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Abstract

The numerical solutions of unsteady hydromagnetic natural convection Couette flow of a viscous, incompressible and electrically conducting
fluid between the two vertical parallel plates in the presence of thermal radiation, thermal diffusion and diffusion thermo are obtained here. The
fundamental dimensionless governing coupled linear partial differential equations for impulsive movement and uniformly accelerated movement
of the plate were solved by an efficient Finite Element Method. Computations were performed for a wide range of the governing flow parameters,
viz., Thermal diffusion (Soret) and Diffusion thermo (Dufour) parameters, Magnetic field parameter, Prandtl number, Thermal radiation and
Schmidt number. The effects of these flow parameters on the velocity (u), temperature (θ) and Concentration (ϕ) are shown graphically. Also the
effects of these pertinent parameters on the skin-friction, the rate of heat and mass transfer are obtained and discussed numerically through tabular
forms. These are in good agreement with earlier reported studies. Analysis indicates that the fluid velocity is an increasing function of Grashof
numbers for heat and mass transfer, Soret and Dufour numbers whereas the Magnetic parameter, Thermal radiation parameter, Prandtl number
and Schmidt number lead to reduction of the velocity profiles. Also, it is noticed that the rate of heat transfer coefficient and temperature profiles
increase with decrease in the thermal radiation parameter and Prandtl number, whereas the reverse effect is observed with increase of Dufour
number. Further, the concentration profiles increase with increase in the Soret number whereas reverse effect is seen by increasing the values of
the Schmidt number.
& 2016 Society of CAD/CAM Engineers. Publishing Servies by Elsevier. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The Couette flow in fluid dynamics refers to the laminar
flow of a viscous fluid in the space between the two parallel
plates, one of which moves relative to the other. This flow is
driven by virtue of viscous drag force acting on fluid and the
applied pressure gradient is parallel to the plates. Such flow

was named in honor of Maurice Marie Alfred Couette, a
professor of Physics at the French University of Angers in the
late 19th century. Shear-driven fluid motion is explained in
undergraduate physics and engineering courses using Couette
flow. Couette motion is applied application viz. magneto
hydrodynamics power generators and pumps, petroleum
industry, polymer technology, purification of crude oil and
fluid droplets sprays. This type of flow was analyzed by Singh
et al. [1], Gorla et al. [2] and Kearsley et al. [3]; Umavathi et
al. [4] studied the generalized plain heat transfer of Couette
flow in a composite channel. The system of non-linear
differential equations of a newtonian magnetic lubricant
squeeze film flow with magnetic induction effects were solved
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by Rashidi et al. [5] using the combination of the differential
transform and Padé approximation methods. Freidoonimehr
et al. [6] investigated the transient magnetohydrodynamic free
laminar convective flow of nano-fluid past a vertical porous
and stretched surface under acceleration by considering four
different types of water based nano-fluid namely, copper (Cu),
copper oxide (CuO), aluminum oxide (Al2O3), and titanium
dioxide (TiO2) using a fourth order Runge–Kutta method
based shooting technique. Abolbashari et al. [7] found
analytical results of the fluid flow, heat and mass transfer
and entropy generation for the steady laminar non-Newtonian
nano-fluid flow induced by a stretching sheet in the presence of
velocity slip and convective surface boundary conditions using
Optimal Homotopy Analysis method. Rashidi et al. [8]
performed the second law of thermodynamics analysis of a
rotating porous disk in the presence of a magnetic field with

temperature-dependent thermo-physical properties numerically
using the fourth-order Runge–Kutta method. Gireesha et al. [9]
studied the heat transfer of Couette flow with the presence of
dusty fluid by the perturbation method. Rajput et al. [10]
analyzed the exact solution of free convection in unsteady
MHD Couette flow of a viscous incompressible, electrically
conducting fluid between the two vertical parallel plates with
the presence of thermal radiation, in the absence of thermal
diffusion and diffusion thermo. Recently Das et al. [11,12]
studied the analytical solutions of hydromagnetic Couette flow
problems with the effect of some physical parameters other
than Soret and Dufour. Recently Victor et al. [13] studied the
finite element analysis of unsteady MHD radiative natural
convection Couette flow between two permeable plates with
viscous and joule dissipation in the absence of Soret and
Dufour. Seth et al. [14] found the analytic solutions of

Nomenclature

List of Variables

h Distance between two parallel plates (m)
Ho Magnetic field component along y0 � axis

(Am�1 )
Cp Specific heat at constant pressure J Kg�1 K

� �
Cs Concentration susceptibility (m mole�1)
Gr Grashof number for heat transfer
Gc Grashof number for mass transfer
g Acceleration of gravity (m s�2)
M Hartmann number
Pr Prandtl number
Sc Schmidt number
R Thermal radiation parameter
F Accelerating parameter
D Chemical molecular diffusivity (m2 s�1)
T 0 Temperature of fluid Kð Þ
T 0
w Temperature of the fluid near to moving plate Kð Þ

T 0
h Temperature of the fluid near to the stationary

plate Kð Þ
C0 Concentration of fluid (mol m�3)
C0
w Concentration of the fluid near to moving plate

(mol m�3)
C0
h Concentration of the fluid near to the stationary

plate (mol m�3)
t0 Time in x0, y0 coordinate system (s)
t Time in dimensionless co-ordinates (s)
u0 Velocity component in x0 � direction (m s�1)
u Dimensionless velocity component in x0 � direc-

tion (m s�1)
Nuo Nusselt number at the moving hot plate
Nu1 Nusselt number at the stationary plate
Sh Sherwood number
Sr Soret number (Thermal Diffusion)
Dr Dufour number (Diffusion Thermo)

qr Radiative heat flux
K Chemical reaction of first order with rate constant
x0; y0 Co-ordinate system (m)
x; y Dimensionless coordinates (m)
Uo Reference velocity (m s�1)
Dm Mass diffusivity (m2 s�1)
Tm Mean fluid temperature Kð Þ
kT Thermal diffusion ratio
k� Mean absorption coefficient

Greek symbols

β Coefficient of volume expansion for heat transfer
(K�1)

β� Coefficient of volume expansion for mass transfer
(m3 kg�1)

κ Thermal conductivity of the fluid (W m�1 K�1)
s Electrical conductivity of the fluid (S m�1)
ν Kinematic viscosity (m2 s�1)
θ Non-dimensional temperature Kð Þ
ϕ Concentration of the fluid (mol m�3)
ρ Density of the fluid (kg m�3)
α Angle (degrees)
τ Skin-friction (pascal)
μ Viscosity (m2 s�1)
s Stefan–Boltzmann constant

Superscript

/ Dimensionless properties

Subscripts

h Free stream condition
p Plate
w Wall conditions
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unsteady MHD convective Couette flow of a viscous, incom-
pressible, electrically conducting, and temperature dependent
heat absorbing fluid within a rotating vertical channel
embedded in a fluid saturated porous medium taking Hall
current using Laplace transform technique.

Seth et al. [15] studied unsteady hydromagnetic natural
convection flow of a viscous, incompressible, electrically
conducting and temperature dependent heat absorbing fluid
confined within a parallel plate rotating vertical channel in
porous medium with the help of Laplace transform technique.
The heat transfer affected due to concentration gradient is
called Diffusion-thermo or Dufour effect. On the other hand
mass transfer affected due to temperature gradient is called
Thermal-diffusion or Soret effect. Alam et al. [16] investigated
the Dufour and Soret effects on mixed convection flow past a
vertical porous flat plate in the presence of variable suction. El-
Arabawy et al. [17], Rashidi et al. [18–20] and Srinivasa Raju
et al. [21] studied unsteady MHD natural convection flow with
varying physical parameters. Chamkha et al. [22] analyzed the
combining influence of Soret and Dufour on unsteady heat and
mass transfer by MHD mixed convection chemically reacting
flow over on a stretched vertical surface. El-Kabeir et al. [23]
studied the heat and mass transfer by mixed convection from a
vertical slender cylinder with chemical reaction and Soret and
Dufour effects. Al-Juma et al. [24] studied Soret and Dufour
Effects on heat and mass transfer by free convective flow of a
micropolar fluid about a sphere embedded in porous media.
Jagdish [25] studied the thermal-diffusion impact on MHD
three dimensional natural convective Couette flow by pertur-
bation technique with the presence of chemical reaction and
the absence of Diffusion thermo.

Electrically conducting viscous fluid flow between two
parallel plates in the presence of a transversely applied
magnetic field has several applications in many devices such
as magnetohydrodynamic (MHD) power generators, MHD
pumps, accelerators, aerodynamics, heating, electrostatic pre-
cipitation, polymer technology, petroleum industry, purifica-
tion of molten metals from non-metallic inclusions and fluid
droplets-sprays. The influence of thermal radiation on MHD
nanofluid flow between two rotating horizontal plates in the
presence of Brownian motion and thermophoresis effects have
been studied by Sheikholeslami et al. [26] using the fourth-
order Runge–Kutta method. The influence of an external
magnetic field on ferro-fluid flow and heat transfer in a semi
annulus enclosure with sinusoidal hot wall was investigated by
Sheikholeslami and Ganji [27] via Control Volume based
Finite Element Method. Sheikholeslami et al. [28] studied the
force convection heat transfer in a lid driven semi annulus
enclosure in the presence of non-uniform magnetic field and
the enclosure is filled with Fe3O4-water nanofluid using the
Control volume based finite element method. The effect of
magnetic field dependent viscosity on free convection heat
transfer of nanofluid in an enclosure was investigated by
Sheikholeslami et al. [29] with the help of control volume
based finite element method. The effect of thermal radiation on
Al2O3-water nanofluid flow and heat transfer in an enclosure
with a constant flux heating element was studied by

Sheikholeslami et al. [30] via control volume based finite
element method. Sheikholeslami et al. [31] applied control
volume based finite element method to solve the governing
equations of Ferrohydrodynamic and Magnetohydrodynamic
effects by filling the enclosure with ferrofluid by assuming the
magnetization of the fluid was varying linearly with tempera-
ture and magnetic field intensity. Control volume-based finite
element method was applied by Sheikholeslami and Rashidi
[32] to Fe3O4 -water nanofluid mixed convection heat transfer
in a lid-driven semi annulus in the presence of a non-uniform
magnetic field. Sheikholeslami et al. [33] studied ferro-fluid
flow and heat transfer in a semi annulus enclosure by
considering thermal radiation and constant heat flux boundary
condition with the help of control volume based finite element
method. The behavior of hydrothermal of nano-fluid between
two parallel plates was studied by Sheikholeslami [34] using
KKL correlation. The characteristics of heat transfer and
nanofluid flow between two horizontal parallel plates in a
rotating system were investigated by Sheikholeslami et al. [35]
via Runge–Kutta method of fourth order. Sheikholeslami et al.
[36] found computational results of nanofluid flow and heat
transfer in a square enclosure containing a rectangular heated
body in the presence of four different types of metal and metal-
oxide nanoparticles: alumina (Al2O3), copper (Cu), silver (Ag)
and titania (TiO2) using the Lattice Boltzmann method. The
effect of non-uniform magnetic field on nanofluid forced
convection heat transfer in a lid driven semi-annulus was
studied by Sheikholeslami et al. [37] in the presence of
Brownian motion and thermophoresis effects via Control
volume based finite element method. Sheikholeslami and
Ellahi [38] studied three dimensional magnetohydrodynamics
nanofluid hydrothermal treatment in a cubic cavity heated from
below using the Lattice Boltzmann method. Sheikholeslami
and Rashidi [39] studied the combined effects of ferrohydro-
dynamic and magnetohydrodynamic on ferrofluid flow and
heat transfer using the Control volume based finite element
method. Sheikholeslami and Abelman [40] studied the effects
of magnetic field on nanofluid flow, heat, and mass transfer
between two horizontal coaxial cylinders in the presence of
viscous dissipation using the fourth-order Runge–Kutta
method. The Control Volume based Finite Element Method
was applied by Sheikholeslami [41] for solving the governing
equations of Ferrofluid flow and heat transfer in the presence
of an external variable magnetic field.
A Finite Element Method (abbreviated as FEM) is a

numerical technique to obtain an approximate solution to a
class of problems governed by elliptic partial differential
equations. Such problems are called as boundary value
problems as they consist of a partial differential equation and
the boundary conditions. It has been applied to a number of
physical problems, where the governing differential equations
are available. The method essentially consists of assuming the
piecewise continuous function for the solution and obtaining
the parameters of the functions in a manner that reduces the
error in the solution. Sivaiah and Raju [42] studied the effect of
Hall current on heat and mass transfer viscous dissipative fluid
flow with heat source using the finite element method.
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Recently Siva Reddy et al. [43] studied influence of thermal
diffusion on unsteady MHD natural convective flow past a
semi-infinite vertical plate in the presence of viscous dissipa-
tion by the Finite Element Method. Anand Rao et al. [44]
considered the effects of chemical reaction with heat absorp-
tion on an unsteady MHD free convective fluid flow past a
semi-infinite perpendicular plate embedded in a porous med-
ium. Anand Rao et al. [45] demonstrated the combined effects
of heat and mass transfer on unsteady MHD flow past a
vertical oscillatory plate suction velocity using the finite
element method. Anand Rao et al. [46] studied transient flow
past an impulsively started infinite flat porous plate in a
rotating fluid in the presence of magnetic field with Hall
current using the finite element technique. The combined
effects of heat and mass transfer on unsteady MHD natural
convective flow past an infinite vertical plate enclosed by
porous medium in the presence of thermal radiation and Hall
Current was investigated by Ramana Murthy et al. [47]. Rao
et al. [48] found the numerical results of the non-linear partial
differential equations of free convective magnetohydrody-
namic flow past semi-infinite moving vertical plate with the
effects of thermal radiation and viscous dissipation using finite
element technique. Reddy Sheri and Srinivasa Raju [49]
studied the effect of viscous dissipation on transient free
convection flow past an infinite vertical plate through porous
medium in the presence of magnetic field using the finite
element technique. Srinivasa Raju [50] studied the combined
effects of thermal-diffusion and diffusion-thermo on unsteady
free convection fluid flow past an infinite vertical porous plate
in the presence of magnetic field and chemical reaction using
the finite element technique. Srinivasa Raju et al. [51] studied
the application of finite element method to unsteady MHD free
convection flow past a vertically inclined porous plate includ-
ing thermal diffusion and diffusion thermo effects. Srinivasa
Raju et al. [52] found both analytical and numerical solutions
of unsteady magnetohydrodynamic free convective flow past
an exponentially moving vertical plate with heat absorption
and chemical reaction.

Therefore the objective of the present paper is to study the
thermal diffusion and diffusion thermo effects on an unsteady
two-dimensional heat and mass transfer radiative MHD natural
convective Couette flow of a viscous, incompressible, electrically
conducting fluid between the two vertical parallel plates with
suction, embedded in a porous medium, under the influence of a
uniform transverse magnetic field with suitable boundary condi-
tions in two cases, impulsive movement and uniformly accelerated
movement of the plate . The problem is described by a system of
coupled linear partial differential equations, whose exact solution
is difficult to obtain, whenever it is possible. Thus, the Finite
Element Method is adopted to obtain the solution, which is more
economical and flexible from computational point of view. The
behaviors of velocity, temperature, concentration, Skin-friction
coefficient, Nusselt number and Sherwood numbers has been
discussed in detail for variation of thermo physical parameters.
The uniqueness (novelty) of this research paper is to study the grid
independence of Finite Element Method on unsteady magnetohy-
drodynamic natural convection flow of incompressible, viscous

fluid between two parallel plates surrounded by porous medium.
In this research world, no authors studied the study of grid
independence of finite element method on Couette flow problems
(Fig. 1).

2. Mathematical formulation of the problem

Consider the two-dimensional unsteady natural convective
Couette flow of a viscous, electrically conducting fluid past
vertical a porous plate with suction, under the influence of a
uniform transverse magnetic field, thermal radiation, heat and
mass transfer. The following assumptions are listed below:

1. The x0 �axis and y0 �axis are taken along the plate in the
vertical upward and normal direction to the plate
respectively.

2. Let the plates be separated by a distance h. Initially, at time
t0r0, the fluid and the plates of the channel are assumed to
be at rest and at same temperature T 0

h and concentration C0
h.

When time t040, the plate (at y0 ¼ 0) starts moving with
time dependent velocity Uot0n(Uo being a constant and n
being a non-negative integer) in its own plane and at the
same time the plate temperature and concentration is raised
to T 0

w and C0
w respectively while the plate (at y0 ¼ h) is kept

fixed. At the same time t040, the wall at y0 ¼ h is
stationary and maintained at a constant temperature T 0

h
and constant concentration C0

h.

Fig. 1. Physical model in the problem.
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3. Assumed transverse magnetic field of the uniform strength
Ho is to be applied normal to the plate.

4. The hall effect, viscous dissipation and induced magnetic
field are assumed to be negligible because of the magnetic
Reynolds number of the flow is considered to be very small.

5. It is assumed that voltage is not applied which implies the
absence of an electric field.

6. The homogeneous chemical reaction is of first order with
rate constant K between the diffusing species and the fluid
is neglected.

7. The fluid has constant thermal conductivity and kinematic
viscosity, the Boussinesq approximation has been taken for
the flow.

From the above assumptions, the unsteady flow is governed
by the following partial differential equations.

Momentum equation:

∂u0

∂t0
¼ ν

∂2u0

∂y02
þgβ T 0 �T 0

h

� �

þgβ� C0 �C0
h

� �� sμ2eH
2
o

ρ
u0 �Uot

0nð Þ ð1Þ

Energy equation:

∂T 0

∂t0
¼ κ

ρCp

∂2T 0

∂y02
þ DmkT

CsCp

∂2C0

∂y02
� 1

ρCp

∂qr
∂y0

ð2Þ

Species diffusion equation:

∂C0

∂t0
¼D

∂2C0

∂y02
þ DmkT

Tm

∂2T 0

∂y02
ð3Þ

The corresponding initial and boundary conditions are

t0r0 : u0 ¼ 0; T 0 ¼ T 0
h; C0 ¼C

0
h f or 0ry0rh

t040 :

�
u0 ¼Uot

0n; T 0 ¼ T 0
w; C0 ¼C

0
w at y0 ¼ 0

u0 ¼ 0; T 0 ¼ T
0
h; C0 ¼ C0

h at y0 ¼ h

9>>=
>>;

ð4Þ
The radiative heat flux is simplified by making use of the

Rosseland approximation Rajput and Sahu [10] as

qr ¼ � 4s
3k�

∂T 04

∂y0
ð5Þ

Following Rajput and Sahu [10], we assume that the
differences in temperature within the flow are sufficiently
small such that qr may be expressed as a linear function of T 0.
Hence on expanding T 04 in a Taylor Series about T 0

h up to first
order approximation, we get

T
04ffiT

04
h þ4 T 0 �T

0
h

� �
T

03
h ¼ 4T 0T

03
h �3T

04
h ð6Þ

Using Eqs. (5) and (6) in the last term of Eq. (2), we obtain:

∂qr
∂y0

¼ � 16sT
03
h

3k�
∂2T 0

∂y02 ð7Þ

Introducing (7) in the Eq. (2), the energy equation becomes:

∂T 0

∂t0
¼ κ

ρCp

∂2T 0

∂y02
þ 16sT 0

h
3

3k�ρCp

∂2T 0

∂y02
þ DmkT

CsCp

∂2C0

∂y02
ð8Þ

Introducing the following non-dimensional quantities in
Eqs. (1), (3) and (8)

u ¼ u′
h ; y ¼ y′

h ; t ¼ t′ν
h2
; θ ¼ T′−T ′h

T ′w−T′h ; ϕ ¼ C′−C′h
C′w−C′h ;

Gr ¼ gβh T′w−T′hð Þ
ν ; Gc ¼ gβnh C′w−C′hð Þ

ν ;

F ¼ Uoh
2n−1

νn ; M2 ¼ σμ2eH
2
oh

2

ρν ; R ¼ 3κ kn

4σT ′3h
;

Pr ¼ ρνCp

κ ; Sc ¼ ν
D ; Dr ¼ DmkTh

2 C′w−C′hð Þ
νCsCp T ′w−T′hð Þ ;

Sr ¼ DmkT T′w−T′hð Þ
νTm C′w−C′hð Þ ; Re

−1
x ¼ Uox′

ν

9>>>>>>>>>>=
>>>>>>>>>>;

ð9Þ

Then the Eqs. (1), (3) and (8) reduce to the following non-
dimensional form of equations

∂u
∂t

¼ ∂2u
∂y2

þGrθþGcϕ�M2 u�Ftnð Þ ð10Þ

∂θ
∂t

¼ 1
Pr

3Rþ4
3R

� �
∂2θ
∂y2

þDr
∂2ϕ
∂y2

ð11Þ

∂ϕ
∂t

¼ 1
Sc

∂2ϕ
∂y2

þSr
∂2θ
∂y2

ð12Þ

Using Eq. (9), the initial and boundary conditions (4) reduce
to

tr0 : u¼ 0; θ¼ 0; ϕ¼ 0 f or 0ryr1

t40 :

� u¼ Ftn; θ¼ 1; ϕ¼ 1 at y¼ 0

u¼ 0; θ¼ 0; ϕ¼ 0 at y¼ 1

9>>=
>>;

ð13Þ

Two cases are considered, to find the solutions of Eqs. (10),
(11) and (12) subject to the initial and boundary conditions
(13):

1. Impulsive movement of the plate at y0 ¼ 0 (i.e. n¼ 0) and
2. Uniform accelerated movement of the plate at y0 ¼ 0 (i.e.

n¼ 1).

Case (1): Impulsive movement of the plate y0 ¼ 0:

Taking n¼ 0 in Eq. (10), then the Eq. (10) can be written as

∂u
∂t

¼ ∂2u
∂y2

þGrθþGcϕ�M2 u�Fð Þ ð14Þ
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and the corresponding boundary conditions (13) reduce to

tr0 : u¼ 0; θ¼ 0; ϕ¼ 0 f or 0ryr1

t40 :

� u¼ F; θ¼ 1; ϕ¼ 1 at y¼ 0

u¼ 0; θ¼ 0; ϕ¼ 0 at y¼ 1

9>>=
>>;

ð15Þ

Case (2): Uniform accelerated movement of the plate (at
y0 ¼ 0)

Taking n¼ 1 in Eq. (10), then the Eq. (10) can be written as

∂u
∂t

¼ ∂2u
∂y2

þGrθþGcϕ�M2 u�Ftð Þ ð16Þ

and the initial and boundary conditions (13) reduce to

tr0 : u¼ 0; θ¼ 0; ϕ¼ 0 f or 0ryr1

t40 :

� u¼ Ft; θ¼ 1; ϕ¼ 1 at y¼ 0

u¼ 0; θ¼ 0; ϕ¼ 0 at y¼ 1

9>>=
>>;

ð17Þ

For practical engineering applications and the design of
chemical engineering systems, quantities of interest include the
following Skin-friction, Nusselt number and Sherwood number
which are useful to compute. The skin-friction or the shear
stress at the moving plate of the channel in non dimensional
form is given by

τ¼ � τ0w
ρuov

� �
y0 ¼ 0

¼ � ∂u
∂y

� �
y ¼ 0

ð18Þ

The rate of heat transfer at the moving hot plate of the
channel in non-dimensional form is given by

Nuo ¼ �x0
∂T 0
∂y0

� �
y0 ¼ 0

T 0
w�T 0

1
) NuoRe

�1
x ¼ � ∂θ

∂y

� �
y ¼ 0

ð19Þ

Further the rate of heat transfer on the stationary plate is
given by

Nu1 ¼ �x0
∂T 0
∂y0

� �
y0 ¼ h

T 0
w�T 0

1
) Nu1 Re

�1
x ¼ � ∂θ

∂y

� �
y ¼ 1

ð20Þ

The Sherwood number at the moving plate of the channel in
non-dimensional form is given by

Sh¼ �x0
∂C0
∂y0

� �
y0 ¼ 0

C0
w�C0

1
) Sh Re�1

x ¼ � ∂ϕ
∂y

� �
y ¼ 0

ð21Þ

Where Rex is the Reynold's number. The mathematical
modeling of the problem is now completed. Eqs. (11), (12),
(14) and (16) presents a coupled system of linear partial
differential equations and these are to be solved with initial
and boundary conditions (15) and (17). However, finding the
exact solutions are difficult, whenever it is possible. Hence,
these equations are solved numerically by the finite element
method.

3. Method of solution by Finite Element Method

3.1. Numerical solutions by Finite Element Method

The Finite Element Method (FEM) is an efficient numerical
and computational method to solving a variety of engineering
and real world problems. It is recognized by so many
researchers, developers and users as one of the most powerful
numerical analysis tools ever devised to analyze complex
problems of engineering. The simplicity of the method, its
accuracy and computability all make it a widely used tool in
modeling and design process [53]. The primary feature of
FEM ([54–56]) is its ability to describe the geometry of the
problem being analyzed with great flexibility. This is because
of the discretization of domain of the problem is performed
using highly flexible elements or uniform or non uniform
patches that can be easily depicted as complex shapes. The
method essentially consists the piecewise continuous function
for the solution and obtaining the parameters of the functions
in a systematic manner that reduces the error in the solution.
The steps are involved in the finite element analysis as
follows.

Step 1: Discretization of the domain: The basic concept
of the FEM is to divide the domain or region of the problem
into small connected patches, called finite elements. The
collection of elements is called the finite element mesh.
These finite elements are connected in a non overlapping
manner, such that they completely cover the entire space of
the problem.
Step 2: Generation of the element equations:

i) A typical element is isolated from the mesh and the
variational formulation of the given problem is constructed
over the typical element.

ii) Over an element, an approximate solution of the varia-
tional problem is supposed, and by substituting this in the
system, the element equations are generated.

iii) The element matrix, which is also known as stiffness
matrix, is constructed by using the element interpolation
functions.
Step 3: Assembly of the element equations: The algebraic
equations so obtained are assembled by imposing the inter
element continuity conditions. This yields a large number
of algebraic equations known as the global finite element
model, which governs the whole domain.
Step 4: Imposition of the boundary conditions: The
physical boundary conditions defined in (15) and in (17) are
imposed on the assembled equations.
Step 5: Solution of assembled equations: The assembled
equations so obtained can be solved by any of the
numerical techniques, namely, Gauss elimination method,
LU decomposition method, and the final matrix equation
can be solved by a direct or indirect (iterative) method. For
computational purposes, the coordinate y is varied from 0 to
ymax ¼ 1 where ymax represents infinity i: e:; external to the
momentum, energy and concentration boundary layers. The
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whole domain is divided into a set of 100 line segments of
equal width 0:1;each element being two-noded.

Variational formulation: The variational formulation asso-
ciated with Eqs. (10)–(12) over a typical two-noded linear
element ye; yeþ1

� �
is given by

Z yeþ 1

ye

w1
∂u
∂t

� �
� ∂2u

∂y2

� �
�Gr θð Þ�Gc ϕð ÞþM2 u�Ftnð Þ

	 

dy¼ 0

ð22Þ
Z yeþ 1

ye

w2
∂θ
∂t

� �
� 1

Pr
3Rþ4
3R

� �
∂2θ
∂y2

� �
�Dr

∂2ϕ
∂y2

� �	 

dy¼ 0

ð23Þ
Z yeþ 1

ye

w3
∂ϕ
∂t

� �
� 1

Sc

∂2ϕ
∂y2

� �
�Sr

∂2θ
∂y2

� �	 

dy¼ 0 ð24Þ

where w1; w2 and w3 are arbitrary test functions and may be
viewed as the variation in u; θ and ϕ respectively. After
reducing the order of integration, we arrive at the following
system of equations:Z yeþ 1

ye

w1ð Þ ∂u
∂t

� �
þ ∂w1

∂y

� �
∂u
∂y

� �
þ M2
� �

w1ð Þu� Fð Þ w1ð Þtn
	

� Grð Þ w1ð Þθ� Gcð Þ w1ð Þϕ


dy� w1ð Þ ∂u

∂y

� �	 
yeþ 1

ye

¼ 0 ð25Þ

Z yeþ 1

ye

w2ð Þ ∂θ
∂t

� �
þ 1

Pr
3Rþ4
3R

� �
∂w2

∂y

� �
∂θ
∂y

� �	

þDr
∂w2

∂y

� �
∂ϕ
∂y

� �

dy� w2

Pr

� � ∂θ
∂y

� �
þDrðw2Þ

∂ϕ
∂y

� �	 
yeþ 1

ye

¼ 0

ð26Þ
Z yeþ 1

ye

w3ð Þ ∂ϕ
∂t

� �
þ 1

Sc

∂w3

∂y

� �
∂ϕ
∂y

� �
þSr

∂w3

∂y

� �
∂θ
∂y

� �	 

dy

þ w3

Sc

� � ∂ϕ
∂y

� �
þSrðw3Þ

∂θ
∂y

� �	 
yeþ 1

ye

¼ 0 ð27Þ

Finite element formulation:
The finite element model may be obtained from Eqs. (25)–

(27) by substituting finite element approximations of the form:

u¼
X2
j ¼ 1

uejψ
e
j ; θ¼

X2
j ¼ 1

θejψ
e
j ; ϕ¼

X2
j ¼ 1

ϕe
jψ

e
j ð28Þ

with w1 ¼ w2 ¼w3 ¼ ψ e
j ði¼ 1; 2Þ; where uej ;θ

e
j and ϕe

j are
the velocity, temperature and concentration respectively at the
jth node of typical eth element ye; yeþ1

� �
and ψ e

i are the shape
functions for this element ye; yeþ1

� �
and are taken as:

ψ e
1 ¼

yeþ1�y

yeþ1�ye
and ψ e

2 ¼
y�ye

yeþ1�ye
; yeryryeþ1

ð29Þ

The finite element model of the equations for eth element
thus formed is given by

K11
� �

K12
� �

K13
� �

K21
� �

K22
� �

K23
� �

K31
� �

K32
� �

K33
� �

2
64

3
75

uef g
θef g
ϕe

 �
2
64

3
75

þ
M11
� �

M12
� �

M13
� �

M21
� �

M22
� �

M23
� �

M31
� �

M32
� �

M33
� �

2
64

3
75

u
0e

 �
θ
0e �
ϕ

0e �

2
664

3
775¼

b1e
 �
b2e

 �
b3e

 �

2
664

3
775 ð30Þ

where Kmn½ �; Mmn½ � �
and uef g; θef g; ϕe

 �
; u0ef g; θ0e

 �
;

ϕ
0e �

and bmef gg m; n¼ 1; 2; 3ð Þ are the set of matrices of
order 2� 2 and 2� 1 respectively and /0 (dash) indicates d

dy.

These matrices are defined as follows: K11
ij ¼ R yeþ 1

ye

	
∂ψe

i
∂y

� �

∂ψe
j

∂y

� �

dyþ M2

� � R yeþ 1

ye
ψ e
i

� �
ψ e
j

� �
dy�Ftn

R yeþ 1

ye
ψ e
i

� �
dy;

K12
ij ¼ �Gr

R yeþ 1

ye
ψ e
i

� �
ψ e
j

� �
dy;

K13
ij ¼ �Gc

R yeþ 1

ye
ψ e
i

� �
ψ e
j

� �
dy; M11

ij ¼ R yeþ 1

ye
ψ e
i

� �
ψ e
j

� �
dy;

M12
ij ¼M13

ij ¼ 0; M21
ij ¼M23

ij ¼ 0; M31
ij ¼M32

ij ¼ 0;K21
ij ¼ 0,

K31
ij ¼ 0;b1ei ¼ ψ e

i

� � ∂u
∂y

� �h iyeþ 1

ye
;

K22
ij ¼ 1

Pr
3Rþ4
3R

� � R yeþ 1

ye

∂ψe
i

∂y

� �
∂ψe

j

∂y

� �h i
dy,

K23
ij ¼Du

R yeþ 1

ye

∂ψe
i

∂y

� �
∂ψe

j

∂y

� �h i
dy,

K33
ij ¼ 1

Sc

R yeþ 1

ye

∂ψe
i

∂y

� �
∂ψe

j

∂y

� �h i
dy,

M22
ij ¼ R yeþ 1

ye
ψ e
i

� �
ψ e
j

� �
dy;-

b2ei ¼ ψe
i

Pr

� �
3Rþ4
3R

� � ∂θ
∂y

� �
þDr ψ e

i

� � ∂ϕ
∂y

� �h iyeþ 1

ye
,

K32
ij ¼ Sr

R yeþ 1

ye

∂ψe
i

∂y

� �
∂ψe

j

∂y

� �h i
dy;

b3ei ¼ ψe
i

Sc

� �
∂ϕ
∂y

� �
þSr ψ e

i

� � ∂θ
∂y

� �h iyeþ 1

ye
and

M33
ij ¼ R yeþ 1

ye
ψ e
i

� �
ψ e
j

� �
dy.

In one-dimensional space, linear element, quadratic element,
or element of higher order can be taken. The entire flow
domain is divided into 10,000 quadratic elements of equal size.
Each element is three-noded, and therefore the whole domain
contains 20,001 nodes. At each node, three functions are to be
evaluated; hence, after assembly of the element equations, we
obtain a system of 80,004 equations which are linear. There-
fore, an iterative scheme must be utilized in the solution. After
imposing the boundary conditions, a system of equations has
been obtained which is solved by the Gauss elimination
method while maintaining an accuracy of 0.00001. A conver-
gence criterion based on the relative difference between the
current and previous iterations is employed. When these
differences satisfy the desired accuracy, the solution is
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assumed to have been converged and iterative process is
terminated. The Gaussian quadrature is implemented for
solving the integrations. The code of the algorithm has been
executed twice in MATLAB for case-1(Impulsive movement
of the plate at y0 ¼ 0) and case-2 (Uniform accelerated move-
ment of the plate at y0 ¼ 0). Excellent convergence was
achieved for all the results.

3.2. Study of grid Independence

In general, to study the grid independency/dependency, the
mesh size should be varied in order to check the solution at
different mesh (grid) sizes and get a range at which there is no
variation in the solution. The numerical values of velocity (u),
temperature (θ) and concentration (ϕ) for different values of
mesh (grid) size are shown in the following Tables 1 and 2 in
cases 1 and 2 respectively. From these tables, we observed
that, there is no variation in the values of velocity (u),
temperature (θ) and concentration (ϕ) for different values of
mesh (grid) size. Hence, it is concluded that the results are
independent of mesh (grid) size.

4. Validation of numerical code

In order to check on the correctness of the numerical
technique used for the solution of the problem considered in
the present study, it was authenticated by performing simula-
tion for numerical solutions for the effect of thermal radiation
on unsteady hydromagnetic natural convection Couette flow of
a viscous incompressible electrically conducting fluid between

Table 1
The numerical values of u, θ and ϕ for variation of mesh sizes in case-1 (Impulsive movement of the plate at y0 ¼ 0).

Mesh (Grid) Size ¼ 0.01 Mesh (Grid) Size ¼ 0.001 Mesh (Grid) Size ¼ 0.0001

u θ ϕ u θ ϕ u θ ϕ

1.00000000 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000
1.08651090 0.89902312 0.89773613 1.08803701 0.89906317 0.89810765 1.08953726 0.89910150 0.89844418
1.09550333 0.79818755 0.79592192 1.09836984 0.79826182 0.79660136 1.10118830 0.79833299 0.79721648
1.04589057 0.69756669 0.69469154 1.04977882 0.69766647 0.69559056 1.05360270 0.69776201 0.69640404
0.95372635 0.59720975 0.59410459 0.95822471 0.59732425 0.59512049 0.96265012 0.59743387 0.59603935
0.83178550 0.49713823 0.49414903 0.83643776 0.49725571 0.49517557 0.84101623 0.49736822 0.49610355
0.68943900 0.39734516 0.39475036 0.69379240 0.39745423 0.39568830 0.69807816 0.39755863 0.39653575
0.53281915 0.29779714 0.29578733 0.53646672 0.29788768 0.29655373 0.54005873 0.29797438 0.29724586
0.36523178 0.19843891 0.19711107 0.36784673 0.19850309 0.19764587 0.37042242 0.19856453 0.19812867
0.18776050 0.09919950 0.09856443 0.18912001 0.09923241 0.09883454 0.19045928 0.09926394 0.09907831
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

Table 2
The numerical values of u, θ and ϕ for variation of mesh sizes in case-2 (Uniform accelerated movement of the plate at y0 ¼ 0).

Mesh (Grid) Size ¼ 0.01 Mesh (Grid) Size ¼ 0.001 Mesh (Grid) Size ¼ 0.0001

u θ ϕ u θ ϕ u θ ϕ

0.00000000 1.00000000 1.00000000 0.00000000 1.00000000 1.00000000 0.00000000 1.00000000 1.00000000
0.25887764 0.89902312 0.89773613 0.25898206 0.89906317 0.89810765 0.25908482 0.89910150 0.89844418
0.43100041 0.79818755 0.79592192 0.43119749 0.79826182 0.79660136 0.43139136 0.79833299 0.79721648
0.52871627 0.69756669 0.69469154 0.52898526 0.69766647 0.69559056 0.52924997 0.69776201 0.69640404
0.56348127 0.59720975 0.59410459 0.56379491 0.59732425 0.59512049 0.56410354 0.59743387 0.59603935
0.54593152 0.49713823 0.49414903 0.54625863 0.49725571 0.49517557 0.54658055 0.49736822 0.49610355
0.48596683 0.39734516 0.39475036 0.48627543 0.39745423 0.39568830 0.48657909 0.39755863 0.39653575
0.39284736 0.29779714 0.29578733 0.39310774 0.29788768 0.29655373 0.39336395 0.29797438 0.29724586
0.27530533 0.19843891 0.19711107 0.27549303 0.19850309 0.19764587 0.27567768 0.19856453 0.19812867
0.14166926 0.09919950 0.09856443 0.14176714 0.09923241 0.09883454 0.14186347 0.09926394 0.09907831
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

Table 3
Values of Skin-friction for various parameters in case of impulsive movement
of the plate.

Pr M2 R t Dr Sr τ Analytical results of Rajput and
Sahu [10]

0.71 2.0 1.0 0.02 0 0 3.323170 3.323167
10.0 2.0 1.0 0.02 0 0 2.574285 2.574278
0.71 4.0 1.0 0.02 0 0 3.177202 3.177192
0.71 2.0 2.0 0.02 0 0 3.304121 3.304115
0.71 2.0 1.0 0.04 0 0 1.889310 1.889301
0.71 2.0 1.0 0.02 1 0 4.812012 –

0.71 2.0 1.0 0.02 0 1 4.721561 –
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two vertical parallel plates which are reported by Rajput and
Sahu [10]. Tables 3–5 show the calculated values for Skin-
friction, Rate of heat and mass transfer coefficients for the
present solution when Gc ¼ Sr ¼ Dr ¼ 0, Sc - 1 and the
results are published by Rajput and Sahu [10]. Tables 3–5
show a very good concurrence between the results and this
lends credibility to the present numerical code.

5. Results and discussion

To study the effects of different flow parameters like
magnetic parameter M, thermal radiation parameter R, Prandtl
number Pr, Schmidt number Sc, Accelerating parameter F,
Soret number Sr, Dufour number Dr and time t on the flow
field, the numerical results of the fluid velocity, temperature,
concentration, Skin-friction, Nusselt number and Sherwood
number are computed numerically in both the cases viz.

Case (1). Impulsive movement of the plate (at y0 ¼ 0)
Case (2). Uniform accelerated movement of the plate (at
y0 ¼ 0)

The temperature and the species concentration of the fluid
are coupled to the velocity via the Grashof number for heat and
mass transfer numbers as seen in Eqs. (14) and (16) in both the
cases (1) and (2). The curves in Figs. 2 and 3 illustrate the
effects of Grashof numbers for heat and mass transfer on
velocity profiles. The relative effect of the thermal buoyancy
force to the viscous hydrodynamic force in the boundary layer

Table 4
Values of Skin-friction for various parameters in case of uniform accelerated
movement of the plate.

Pr M R t F Dr Sr τ Analytical results of Rajput
and Sahu [10]

0.71 2.0 1.0 0.02 0.5 0 0 �0.431103 �0.431103
10.0 2.0 1.0 0.02 0.5 0 0 �0.580015 �0.580015
0.71 4.0 1.0 0.02 0.5 0 0 �0.327830 �0.327830
0.71 2.0 2.0 0.02 0.5 0 0 �0.450175 �0.450175
0.71 2.0 1.0 0.04 0.5 0 0 �0.302497 �0.302497
0.71 2.0 1.0 0.02 0.9 0 0 �0.368107 �0.368107
0.71 2.0 1.0 0.02 0.5 1 0 �0.420381 –

0.71 2.0 1.0 0.02 0.5 0 1 �0.401048 –

Table 5
Results of Nusselt number for various values of physical parameters.

Pr R t Dr Nuo Analytical
results of
Rajput and
Sahu [10]

Nu1 Analytical
results of Rajput
and Sahu [10]

0.71 1.0 0.02 0 2.20065 2.20065 0.098109 0.098098
10.0 1.0 0.02 0 8.25878 8.25889 0.002508 0.002487
0.71 2.0 0.02 0 2.60412 2.60384 0.025352 0.025335
0.71 1.0 0.04 0 1.55681 1.55764 0.464661 0.464655
0.71 1.0 0.02 1 2.56812 – 0.106125 –

0.71 1.0 0.02 5 2.75841 – 0.251917 –
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is the Grashof number for heat transfer. As expected, it was
observed that there was an increase in the velocity due to the
enhancement of thermal buoyancy force. Also, as Gr increases,
the peak values of the velocity increases rapidly near the
porous plate and then decays smoothly to free stream velocity.
The ratio of the species buoyancy force to the viscous
hydrodynamic force is the Grashof number for mass transfer.
As expected, the fluid velocity increases and the peak value is
more distinctive due to increase in the species buoyancy force.
The velocity distribution attains a distinctive maximum value
in the vicinity of the plate and then reduces properly to
approach the free stream value. It is noticed that the velocity
increases with increasing values of the Grashof number for
mass transfer. The influence of Magnetic parameter (Hartmann
number) on velocity profiles is as shown in the Fig. 4 by
keeping other parameters in rest in both the cases (1) and (2).
The presence of a magnetic field in an electrically conducting
fluid introduces a force called Lorentz force which acts against
the flow if the magnetic field is applied in the normal direction
as considered in the present problem. This type of resistive
force tends to slow down the flow field. Also, it is observed
that the velocity of fluid decreases with increasing magnetic
parameter in case of impulsive movement of the plate (i.e. n
¼0 ) and in case of uniformly accelerated movement of the
plate (i.e. n ¼1). It is revealed from Fig. 5 that an increase in
time leads to rise in the fluid velocity in both the cases (1) and
(2). It indicates that there is an enhancement in fluid velocity as
time progresses. Figs. 6 and 7 display the effects of Pr (Prandtl
number) on the velocity and temperature profiles. The ratio of
the viscosity to the thermal diffusivity is the Prandtl number
Pr. From these Figs. 6 and 7, it is clear that the velocity and
temperature of fluid decreases as the value of Prandtl number
increases in both the cases (1) and (2). Physically this is
possible because fluids with high Prandtl number have greater
viscosity, which make the fluids thick and hence move slowly.

The effect of Schmidt number is very important in both
velocity and concentration fields. In both the cases (1) and (2),
the effect of the Schmidt number on the velocity and
concentration profiles are shown in Figs. 8 and 9, respectively
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for various gases like hydrogen (Sc¼0.22), helium (Sc¼0.30),
water vapor (Sc¼0.60) and oxygen (Sc¼0.66). As the
Schmidt number increases, the velocity decreases in Fig. 8.
This causes the concentration buoyancy effect to decrease
yielding a reduction in the fluid velocity. Reductions in the
velocity and concentration distributions are accompanied by
simultaneous reductions in the velocity and concentration
boundary layers. Fig. 9 shows the concentration field due to
variation in Schmidt number for the gasses hydrogen, helium,
water–vapor and oxygen. It is noticed that the concentration of
the fluid decreases as the Schmidt number increases. The
concentration falls gradually and progressively for hydrogen in
distinction to other gases. Physically, it is true since increase of
Sc means decrease of molecular diffusivity, which results in
decrease of concentration boundary layer. Hence, the concen-
tration of species is smaller for higher values of Sc. The effects
of the thermal radiation parameter on the velocity and
temperature profiles in the boundary layer are illustrated in
Figs. 10 and 11 respectively in both the cases (1) and (2). The
thermal radiation parameter defines the relative contribution of

the conduction heat transfer to thermal radiation transfer. It is
obvious that an increase in the thermal radiation parameter
results in decreasing velocity and temperature within the
boundary layer, as well as a decreased thickness of the velocity
and temperature boundary layers. This is because the large R -
values correspond to an increased dominance of conduction
over radiation thereby decreasing buoyancy force (thus,
vertical velocity) and thickness of the thermal and momentum
boundary layers. In both the cases (1) and (2), the influence of
Dufour number (Dr) for different values on velocity and
temperature profiles are plotted in Figs. 12 and 13 respectively.
The Dufour number signifies the contribution of the concen-
tration gradients to the thermal energy flux in the flow. It is
found that an increase in the Dufour number causes a rise in
the velocity and temperature throughout the boundary layer as
the temperature profiles decay smoothly from the plate to the
free stream value. However, a distinct velocity overshoot exists
near the plate, and thereafter the profile falls to zero at the edge
of the boundary layer. Figs. 14 and 15 depict the velocity and
concentration profiles for different values of the Soret number
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(Sr) in both the cases (1) and (2). The Soret number defines the
effect of the temperature gradients inducing significant mass
diffusion effects. It is noticed that an increase in the Soret
number results in an increase in the velocity and concentration
within the boundary layer.

Table 3 shows variation of Skin-friction with the effects of
Prandtl number, Magnetic parameter, Thermal radiation para-
meter, time, Dufour number and Soret number in case of
Impulsive movement of the plate. From this table, it is observed
that the skin-friction decreases with increasing of magnetic
parameter, Prandtl number and radiation parameter and time
while decrease with increasing of Dufour and Soret numbers.
Table 4 shows the effects of Prandtl number, Magnetic
parameter, Thermal radiation parameter, time, Accelerating
parameter, Dufour number and Soret number in case of
uniformly accelerated movement of the plate. From this table,
it is observed that the skin-friction decreases with increasing of
Prandtl number and Radiation parameter while increases with
increasing of Magnetic parameter, time, Accelerating parameter,
Dufour and Soret numbers. Table 5 shows the effect of radiation
parameter, Prandtl number, time and Dufour number on the

Nusselt number (the rate of heat transfer) at the moving and
stationary plates. We see that the Nusselt number at the moving
plate Nuo increases with increasing values of radiation para-
meter and Prandtl number while decreases with increasing
values of time and Dufour number. The Nusselt number at
the stationary plate Nu1 is decreasing with increasing values of
Radiation parameter and Prandtl number while increasing with
increasing values of time and Dufour number. Table 6 shows
the effect of Schmidt number on the Sherwood number (the rate
of mass transfer). From this table, we see that the Sherwood
number is decreasing with increasing values of Schmidt number
while increases with increasing of Soret number.

6. Conclusion

The present paper studies the effects of radiation, heat and
mass transfer on an unsteady two-dimensional natural con-
vective Couette flow of a viscous, incompressible, electrically
conducting fluid between two parallel plates with suction,
embedded in a porous medium, under the influence of a
uniform transverse magnetic field. The problem is described by
a system of coupled linear partial differential equations, and is
solved by the finite element method. A parametric study is
performed to illustrate the influence of thermo physical
parameters on the velocity, temperature and concentration
profiles. It has been shown that:

1. In both cases the fluid velocity increases with increasing of
Dr, Sr and time t while decreases with increasing of M, Pr.

0

0.5

1

0 0.5 1
y

Sr = 1.0, 2.0, 3.0, 4.0

φ

Fig. 15. Concentration profiles for different values of Sr.

Table 6
Results of Sherwood Number.

Sc Sr Sh

0.22 0 1.205984
0.66 0 1.065442
0.22 1 1.424313
0.22 5 2.125932
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                Impulsive Movement of the   
plate (Case (1): at n = 0.0) 
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Fig. 14. Velocity profiles for different values of Sr.
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Fig. 13. Temperature profiles for different values of Dr.
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2. The fluid temperature increases with increasing of Dr and
time t while decreases with increasing of Pr and R.

3. The fluid concentration increases with increasing of Sr
while decreases with increasing of Sc.

4. The skin-friction decreases with increasing of M, Pr and R
and time t while decreases with increasing of Dr and Sr in
case of impulsive movement of the plate.

5. The skin-friction decreases with increasing of Pr and R
while increases with increasing of M, time t, F, Dr and Sr in
case of uniform accelerated movement of the plate.

6. The rate of heat transfer Nuo at the moving plate increases with
increasing of R and Pr while decreases with increasing values of
time t and Dr.

7. The rate of heat transfer at the stationary plate Nu1 is
decreasing with increasing of R and Pr while increases with
increasing of time t and Dr.

8. The rate of mass transfer decreases with increasing of Sc
while increases with increasing of Soret number Sr.

9. In order to ascertain the accuracy of the numerical results,
the present results are compared with the previous results of
Rajput and Sahu [10] with the absence of Gc, Sc, Sr and Dr.
They are found to be in an excellent agreement.
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