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LAGUERRE CHARACTERIZATION OF SOME
HYPERSURFACES

JIANBO FANG AND FENGJIANG L1

ABSTRACT. Let © : M™~1 — R™ (n > 4) be an umbilical free hyper-
surface with non-zero principal curvatures. Then x is associated with
a Laguerre metric g, a Laguerre tensor L, a Laguerre form C, and a
Laguerre second fundamental form B, which are invariants of z under
Laguerre transformation group. We denote the Laguerre scalar curvature
by R and the trace-free Laguerre tensor by L := L — ﬁtr(L)g. In
this paper, we prove a local classification result under the assumption of
parallel Laguerre form and an inequality of the type
IL|| < cR,

I T . .
where ¢ = DD is appropriate real constant, depending on

the dimension.

1. Introduction

Let 2 : M"~! — R"™ be an umbilical free hypersurface with non-zero princi-
pal curvatures. Let £ : M — S™~1 be its unit normal. Let {e1,e2,...,€,1}
be the orthonormal basis for T'M with respect to dx - dz, consisting of unit
principal vectors. Let r; = kii, r= ”Jr”:% be the curvature radius and
mean curvature radius of x respectively, where k; # 0 is the principal curvature
corresponding to e;. We define p = />, (r; — )2, E, =rie, 1 <i<n-—1.
Then g = p?dé¢ - d€ is a Laguerre invariant metric, {E1, F, ..., E,_1} is an or-
thonormal basis for I11 = d¢-d¢. The normalized scalar curvature of Laguerre
metric g will be denoted by R and is called the normalized Laguerre scalar cur-
vature. Two basic Laguerre invariants of x, the Laguerre form C' = )", Cjw;
and the Laguerre tensor L = Zij Lijw; ® wj, are defined by

® Cr =~ (Eulr) — Eillog p)(r — 7).
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_ . . 1
(2) Liy=p 2(Ijlessij(logp) — E;(log p)E;(log p) + §(|\V10gp|\2 - 1)%),

where (Hess;;) and V are the Hessian-matrix and the gradient operator with
respect to the third fundamental form 171 = d§ - d€.

Laguerre geometry of surfaces in R? has been developed by Blaschke and his
school (see [1]). Recently, there has been some renewed interest for the surface
of R? in Laguerre geometry (see [2, 3, 4, 9]).

In [7], Li and Wang studied Laguerre differential geometry of oriented hyper-
surfaces in R™. For any umbilical-free hypersurface x : M — R™ with non-zero
principal curvatures, Li and Wang defined a Laguerre invariant metric g, a
Laguerre second fundamental form B, a Laguerre form C and a Laguerre ten-
sor L on M, and showed that {g, B} is a complete Laguerre invariant system
for hypersurfaces in R™ with n > 4. In the case n = 3, a complete Laguerre
invariant system for surfaces in R? is given by {g, B, L}.

In [8], authors classified hypersurfaces with parallel Laguerre second funda-
mental form. Laguerre tensor is a codazzi tensor, which is another Laguerre
invariant. An eigenvalue of Laguerre tensor L of z is called a Laguerre eigen-
value of x. If Laguerre eigenvalues of x are equal, i.e., L = Z” Adjjw; ®w;, and
Laguerre form is vanishing, then z is called Laguerre isotropic hypersurface.
we define the trace-free Laguerre tensor L := L — ﬁtr(L)g. Authors clas-
sified hypersurfaces with vanishing Laguerre form C and vanishing trace-free
Laguerre tensor L in [6].

In this paper, we prove the following local result:

Theorem 1.1. Let z : M™"~! — R"™ (n > 4) be an umbilical free hypersurface
with non-zero principal curvatures. If its Laguerre form C is parallel and

R

(n—3)/(n—2)(n—1)

then R is constant, we have equality

IL) =

I <

R
(n—=3)y/(n—2)(n—-1)

and M™ 1 is Laguerre equivalent to an open subset of one of the following
hypersurfaces in R™:

(i) the images of T of the hypersurface T in Ry with mean curvature radius
r =0 and p =constant, where for the definition of T, please refer to [6].

(ii) the hypersurface & : H* x S"~2 — R™ by

—1)(n —
j(wvvvu>: W(%a%(l+w))v
where u: S"72 — R and (w,v) : H* — R? are the canonical embeddings.

We organize the paper as follows. In Section 2 we give Lguerre invariants
for hypersurfaces in R™. In Section 3, we make calculations for the example
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being characterized by our Theorem 1.1. Then we prove the Main Theorem in
Section 4.

2. Laguerre geometry of hypersurfaces in R™

In this section we review the Laguerre invariants and structure equations for
hypersurfaces in R™. For the detail we refer to [7].
Let RZ+3 be the space R"*3 equipped with the inner product

(X,Y) = —z1y1 + Tay2 + * ++ + Tnt2Ynt2 — Tnt3Yn+3
Let C™*2 be the light-cone in R"*3 given by C"+? = {X € Ry ™| (X, X) = 0}.
Let LG be the subgroup of orthogonal group O(n + 1,2) on Ry given by
LG={T€0(n+1,2)|<T =g},

where ¢ = (1, -1, 0,0), where 0 € R™, is a light-like vector in R5T3,

Let  : M — R"™ be an umbilical free hypersurface with non-zero principal
curvatures. Let £ : M — S™~! be its unit normal. Let {e,ez,...,e,_1} be the
orthonormal basis for T'M with respect to dx - dx, consisting of unit principal
vectors. We write the structure equations of x : M — R" by

ej(ei(r)) = erjek(x) + kidij&;ei(§) = —kiei(z), 1 <i4,j,k<n—1,
Kk

where k; # 0 is the principal curvature corresponding to e;. Let
e i,r: Tit T2t T
k; n—1
be the curvature radius and mean curvature radius of x, respectively. We define
Laguerre position vector of x by
Y =plz-&—x-£661): M — C"2 Cc RFF,

where p = /> (r; — )2 > 0.

Theorem 2.1. Let x,Z2 : M — R"™ be two umbilical oriented hypersurfaces

with non-zero principal curvatures. Then x and T are Laguerre equivalent if
and only if there exists T € LG such that Y =YT.

From the theorem we know that
g = (dY.dY) = pd¢ - dg = pI11

is a Laguerre invariant metric, where 117 is the third fundamental form of z.
we call g the Laguerre metric of x. Let A be the Laplacian operator of g, then
we have

1 1

N = AY AY AY)Y,
3) n—1 +2(n—1)2< ’ Y

and 1 1
n= (5(1 +laf?), 51— |:c|2>,:c,0) +r(z-&—a-£E1)
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From (3) we get
<KY> = <N5N> = 0) <N5Y> = _1a<77777> = 0) <777§> = -1
Let {E4y, Ea,...,E,_1} be an orthonormal basis for g = (dY,dY) with dual
basis {w1,wa,...,wp—1} and write Y; = E;(Y), 1 <4 < n — 1. Then we have
the following orthogonal decomposition,
Ry = Span{Y,N} & Span{Y1,Ys,...,Y,_1} & Span{n,<}.

We call {Y,N,Y1,...,Yn 1,7,5} a Laguerre moving frame in R3"3 of 2. By
taking derivatives of this frame we obtain the following structure equations:

(4) Ey(N) = LY + Cis,
J
(5) E;(Y;) :Lijy+5ijN+ZF§ij+Bijga
k
(6) Ei(n) = —CiY +»_ Bi;Y;.

J
From these equations we obtain the following basic Laguerre invariants:

(i) The Laguerre metric g = (dY,dY);

(ii) The Laguerre second fundamental form B =3~ Bjjw; ® wj;

(iii) The Laguerre tensor L = 3, Lijw; ® wy;

(iv) The Laguerre form C = ", Cijw;, where L;; = Lj;, B;; = Bj;.

By taking further derivatives of (4)-(6), we get the following relations be-
tween these invariants:

(7) Lijr = Lig,j;
(8) Cij—Cji=> (BixLkj — BrjLui);
%
9) Bijx — Bir,j = Cjbi — Cidiy;
(10) Rijii = Ljrda + Ly — Lindji — Ljid,

where {L;; r}, {Ci ;} and {B;; 1} are covariant derivatives of the tensors {L;;,
C;, B;j} with respect to the Laguerre metric g, respectively, and R;j is the
curvature tensor of g. Moreover, we have the following identities (see [7]):

(].].) Z(sz)Q = ]., ZB” = 0, ZBij’i = (TL - 2)CJ

i,j

1
(12) ;Lii = —m<AYa AY)Y,

(13) Ryt = —(n—3)L, — (Z Lii)éikv
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2
1)

n—
(14) R=—-2(n—2) ZL = (AY,AY)Y
is the normalized scalar curvature.

In the case n > 4, we know from (11) and (14) that C; and L;; are completely
determined by the Laguerre invariants {g, B}, thus we get:

Theorem 2.2. Two umbilical free oriented hypersurfaces in R™ (n > 3) with
non-zero principal curvatures are Laguerre equivalent if and only if they have
the same Laguerre metric g and Laguerre second fundamental form B.

In the case n = 3, a complete Laguerre invariant system for surfaces in R?
is given by {g,B,L}.

We define E; = re;, 1 < i < n—1. Then {El,Eg,...,En_l} is an or-
thonormal basis for IIT = d¢ - d§. Then {E; = p’1E~'Z- |1 <i<n-—1}isan
orthonormal basis for the Laguerre metric g. By direct calculations, we obtain
the following local expressions:

(15) g=> (ri—r)III = p’III, Bij = p~'(r — ;).

3. Typical examples

In this section, for the purpose of proving Theorem 1.1, we will consider a
umbilic-free hypersurface M in R", and then calculate the Laguerre invariants
for x : H' x S"~2 in R™.

Example 3.1. We denote by H! = {(w,v) € R? | —w? +v? = —1,w > 0}
the hyperbolic space embedded in the Minkowski space R?. We define x :
H' x S"=2 5 R" by

vou

(16) x(w,v,u) = (E’ E(l + w)),
then x satisfies

(17) C=0, VB =0,

(18) R = (n—1)(n—3) = const,

~ n—1
1 = .
(19) I = /"=t

In fact: clearly x is a hypersurface with the unit normal field § = (2, %),
and the first and the second fundamental forms of = are given by

1
I=dx-de=—{—dw-dw+dv-dv+ (1+w)*du-du},
w

1
Il = —dz-d§ = ——{—dw-dw+dv-dv+ (1 +w)du - du},
w
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respectively. Therefore x has two principal curvature

1

20 ki =—-1, ko= =kp1=—"—.
( ) 1 9 2 1 ’LU+1
From (20) we see that

rit+rot-ootrp1 (n—=2w+(n—1)

n—1 n—1

-2
=3 =

n—1

)

%

From (15) we get the Laguerre metric

-2
g:n (—dw? + dv - dv + du - du)
n—1
Therefore, g = g1 + g2, where g1, g2 have constant sectional curvature Z—:;,

)
using (15),

72—_1 respectively. And the Laguerre second fundamental form is given, by

Bij = bidij,

n—2 1
by = —| —=, by=-=by g = —————.
! n—1 7" ! (n—1)(n—2)

From (1) we get C; = 0,1 < i <n—1, that is (17).
Let L;; = a;0;5, from (10) we get

n—1 n—1
)a a2 =+ =0pn—-1 = — 7~

M52

Thus we have

trL = niai = _—(n —D(n—3)

and Eij = Lij - rir_f‘léij = Zliéij with

alz]_,aQ:...:anil:f

This gives
n—1 n 1
L|? = a2 ="
L = Y = i

On the other hand, from (14), we have

R=(n—-1)(n—3).
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4. The proof of the main theorem

We are going to calculate the Laplacian of the length of the Laguerre second
fundamental form. By definition and (11) we have

(21) 0= %A(Z(Bij)Q) =3 (Bix)* + Y BijBiju.

On the other hand, using (9) and Ricci identities, noting that the Laguerre
form C is parallel, we obtain

Bij ki = Bik,ij + B Riijr + BuRikjk-
Form (10), (11) and the above equation, we easily obtain
(22) BijBijkk = —ijka — (n—1)B;;ByLy;.
Inserting (21) into (22), we get the following lemma:

Lemma 4.1. Let x : M™ ! — R” be an umbilical free hypersurface with
non-zero principal curvatures. If the Laguerre form C of x is parallel, then

(23) VB2 — (n — 1)tr(B*L) — tr(L) = 0.
We state the following lemma which is needed in the proof of main theorem.

Lemma 4.2 (cf. [3]). Letai,...,an—1 andb1,...,by_1 be 2(n—1) real numbers
satisfying >, a; =0, >, b; =0. Then

9 n—3 9 9
(24) > aib; gm,/zaizm.

Moreover, if >, a? #0 and >, b? # 0, then equality holds if and only if there
are (n — 2) pairs of numbers (a;,b;) take the same value (a,b).

The proof of the main theorem. Define the free-trace tensor

L=L-

tr(L)g.

n—1
Since the Laguerre form C of z is parallel, from (8) we have BL = LB. Hence,

we can choose {E;} such that both, B and L, are simultaneously diagonal, and
therefore we can apply Lemma 4.2:

n—3

r(LB? o
(25) tr( )< (n—1)(n-2)

LB
Since the quantities on both side of (25) are invariant under orthogonal trans-

formations, inequality (25) is independent of the choice of {F;}. From (23) and
(25) we have

(n—1)(n—3)

B|? — 2tr(L) —
(20) 02 |VB? ~2tr(L) —

LB
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Putting (11) and (13) into (26), we have

e 02 |VBIP+ — (R (-3l D0 DIE]).

The assumption of the theorem
1
R
(n—=3)y/(n—2)(n—-1)

IL) <

and (26) imply
1

VB=0, |L| =
(28) 0, [IL] RN CEDICED)

)

and we have equality in the inequality of (28). We consider the two cases:
Case(I): L = 0.
If L =0, then from (28) and (14), we have

(29) R=0,L= tr(L)g = 0.

n—1
This together with Theorem 1.1 in [6] implies that M is Laguerre equivalent
to the images of 7 of hypersurface Z in R{j with mean curvature radius r = 0
and p =constant.

Case(II): L # 0.

Now we assume that L # 0. Since the Laguerre form is parallel, we can
choose {E;} such that both, B and L, are simultaneously diagonal. Let

U1y fin—1 and A1,..., A,_1 are the eigenvalues of inequality holds, Lemma
4.2 gives
(30) Moy e ooy n—1 =2 MUy )\2;---;)\71—1 =: A\

The relations t7(B) = 0 and || B ||>= 1 imply

n—2 1
(31) H1 = —\/ma n= m

We use the following convention on the ranges of indices:
(32) 1<ijk,...<(n—-1), 2<a,B8,7v,... < (n—1).
Since VB = 0, we have

(33) 0 = Bia,kwk = dB1a + BixWia + Brawrkr = (U1 — p)wia-
As «x is umbilic-free, we have

(34) wia =0,

this gives

1
(35) —Ele-jwi Nwj = dwiaq — Wi A\ wiq = 0.
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Form the Gauss equation (2.8) we have

(36) 0= Rigta = =M1 — A
That is
(37) A1 ==\

We are going to show that both A\; and A are constant. In fact, noting that
L;; =0 for i # j, from (34) we get

(38) Liokwr = dL1o + L1kWka + Lgawrr = 0.

In particular, we have

(39) Loa1 = Lat,a = Lia,a =0, Li1,a = Lia,1-

(38) and (39) give

(40) Li1g=—Laa-

Hence

(41) d\ = 0.

From this and (37) we see that both A; and A are constant. From (34), it
followings that the two distributions, defined by w; =0and we = -+ = wp_1 =

0, are both integrable and thus give a local decomposition of M. Then every
point of M has a neighborhood U which is a Riemannian product V; x V3,
where V7 and Vs are simply connected, with dimV; = 1 and dim Vo = n — 2.
Since n > 4, the sectional curvature of Vs is given by

(42) Ropap = —2A.

V5 is a manifold with constant curvature. From (28) and (37) we see that

(43) A=—

2(n—2)(n —3)’
Hence
n—2 1
(44) Bu = —\/——7 Baa = m-Dn-2)
R R
(45) My T T a2 9)

Now we compare with Example 3.1 and then consider the following example:
the hypersurface & : H' x S"~2 — R" by

n=1)n=3)/v u
—r ettw)
where u : S"72 — R ! and (w,v) : H* — R? are the canonical embeddings.
We get that the laguerre metric g of &
(n—2)(n —3)
R

Z(w,v,u) =

g = (—dw2+dv-dv+du-du)=§1+§2a
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where g, = wﬂ({n*g)(fdedev'dv) and jo = wﬂ({n*g)(dudu).

We know that z : M™~! — R" and 7 : H! x S"~2 — R”™ have the same
Laguerre invariants. Thus from Theorem 2.2 x and = are locally Laguerre
equivalent. O
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