))
2 ,

d(gy, gv), D(gy, F (y, x)), D(gv, F (v, u)),
D(gy, F (v, u))+D(gv, F (y, x))

2

 ,

for all x, y, u, v ∈ X, where gx � gu and gy � gv. Suppose that F (X2) ⊆ g(X),
g is continuous and the pair {F, g} is compatible. Also suppose that either

(a) F is continuous or
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(b) (X, d, �) is regular.
If there exist two elements x0, y0 ∈ X with

gx0 � F (x0, y0) and gy0 � F (y0, x0).

Then F and g have a coupled coincidence point.

Corollary 2.8. Let (X, �) be a partially ordered set such that there exists
a complete metric d on X. Assume F : X2 → X and g : X → X be two
mappings satisfying (27) such that F is g-increasing with respect to � . Suppose
that F (X2) ⊆ g(X), g is continuous and the pair {F, g} is commuting. Also
suppose that either

(a) F is continuous or
(b) (X, d, �) is regular.
If there exist two elements x0, y0 ∈ X with

gx0 � F (x0, y0) and gy0 � F (y0, x0).

Then F and g have a coupled coincidence point.

Now, we deduce result without mixed monotone property of F.

Corollary 2.9. Let (X, �) be a partially ordered set such that there exists a
complete metric d on X. Assume F : X2 → X be an increasing mapping with
respect to � and there exists ϕ ∈ Φ such that

d(F (x, y), F (u, v)) ≤ ϕ (m(x, y, u, v)) , (28)

where

m(x, y, u, v) = max


d(x, u), D(x, F (x, y)), D(u, F (u, v)),

D(x, F (u, v))+D(u, F (x, y))
2 ,

d(y, v), D(y, F (y, x)), D(v, F (v, u)),
D(y, F (v, u))+D(v, F (y, x))

2

 ,

for all x, y, u, v ∈ X, where x � u and y � v. Also suppose that either
(a) F is continuous or
(b) (X, d, �) is regular.
If there exist two elements x0, y0 ∈ X with

x0 � F (x0, y0) and y0 � F (y0, x0).

Then F has a coupled fixed point.

Example 1. Suppose that X = [0, 1], equipped with the usual metric d : X2 →
[0, +∞) with the natural ordering of real numbers ≤ . Let F, G : X2 → X be
defined as

F (x, y) =

{
x2−y2

3 , if x ≥ y,
0, if x < y,

and G(x, y) =

{
x2 − y2, if x ≥ y,

0, if x < y.
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Define ϕ : [0, +∞)→ [0, +∞) as follows

ϕ(t) =

{
t
3 , for t 6= 1,
1, for t = 1.

First, we shall show that the contractive condition (19) holds for the mappings
F and G. Let x, y, u, v ∈ X such that G(x, y) � G(u, v) and G(y, x) � G(v,
u), we have

d(F (x, y), F (u, v)) =

∣∣∣∣x2 − y2

3
− u2 − v2

3

∣∣∣∣
=

1

3
|G(x, y)−G(u, v)|

=
1

3
d(G(x, y), G(u, v))

≤ 1

3
M(x, y, u, v)

≤ ϕ (M(x, y, u, v)) .

Thus the contractive condition (19) holds for all x, y, u, v ∈ X. In addition,
like in [12], all the other conditions of Theorem 2.5 are satisfied and z = (0, 0)
is a coupled coincidence point of F and G.

3. Application to integral equations

We study the existence of the solution to a Fredholm nonlinear integral equa-
tion, as an application of the results established in previous section. We shall
consider the following integral equation, for all p ∈ I = [a, b].

x(p) =

∫ b

a

(K1(p, q) +K2(p, q)) [f(q, x(q)) + g(q, x(q))] dq + h(p). (29)

Let Θ denote the set of all functions θ : [0, +∞)→ [0, +∞) satisfying
(iθ) θ is non-decreasing,
(iiθ) θ(p) ≤ p.

Condition 1. We assume that the functions K1, K2, f, g fulfill the following
conditions:

(i) K1(p, q) ≥ 0 and K2(p, q) ≤ 0 for all p, q ∈ I.
(ii) There exist positive numbers λ, µ and θ ∈ Θ such that for all x, y ∈ R

with x � y, the following conditions hold:

0 ≤ f(q, x)− f(q, y) ≤ λθ(x− y), (30)

−µθ(x− y) ≤ g(q, x)− g(q, y) ≤ 0. (31)

(iii)

max{λ, µ} sup
p∈I

∫ b

a

[K1(p, q)−K2(p, q)]dq ≤ 1

4
. (32)
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Definition 24. [19]. A pair (α, β) ∈ X2 with X = C(I, R), where C(I,
R) denote the set of all continuous functions from I to R, is called a coupled
lower-upper solution of (29) if, for all p ∈ I,

α(p) ≤
∫ b

a

K1(p, q) [f(q, α(q)) + g(q, β(q))] dq

+

∫ b

a

K2(p, q) [f(q, β(q)) + g(q, α(q))] dq + h(p),

and β(p) ≥
∫ b

a

K1(p, q) [f(q, β(q)) + g(q, α(q))] dq

+

∫ b

a

K2(p, q) [f(q, α(q)) + g(q, β(q))] dq + h(p).

Theorem 3.1. Consider the integral equation (29) with K1, K2 ∈ C(I× I, R),
f, g ∈ C(I ×R, R) and h ∈ C(I, R). Suppose that there exists a coupled lower-
upper solution (α, β) of (29) and Condition 1 is satisfied. Then the integral
equation (29) has a solution in C(I, R).

Proof. Consider X = C(I, R), the natural partial order relation, that is, for x,
y ∈ C(I, R),

x � y ⇐⇒ x(p) ≤ y(p), ∀p ∈ I.

It is clear that X is a complete metric space with respect to the sup metric

d(x, y) = sup
p∈I
|x(p)− y(p)| .

Consider the following partial order on X2 : for (x, y), (u, v) ∈ X2,

(x, y) � (u, v)⇐⇒ x(p) ≤ u(p) and y(p) ≥ v(p), for all p ∈ I.

Define ϕ : [0, +∞)→ [0, +∞) as follows

ϕ(t) =

{
t
2 , for t 6= 1,
1, for t = 1,

and the mapping F : X2 → X by

F (x, y)(p) =

∫ b

a

K1(p, q) [f(q, x(q)) + g(q, y(q))] dq

+

∫ b

a

K2(p, q) [f(q, y(q)) + g(q, x(q))] dq + h(p),
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for all p ∈ I. It is easy to prove, like in [12], that F is increasing. Now for x, y,
u, v ∈ X with x � u and y � v, we have

F (x, y)(p)− F (u, v)(p)

=

∫ b

a

K1(p, q)[(f(q, x(q))− f(q, u(q)))− (g(q, v(q))− g(q, y(q)))]dq

−
∫ b

a

K2(p, q)[(f(q, v(q))− f(q, y(q)))− (g(q, x(q))− g(q, u(q)))]dq.

Thus, by using (30) and (31), we get

F (x, y)(p)− F (u, v)(p) (33)

≤
∫ b

a

K1(p, q) [λθ (x(q)− u(q)) + µθ (v(q)− y(q))] dq

−
∫ b

a

K2(p, q) [λθ (v(q)− y(q)) + µθ (x(q)− u(q))] dq.

Since θ is non-decreasing and x � u and y � v, we have

θ (x(q)− u(q)) ≤ θ

(
sup
q∈I
|x(q)− u(q)|

)
= θ(d(x, u)),

θ (v(q)− y(q)) ≤ θ

(
sup
q∈I
|v(q)− y(q)|

)
= θ(d(y, v)).

Hence by (33), in fact that K2(p, q) ≤ 0, we obtain

|F (x, y)(p)− F (u, v)(p)|

≤
∫ b

a

K1(p, q) [λθ(d(x, u)) + µθ(d(y, v))] dq

−
∫ b

a

K2(p, q) [λθ(d(y, v)) + µθ(d(x, u))] dq

≤
∫ b

a

K1(p, q) [max{λ, µ}θ(d(x, u)) + max{λ, µ}θ(d(y, v))] dq

−
∫ b

a

K2(p, q) [max{λ, µ}θ(d(y, v)) + max{λ, µ}θ(d(x, u))] dq.

Since the objects on the right hand side of (33) are non-negative. Taking the
supremum with respect to p, by using (32), we get

d(F (x, y), F (u, v))

≤ max{λ, µ} sup
p∈I

∫ b

a

(K1(p, q)−K2(p, q)) dq. [θ(d(x, u)) + θ(d(y, v))]

≤ θ(d(x, u)) + θ(d(y, v))

4
.
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Thus

d(F (x, y), F (u, v)) ≤ θ(d(x, u)) + θ(d(y, v))

4
. (34)

Now, since θ is non-decreasing, we have

θ(d(x, u)) ≤ θ (max {d(x, u), d(y, v)}) ,
θ(d(y, v)) ≤ θ (max {d(x, u), d(y, v)}) ,

which implies, by (iiθ), that

θ(d(x, u)) + θ(d(y, v))

2
≤ θ (max {d(x, u), d(y, v)})

≤ max {d(x, u), d(y, v)} .

Hence
θ(d(x, u)) + θ(d(y, v))

4
≤ 1

2
max {d(x, u), d(y, v)} . (35)

Thus by (34) and (35), we have

d(F (x, y), F (u, v)) ≤ 1

2
max {d(x, u), d(y, v)}

≤ 1

2
m(x, y, u, v)

≤ ϕ (m(x, y, u, v)) ,

which is the contractive condition of Corollary 2.9. Now, let (α, β) ∈ X2 be
a coupled upper-lower solution of (29), then we have α(p) ≤ F (α, β)(p) and
β(p) ≥ F (β, α)(p), for all p ∈ I, which shows that all hypothesis of Corollary
2.9 are satisfied. This proves that F has a coupled fixed point (x, y) ∈ X2

which is the solution in X = C(I, R) of the integral equation (29).
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