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LP-SOLUTIONS FOR REFLECTED BSDES WITH TIME
DELAYED GENERATORS

QING ZHOU

ABSTRACT. In this paper, we establish the existence and uniqueness of
the solution for a class of reflected backward stochastic differential equa-
tions with time delayed generator (RBSDEs with time delayed generator,
in short) in the case when the terminal value and the obstacle process are
LP-integrable with p €]1,2] for a sufficiently small Lipschitz constant of
the generator and the time horizon T'.

1. Introduction

The theory of nonlinear backward stochastic differential equations (BSDEs,
in short) was first introduced by Pardoux and Peng [20]. A solution to this
equation, associated with the so-called generator f and the terminal value &,
is a couple of adapted process (Y, Z) satisfying that

L)) Y@ :g+/t f(s,Y(s),Z(s))ds—/t Z(s)dW(s), 0<t<T.

Nowadays, BSDEs have attracted researchers’ great interest for their practical
applications in mathematical finance ([10], [11]), stochastic control and sto-
chastic games (see e.g. Hamadene [13]; Hamadene and Lepeltier ([14], [15])),
providing the probabilistic representation for the solution of a large class of sys-
tems of semi-linear parabolic partial differential equations (see e.g. Pardoux
[18], [19]; Pardoux and Peng [21]; Peng [22]).

Moreover, El Karoui et al. [9] introduced a special class of BSDEs which are
called as reflected BSDEs (RBSDEs, in short), where the solution is forced to
stay above a lower barrier. In details, a solution of such equations is a triple of
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processes (Y, Z, K) satisfying that

(1.2)
Y(t) = €+/t f(s,Y(S),Z(S))d8+K(T)—K(t)—/t Z(s)dW(s), Y(t) = S(t),

where S, so-called the barrier or obstacle, is a given stochastic process. The
role of the continuous non-decreasing process K is to push the state process
upward with the minimal energy, in order to keep it above S; in this sense,
it satisfies that fOT(Y(t) — S(t))dK(t) = 0. RBSDEs have been proven to be
the powerful tools in mathematical finance (see e.g. [2], [11]), the mixed game
problems (see e.g. [3], [16]), providing a probabilistic formula for the viscosity
solution of an obstacle problem for a class of parabolic PDEs (see e.g. [4], [9],
[17], [24]) and so on.

When considering the historic effect, Delong and Imkeller [7] introduced the
following BSDE, called as BSDE with time delayed generator,

T T
Y(t):£+/ f(s,Ys,Zs)dsf/ Z(s)dW(s), 0<t<T,

where the generator f at time s depends arbitrarily on the past values of a
solution (Y, Zs) = (Y(s 4+ u), Z(s + u))—r<u<o- In Delong and Imkeller [7],
the authors established the existence and uniqueness result of a solution for
BSDESs with time delayed generators. For the applications of BSDEs with time
delayed generators in insurance and finance, one can see [6]. Furthermore, in
Delong and Imkeller [8], they proved the existence and uniqueness for BSDEs
with time delayed generators driven by Brownian motions and Poisson random
measures. Moreover, Reis et al. [23] extended the results of Delong and Imkeller
([7], [8]) in LP-spaces. Very recently, Zhou and Ren [25] proved the existence
and uniqueness of the solution for RBSDEs with time delayed generators.

With the appearance of BSDEs, many efforts have been done to derive the
existence or uniqueness results under weaker assumptions than the ones of
Pardoux and Peng [20] or El Karoui et al. [9]. Generally, many works focus on
the weakness of the Lipschitz property of the generator. Very recently, some
works have been done to derive the results on the existence and uniqueness
of a solution for the standard BSDE (1.1) or RBSDE (1.2) in the case when
the data belongs only to LP for some p €]1,2[. For more details, we refer the
readers to Chen [1], Fan and Jiang [12], Hamadéne and Popier [17] and the
references therein.

To our best knowledge, there is no result on the LP-solutions to RBSDEs
with time delayed generators. To close the gap, in this paper, we aim to derive
the existence and uniqueness of the solution for RBSDEs with time delayed
generator in the case when the terminal value and the obstacle process are
LP-integrable with p €]1,2] for a sufficiently small Lipschitz constant of the
generator and the time horizon T
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The paper is organized as follows. In Section 2, we propose some prelimi-
naries and notations. The main results are given in Section 3.

2. Preliminaries and notations

Let (92, F,P) be a complete probability space equipped with a standard
Brownian motion W. For a fixed real number T' > 0, we consider the filtration
F := (Fi)o<t<r which is generated by W and augmented by all P-null sets.
The filtered probability space (2, F,TF,P) satisfies the usual conditions.

We shall work with the following spaces. In the sequel, let p €]1,2].

e Let LP(R) denote the space of real valued Fp-measurable random vari-
able € : ) — R satisfying that

(E[l¢[P)"” < 0.

e For 8 > 0, Hg(R) denotes the space of all F-predictable processes
Z :Q x [0,T] — R such that

T p/2 1/p
12 |5, = E( / eﬂt|Z<t>|2dt> < cc.
0

e For 5 >0, Sg (R) denotes the space of F-adapted, product measurable
processes Y : Q x [0, 7] — R such that

1/p
1Y lss = [E( sup eﬁtmmp)] < 0.

te[0,T)

e Let L? (R) denote the space of measurable functions z : [-T,0] — R
satisfying that

0
/ |2(8)2dt < oo,
-T

e Let S, (R) denote the space of bounded, measurable functions y :
[~T,0] — R satisfying that

sup Jy(t)[* < oo.
te[—T,0]

As usual, by A we denote Lebesgue measure on ([T, 0], B([-T,0])), where
B([-T,0]) stands for the Borel sets of [T, 0]. In the sequel, let us simply write
SE(R) x HE(R) for S x Hi.

Now, we give three objects. The first one is the terminal value &,

(i) & € LP(R).

The second one is the “coefficient” f,

F:2x[0,T] x S%%(R) x L2 (R) — R,

which is a product measurable, F-adapted map such that
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p/2

T
(ii) E </0 |f(t,0,0)|2dt> < 00,

(iii) for a probability measure « on ([—T',0], B([-T,0])) and a positive con-
stant L
0

ftowrz) ~ £ 2P < L[yt 0) = 3¢+ w)Pa(du)

-T

+f et + ) - 2+ wPatdu)

-T
holds for P x A-a.e. (w,t) € Q x [0,7] and for any (y:, 2¢), (Ut,2¢) €
S (R) x L2 p(R),
(iv) f(t,-,-)=0for ¢ <O.
The third one is the “obstacle” {S(¢),0 < ¢ < T}, which is a continuous
progressively measurable, R-valued process satisfying that
(v) S(T) < ¢ as., and ST :=SV0eSj.
Now, we propose the definition of the LP-solution of the RBSDE with time
delayed generator associated with the triple (f, £, S) which we consider through-
out the paper.

Definition 2.1 (LP-solution). The LP-solution of RBSDE with time delayed
generator is a triple {(Y'(¢), Z(t), K(t)),0 <t < T} of F;-progressively measur-
able process taking values in R, R and R, respectively, and satisfying that
(1) Z € HE, Y €S and K(T) € LP(R)-

(2) Y () §+ft (s,Ys, Zs)ds+K(T j; Wi(s),0<t<T;
(3) (t) St),0<t<T,

(4) ( is adapted, continuous and non-decreasing, Ko = 0 and

fo P (Y (t) — S(t))dK (t) = 0 for some B > 0.

We remark that the generator f at time s € [0, 7] depends on the past values
of the solution denoted by Ys := (Y (s+u))_r<u<o and Zs := (Z(s+u)) _r<u<o-
f(¢,0,0) in (ii) should be understood as a value of the generator f(t,y:, z¢) at
yt+u)=zt+u)=0,-T <u<0.

Note that from (2) and (4), it follows that {Y(¢),0 < ¢ < T'} is continuous.
Intuitively, dK (t)/dt represents the amount of “push upwards” that we add
to —(dY'(¢)/dt), so that the constraint (3) is satisfied. Condition (4) says that
the push is minimal, in the sense that we push only when the constraint is
saturated, that is, when Y'(¢) = S(¢).

3. Main results

In this section, we give the priori estimates on the solution and the differ-
ence of two solutions for RBSDEs with time delayed generators, which play an
important role in proving existence and uniqueness of the solution, which is
the main result of this section and this article.
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3.1. Priori estimates
We now give a priori estimate on the solution.

Proposition 3.1. Let {(Y(t),Z(t),K(t)),0 < t < T} be a solution of the
RBSDE with time delayed generator (1)—(4). We assume moreover that

/T PUY () — S()FAK (t) = 0.
0

If the Lipschitz constant L of the generator f and the time horizon T are small
enough, then there exist two positive constants 8 and -y satisfying that

2La
l)liiiﬂ‘4'7 >0, Dy:=1-— —:fz >0,

and a positive constant C' = C(p, 8,v, &, L,T) depending on p,B,7v,& (« as in
(iii) and & = fET e Pua(du)), L and T such that

T /2
IE( sup Y ()P + (/0 eﬁt|Z(t)|2dt) / +eﬁT|K(T)|p>

0<t<T

T
< CE <eﬂT|£|”+( / eﬂt|f<t,o,0)|2dt)p/2+ sup eﬂt(S(w*)”)-
0

0<t<T

Proof. Step 1. We claim that

T p/2
(3.1) E(/ eBs|Z(s)|2ds)

0

(/OT e'88|f(s,0,0)|2ds)p/2 + ( sup e'ﬁs|Y(S)|p)] )

0<s<T

< CE

P
2

where C' > 0 depends on p, 8, v, &, L and T, being the linear function of (LT)Z.
The estimate of (3.1) can be deduced as follows.
Let 8 be a positive real constant and for each integer k, we define

¢
Tk = inf{t € [O,T],/ % Z(s)|?ds > k} AT.
0

The sequence (7x)x>0 is of stationary type since the process Z belongs to Hj;(R)
and then fOT e?%|Z(s)|?ds < oo, P-a.s.. The Ité formula yields that:

(3.2) [Y(0)]* + /Tk %\ Z(s)|*ds
0
= eﬁTk|Y(Tk)|2 + 2/Tk eﬁSY(S)f(Sv Yy, Zs)ds
0

- /Tk BePs1Y (s)|%ds + 2/Tk Py (s)dK (s)
0 0
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Tk
72/ Y (5)Z(s)dW (s).
0

By Young inequality for any v > 0 and condition (iii), we have
(3.3)
Tk
YOP+ [ elz()Pds
0
Tk
<Y IR+ (- p) [ Y (s)Pds
0

1 Tk
+—/ eﬂ8|f<s,ys,zs>|2ds+2/
Y Jo

0

T

) e?*Y (s)dK (s)

2/: Y (5)Z(s)dW ()

<P+ 2 [T 2~ £5.0,0) s
+%/°T eﬁs|f(s,0,0)|2ds+(1ﬂ)/() P51y (s5)2ds
+2/0 Y (5)dK (s) —2/0 Y (5)Z(s)dW (s)

Tk 2 Tk
S eB"’le(Tk)|2 + (/7 — 6)/ GBS|Y(S)|2 + ;/ eBs|f(sa 0; O)|2d8
0 0

+ % UOT'“(/_OT eﬁs|Y(s+u)|2a(du))ds+/0Tk(/_OT eﬁS|Z(s+u)|2a(du))ds}

Tk

42 /0 " ey (s)dK (s) — 2 /0 PV (5)Z(5)dW ().

By a change of integration order argument, for ¢ = Z, we obtain

(3.4) /Om </_OT |6 (s + u)|2a(du)> ds

Tk 0
= [T et slots + watan ) s
0 =T

0 Te+u
— / / eﬂTe_B“I{TZO}|q§(r)|2d7°a(du)

Tk A0
_ / / e P s oy 6(r) Poldu)dr
0 r

™ 0 T’v
< / () (/Tkeﬂuaw) dr < / e |p(r)|dr,
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with a = fET e Pva(du). Continuing the inequality (3.3) from above, we get
(3.5) Y (0)* + /OTk e*Z(s)?ds

< Y@ +0-p) [ Il
0

2La i T
e (T sup e [Y (s)|* + / eﬂéIZ<s>|2dS)
v 0

0<s<T
2 [Tk
+—/ e55|f(s,0,0)|2ds+2/
7 Jo

9 /O " Y (5)Z(5)AW (s).

T

" Py (5)dK (s)

Reorganizing (3.5) we have

2La Tk
YO + (1—7‘“) [ eizepas
2L 1)

Tk
< Y (TP + (7~ ) / SN ()5 + (ZET 4 2) sup oMy (s)P
0

€/ 0<s<T

Tk Tk
+ 2/ e?%|£(5,0,0)|%ds + ee”™ | K (14)|? — 2/ Y (5)Z(s)dW (s)
7 Jo 0

for any € > 0. From the equation
Tk Tk
K(n) =Y(0) - Y(m) - [ fevizpde+ [ zaw.
0 0
there exists a constant C7 > 0 (depending also on T') such that

(R < 0 (IYOR YR+ [ 176.0.0Pds + s V()2
0

0<s<T
2)

Plugging the last inequality in the previous one to get
2Lé& i i
(1—=C) Y (O)2 + (1 - —O‘) / ¢%5|Z(s)[2ds — gcl/ 1Z(s)|2ds
v 0 0

< (eCy+ Y ()] + (1 — B) / "o (s)2ds

Tk
+/ |Z(s)|?ds +
0

/O " Z(s)aw(s)

2La 1

+<—QT+—) sup %Y (s)[2 +eCy sup |Y(s)?
Y €/ 0<s<T 0<s<T

2

+eCh

| 2w

2 Tk
+ (— +501>/ | f(s,0,0)|*ds
v 0
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+2

/O " ey (5)2(5)AW (s)

Choosing now ¢ small enough and « such that Dy := —~ >0, Dy := 1— % >
0, we obtain

E(/O eBs|Z(s)|2ds)p/2
< CE {(/0 eﬁS|f(s,o,o>|2ds)p/2 + ( sup eﬁS|Y(s)|p)}

0<s<T
p/2

3

+ C,E

/OTk Y (5)Z (5)dW ()

where Cy depends on p, 8,7, &, L and T. If L is small enough, then Cs can be
chosen as a linear function of (LT)%. Next thanks to the Burkholder-Davis-
Gundy inequality (see e.g. Dellacherie and Meyer [5]), we have

p/2
E

/Om eP5Y (5)Z(s)dW (s)
< ([ emerizera)

p/4 Th p/4
CgIE( sup eﬂs|Y(s)|2) (/ eﬂs|Z(s)|2ds)
0

0<s<T

02 Tk p/2
< 2—;1[5( sup eBs|Y(s)|p) + gE(/O eBs|Z(s)|2ds) ,

0<s<T

p/4

IN

where 7 is an arbitrary positive real number and C3 > 0 depends only on p.
Finally substituting the last inequality in the previous one, choosing 7 small
enough and using the Fatou lemma, we obtain that there exists a real constant
C depending on p, 3,7, &, L and T, being the linear function of (LT)g and such

that
T /2
E(/ |2 (s)Pds)”
0

< CE (/()Teﬂs|f(s,0,0)|2ds)p/2+( sup eﬂs|Y(s)|p)].

0<s<T

Step 2. We claim that

(3.6) IE< sup eBtIY(t)Ip)

0<t<T

< CE

(eﬂT|£|p) + (/OT eﬂs|f(s,O,O)|2ds)p/2 + ( sup e’ (S(t)+)p)1

0<t<T
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holds for a positive constant C depending on p, 3,7, &, L and T'. To prove (3.6),
from ([17], Corollary 1), for any 8 > 0 and any 0 < ¢t < T we have

T
SV (D) + e(p) / Y ()P 2Ly 20| Z(5) Pds
T ! T
< TIelP - / &55|Y (s)[Pds + p / (Y (5)|Psgn(Y (s)) (5. Yo, Zo)ds
t t
T
+p / 4|V () [P~ sgn(Y (s))dK (s)
t

T
e / 5|y (5) [P Lsan(Y () Z(s)dW (s)

t

T T
< HTIep — B / &Y (s)[Pds + p / BV ()71 f (5, Yo, Z5) — £(5,0,0)]ds
t t

T T
+p / 5[Y ()P £(5,0,0)[ds + p / e5[Y (5)/Psgn(Y (s))dK (s)

t

p / eS|V (5) [P Lsen(Y () Z(s)dW (),

where ¢(p) = @ and sgn(y) := \_z\ly#O- By the Young inequality it holds
that

T
p [ WP (s, 0,0)ds
t

< (p— 1)o7 ( sup |Y<s>|f’> +077( / Teﬂﬂf(s,o,onds)p

t<s<T

< (p—1)9rt ( sup eﬁS|Y(s)|p) +19P(C(T))5(/T eﬁ5|f(s,o,0)|2ds)p/2

0<s<T 0

and
T
» / Y ()P (5, Yo Z0) — £(5,0,0)[ds
t

< (p— )97 ( sup |Y(s)|p) +19_p(/TeBs|f(s,Ys,ZS) ff(s,0,0)|ds)p,

t<s<T ¢

for any ¥ > 0, where C(T") = QGET. Since f is Lipschitz, we have

T
p / (Y ()P 1| (5, Yo, Zo) — £(5,0,0)]ds

< (p— 107 ( sup [Y(s)]?)

t<s<T



802 QING ZHOU

0<s<T

T p/2
4P (C(T)Ld(T sup 7|V (s)[2 + /O eﬂS|Z(s)|2ds)>

< ((p = 1977 + 972 (C(T)LATY?C, ) ( sup_ ™Y (s)]?)

0<s<T
T p/2
+97P(C(T)La)P/2C, ( / eﬁs|Z(s)|2ds> ,
0
where C'p > () is a constant depending on p. Thus, we have
T
B1) PWOP +clp) [ Y6 lypolZ(s)Pds
t
< PTIP + (2(p — 19T + ﬂ*P(C(T)L@T)P/Qép) < sup eﬂS|Y(s>|P>
0<s<T
T p/2
9P (C(T)LaY2C, ( / eﬁS|Z(s)|2ds>
0
o [T /2
v ([ s 0.0ps)
0

ip / (Y (s) [P Lsgn(Y (s))dK (s)

e / e5|Y (5P Lsen(Y () Z(s)dWV ().

t
Next let us deal with ftT e®5|Y (s)[P~tsgn(Y (s))d K (s). Indeed, the hypothe-
sis related to increments of K and Y —S implies that dK (s) =11y (s)<s(s)} K (5),

for any s < T'. Recall that here we just assume fOT ePHY (1) —S(t))TdK (t) = 0.
Therefore we have:

T
/t 1Y (s) [P~ "sgn(Y (5))dK (s)

T
Z/ Y ()[P sgn(Y (8)) 1y (s)<5(s)} A ()
t

T
< / P0((s)) A (s),

where 6 : 2 € R — 0(z) = |x|p*1|fﬁ—|11¢0, which is actually a non-decreasing

function. It follows that

/t 1Y (5) P~ "sgn(Y (5))dK (s)

T
< / 4|8 (5)/P~Lsgn(S(s))d (s)

t
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IN

/ " o5 (s)P 1K (s)
( <s>>)p_1 / " Ak (s)

11 Poq T g
( sup (S+(s))> + —oP / P dK (s)
P § 7 \0<s<T p t
for any § > 0.

Next we focus on the control of the term ftT e#*dK (s). Using the predictable
dual projection property (see e.g. Dellacherie and Meyer [5]), for all 0 < ¢ < T,
we have

A
<=~
wn
c
o}
n
+

I
S

|
-

E[(K(T) — K(1))"] = E [ / p(K(T) - K(s»p-ldK(s)]
T
_ JE / E[(K(T) - K(s)P"'| FJAK (s)

< pE/t E[(K(T) — K(s))|Fs]P"'dK(s), since p €]1,2].

The last inequality holds true thanks to Jensen’s conditional one. Recall now
that

KT)=KO =Y -6 [ f6vz)is+ [ 2(6)aws)

then,
E[(K(T) — K(t))"]
T T p—1
<E [ By -¢- [ f(u,Yu,Zu>du|fs] aK (s)
SpE/t E 2t<su£)T|Y(u)|+/ |f(u,Yu,Zu)|du|]:5] dK(s)
< SEI(K(T) ~ K(1))"

P
t<s<T t<u<T

T
+CyE sup [E (2 sup [V (u)] + / |f<u,Yu,zu>|du|fS>]
t

The last inequality can be obtained by the same method as ([17], page 10).
Thus, using the Doob maximal inequality we obtain

SEIK(T) ~ K (1))
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P

<Cp sup E
t<s<T

T
E<2 sup IY(U)I+/t If(u,Yu,Zu)ldes)]

t<u<T

< C,E

sup |Y(u)? + (/tT |f(u,Yu,Zu)|2du)p/2]

t<u<T

< C4E

sup |Y (u)]P + (/tT |f(u,0,0)|2du)p/2

t<u<T

T p/2
+(2L)P/? (T sup |Y(u)|2+/0 |Z(u)|2du>

0<u<T

< C5E

T 5 \P/2 T 5, \P/2
sup V()P + ([ 17 0.0)Pd0)" + ([ jzan)™ .
0<u<T t 0
where C5 = Cy + 227115 max(7%,1) and Cy; > 0 depends only on p. In fact,
we have used the inequality (a + b)% <2P71 (a% +b%) fora >0, b> 0.

Then by Step 1 we have

(3.8) PTR[(K(T) — K(1))"]
< CE (OiltlET eﬂt|Y(t)|)p + (/OT eﬂt|f(t,0,0)|2dt)p/21

holds for a positive constant C depending on p,3,7,&, L and T. If L and T
are small enough, then C can be chosen as the linear function of LPT? and
(LT)%. Now the local martingale

{r S sV (2N}

0

is actually a martingale, therefore taking expectation in (3.7) and taking into
account of (3.8) and Step 1 to obtain:

(3.9)
(P)E / 1Y (5) P2y ()0l Z(s) 2ds
< (2(p —1)WFT 4+ (1+ CT=5))9~P(C(T)LaT)/2C, + éap)

X IE< sup eﬁt|Y(t)|p) + EePTep
0<i<T

+ (977(C(T) L&) CC, +97P(C(T)) 5 +Cov ) E( /0 " 75,0, 0fas)””

-1 p
+2tm (s (576)
= 0<s<T
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Next going back to (3.7) taking the supremum and the expectation we get
after taking into account of (3.8) and Step 1

(3.10)

T
IE< sup eﬁt|Y(t)|p) +c(p)E/ eﬁ5|Y(s)|p721y(s)¢0|Z(s)|2ds
0<t<T t

< 2(2(p — )97 + (1+ CT—$)9~P(C(T)LaT)?/*C, + é&?)
X E( sup e™|Y (1)) + 2Be” [¢]P
0<t<T

+2(ﬂ_p(C(T)L&)p/QC‘C’p+19_”(C(T))% +05P)1E(/0T P3| f(s, 0, 0)|2ds)p/2

20 Vs (s (575

e
S 0<s<T

+pE sup
0<t<T

/t (¥ (5)|Psgn(Y (5))Z(s)dVW (s)

E

Next using the Burkholder-Davis-Gundy inequality, we have
sup
0<t<T

. 1/2
< 2K </ eﬁS|Y(t)|2(p1)1y(s)¢0|Z(S)|2ds>
0

T
( sup eBt/2|Y(t)|p/2) (/O GBS|Y(3)|p_21Y(s)¢o|Z(S)|2d3>1

/t e[ (5) P~ san(Y (5)) Z(s)dVW ()

< 2E
0<t<T

0<t<T 0

1 T
<ok sup VP + 5B ( / eﬂé|Y<s>|P-21y<s>¢o|Z<s>|2ds> ,
P
where p > 0 is a constant. Plugging this inequality in (3.10), we obtain

(3.11)
IE< sup e5t|Y(t)|P)

0<t<T
P T
< 2BeT|ep + L ( / eﬂsw(s)w-%y(s#aZ(s)|2ds>
P 0
+2(2(p — 197 + (1+ CT~ 59~ (C(T)LAT)"*C, + C6¥ + pp)

X E ( sup eBt|Y(t)|p>

0<t<T
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+2 (ﬂ*P(C(T)L@)P/ 26C, +97P(C(T))% + éap)
x E(/OT e55|f(s,0,0)|2ds)p/2
+ 20U (sup (5760)’

J P 0<s<T
PR BT |ep BV Ik O TR
=@+ C(p)p)E kP + @+ C(p)p) 55 B <o<sET(S ( >>>
+{e@+ C(;'ﬁ) (20— 1977 +(1+CT5)0 P (C(T)LAT)/2C, 4 Co7 )
oo fE( sup ¥ (1))
+@2+ c(;ﬁ) (ﬁ*p(C(T)La)p/Qéép FOP(O(T))% + C*ap)
T p/2

XE(/O %[/ (5,0,0)%ds) !

The second inequality comes from (3.9). Finally it is enough to choose p =
ﬁ, ¥ = T2 and § and T small enough to obtain (3.6). From the above in-
equalities (3.11), (3.6) and (3.8), we obtain that there exists a positive constant
C=C(p,B,v,&, L,T) depending on p, 8,7, &, L and T such that

T /2
El sup eﬂt|Y(t)|p+(/ eﬁt|Z(t)|2dt)p + AT\ K (T)|P
0<t<T 0

< CE
0<t<T

T
Tier+ ([ e r0.0Pa)” + sup eﬂ%S(t)*)p]-
0 O

We can now estimate the variation in the solution induced by a variation in
the data.

Proposition 3.2. Let (&, f,5) and (&', f',S") be two triplets satisfying the
above assumptions (i)—(v). Suppose that (Y,Z,K) is a solution of the RDB-
SDE with time delayed generator (&, f,S) and (Y',Z',K") is a solution of the
RBSDE with time delayed generator (¢', f',S”). Define

Ne=¢=¢, Af=f-f, AS=85-5
AY =Y -Y', NZ=2Z-2', AK=K-K'

If the Lpicshitz constant L of the generator f and the time horizon T are small
enough, then there exist two positive constants 8 and -y satisfying that
2La

Dlizﬁ—’y>0, Dy =1———>0
v
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and a positive constant D = D(p, 8,~, &, L, T) depending on p, 5,7, &, L and T
such that

(3.12) E < sup ePHAY (1)|P + (/OT eﬁt|AZ(t)|2dt) %>

0<t<T

T P
< DE <ef’T|A§|2 +( / AL (E Y, Z) ) )
0

p—1

+D [IE( sup eBt|AS(t)|p)} ’ \IllT/p,
0<t<T
where
T 5
%E[eﬂﬂau( / e |£(£,0,0)%dt) " + sup e (S(t)*)”
0 0<t<T

T 2
T ([ 0.0 Pd) + sup o <S<t>’+)p] -
0 0<t<T
Proof. The computations are similar to those in the previous proof, so we shall
only sketch the arguments.
Step 1. We claim that

T /2 B T /2
E(/ eﬁS|AZ(s)|2ds)p < DE [ePT Al +(/ eﬁ5|Af(s,Ys,Z5)|2ds)p
0 0
(3.13) +( sup eﬂS|AY(s)|P)],
0<s<T

where D > 0 depends on p, 3,7, &, L and T, being the linear function of T,
which can be deduced as follows. For each integer n > 1 let us set:

t
T = inf{t € [O,T],/ eBS|AZ(s)|2ds} AT.
0

Similar to (3.2), (3.3), (3.4) and (3.5), applying the It6 formula to €| AY (t)|?
and reorganizing the inequalities, we get

La n

|AY(0)]* + (1 — _a) / PN Z(s)|ds
Y 0

<AV ()P4 (- 8) [ elaY ()P
0
LaT 1
n (L n —) sup P AY (t)?
Y U/ 0<t<T

n 2/ "B A (5, Ye, Z9)AY (5)ds 4+ e [ AK ()2
0

— ” efs S S s
2 / AY (s)AZ(s)dTV (s),
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for any v > 0, v > 0, where we have used (3.4) for ¢ = AZ. We have

2/ eS| A f(s,Ys, Zs)AY (5)|ds

0
~ 1 Tn

< X\ sup eﬁt|AY(t)|2+7/ &P\ A f(s,Ys, Zs)|2ds
0<t<T AJo

for any A> 0. Using the same discussion as Proposition 3.1, we deduce that

2)
where Cg > 0. Plugging the above two inequalities in the previous one, we get

(1-0vC) |AY (0)? + (1 - @> / " e AZ(s)ds fUCG/ " |AZ(s)Pds
v 0 0

| AK (1) < Co (IAY(O)I2 +IAY (1) +/ |Af(s. Yy, Zs)[*ds
0

+ sup |AY(t)|2+/OTn |AZ(3)|2ds+’/OTn AZ(s)dW (s)

0<t<T

L&
v

/O " AZ(s)AW (s)

1 -
< (P 4 wCs)|AY (1) + < T+ > + /\) oiltIETeﬁt|AY(t)|2
2
+vC sup |AY(t)]* +vC
0<t<T

l " Bs 2 _
+ <:\ +’UC(3)/O (S |Af(S,Y5,Z5)| ds+(7 ﬂ)/o

T

"B AY (5)2ds

+2

/T" PSAY () AZ(s)dW (s)
0

Choosing now v small enough and « such that Dy = 8 — v > 0 and Dy :=

1-— % > (0, we obtain

E(/O ef’ﬂAZ(s)Fds)p/2

Tn /2
< CE {epﬂ%/?mY(Tnnu(/ IS (5, Y, Z:) s ) ]
0

p/2
b)

+ C7E( sup eBt|AY(t)|p) + C7E

0<t<T

/Tn PSAY () AZ(s)dW (s)
0

where C7 depends on p, 8,7, &, L and T. If L is small enough, then C7 can be
chosen as the linear function of (LT)%. Next thanks to the Burkholder-Davis-
Gundy inequality, we have

p/2
E

/Tn BSAY () AZ(s)dW (s)

Tn /2
< §E< sup eﬁt|AY(t)|p> + QE(/ eﬁ5|AZ(s)|2ds)p ,
217 \o<t<r 2 \Jo
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where 7 > 0 is a constant and Cg > 0 depends only on p. Finally, plugging
the last inequality in the previous one, choosing 1 small enough and using the
Fatou Lemma, we obtain that there exists a real constant D depending on
p,B,7, &, L and T, being the linear function of (LT)? such that (3.13) holds.
Step 2. We claim that (3.12) holds.

The estimate of (3.12) can be deduced as follows. Applying the It6 formula
to | AY (t)|P yields that

T
3.14)  HNAY P + 8 / | AY (5)|Pds
. t
+e(p) / B AY () P21y (o) 4ol DZ () 2ds
t
T
< PT|AgJP +p/ P AY (5) [P Lsgn(AY (s))Af(s, Ys, Zs)ds
t
T
+p / 5| AY ()P Lsgn(AY ()L (s, Yar Ze) — (s, Y/, Z0)]ds
t
T
+p/ 6'68|AY(S)|p_1Sgn(AY(S))d(AK(S))
t

T
fp/t P AY (5) [P Lsgn(AY (s))AZ(s)dW (s),

where sgn(y) := |Z—|1y¢0. By the Young inequality and since f is Lipschitz, we
have

T
p / BN AY ()P (5, Yo Za) — ['(5, YL, Z)|ds
t

< ((p )R 4 H*P(C(T)LaT)P/Qép) <0335T eﬁ5|AY(s)|p>

T p/2
+ kP(C(T)La)?/?C, < / eﬂmZ(s)Fds) ,
0

for any £ > 0, where C(T) = QEIST.

Note that by the classical discussion (see [17], pagel3), we have

p/t e |AY (5)[P 'sgn(AY (5))d(AK (s)) Sp/t |AS(s) P A(AK (5)).

Thus coming back to (3.14), we get

T
(3.15)  PIAYOF +eb) [ AP Lavipl A2
t

T
< eﬁT|A§|p+p/ eﬁs|AY(5)|pflsgn(AY(s))Af(s,YS,ZS)ds
¢
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+ ((p — k7T + m_p(C(T)LdT)p/QC'p) ( sup e'ﬁs|AY(s)|p>

0<s<T
T p/2
+kP(C(T)La)**C, ( / eﬂS|AZ(s)|2ds>
0
T
+p / | AS(s) P A(AK (5))
fp/ HAY (s)[PLsgn(AY () AZ(s)dW (s).

t

On the other hand the process

{r SBY P s BY () DZEW )}

is a martingale thanks to the Burkholder-Davis-Gundy and Young inequalities.
Taking the expectation in (3.15) we have

T
CWE [ PIAY () syl () Pds
t
T
< BOTIAEP 4 pE [ e |AY(s)P AL (5, Yiu Zu)lds
0

+ ((p — 1)k + H_p(C(T)LdT)p/Qép)E ( sup e'ﬁs|AY(s)|p>

0<s<T

T p/2
+ Kk P(C(T)La)?P/?C,E < / eﬂS|AZ(s)|2ds>
0

T
+pE/O NS (s)[PTIA(AK (s)).

Coming back to (3.15), taking the supremum and then expectation we get

(3.16)

T
B ( s MAYOF ) + B [ AV (P Lavemla2()Pds
0<t<T ¢

T
< 2BTIAGP 4 B [ LAY (9 AL (5. Yi, Z2)lds
0

+ 2((p —1)K7T + n_p(C(T)LdT)p/QC’p)IE < sup eBs|AY(s)|p>
0<s<T

T p/2
+ 257 P(C(T)L&)P/2C,E < / eﬂSmZ(s)Fds)
0
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T
+2pE/ NS (s)[PTIA(AK ()
t

+ pE sup
0<t<T

/t F3 AY ()P Lsgn(AY (s)) AZ (s)dW (s)|

Now with the Holder inequality

E /O P5 | AS(s) P Ld(AK (s))

< {E( sup eﬁt|AS(t)|p>}p [E (°T|AK (T)]P)]?

0<t<T
and since E|AK(T)|P < C,(E|K(T)|P + E|K'(T)|P), using inequality (3.8) and
Proposition 3.1, we deduce that
E/T|AK (D) < C(p)¥r,

where C(p) > 0 depends on p, 3,7, &, L and T.
Next using the Burkholder-Davis-Gundy inequality we have

E < sup )
0<t<T

T
<up <IE sup e'gt|AY(t)|p) + PR (/ e'gs|AY(S)|p_21Ay(s)¢O|AZ(s)|2ds>
2 0

0<t<T

/teﬂs|AY(s)|p_1sgn(AY(s))AZ(s)dW(s)

for any ¢ > 0. Furthermore,

T
2p/ PHAY (8)[PH A S (s, Y, Zs)|ds
0
5 p/2

£ Bt 2p(é(T)) ’ 2
<27 s SAY(OF + = | [ 16f6 Y Z)Pds )
0

0<t<T

where C(T) = EZST. Taking into account of Step 1, we now plug the above

three inequalities in (3.16) and we obtain
E( sup eﬁt|AY(t)|p)
0<t<T

<2+ ﬁ)(l + K7P(C(T)La)P2DC, ) EePT | Ag P

@2+ 2 )(p(ég)) +RTI(C(T) L) DC,)

T
x E </ |Af(s,YS,ZS)|2dS>
0

p/2
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+ {(2 + L )((p — 1)k 4k P(C(T)LaT)P/?C,

c(p)e
+ 2%7P(C(T)Ld)p/2bép + 2ppp%1) + Lp} E sup e |AY ()P
0<t<T
p? s 1
+ (14 =) [E ( sup eﬂt|A5(t)|p)] [Cywr]”.
C(p)L 0<t<T
Finally, it is enough to choose ¢+ = ﬁ, K = T%7 T and p small enough in
the above inequality to obtain (3.12). The desired result of the proposition
follows. O

We deduce immediately the following uniqueness result from Proposition 3.2
with & =¢, f/=fand S’ = 6S.

Corollary 3.1. Under the assumptions (i)—(v), if the Lipschitz constant L of
the generator f and the time horizon T are small enough and for two positive
constants 3 and v the conditions of Proposition 3.2 are satisfied, then there
exists at most one solution of the RBSDE with time delayed generators (1)—

(4).

Proof. Using the previous Proposition 3.2, we obtain immediately Y = Y’ and
7 = 7'. Therefore we have K = K’, whence uniqueness of the solution of the
reflected BSDE with time delayed generator associated with (¢, f,.5). O

3.2. Existence and uniqueness of the solution

To begin with, let us first assume that f does not depend on (y, z), that is,

it is a given F;-progressively measurable process satisfying that
D

2

(ii’) E(/O |f(t)|2dt> < .

A solution to the backward reflection problem (BRP, in short) is a triple
(Y, Z, K) which satisfies (1), (3), (4) and
T

T
(2" Y(t)=¢ +/ f(s)ds+ K(T) — K(t) —/ Z(s)dW(s), 0<t<T.
t t
The following proposition is from Hamadeéne et al. ([17], Theorem 2).

Proposition 3.3. Under the assumptions (i), (ii’) and (v), the BRP (1), (2'),
(3), (4) has a unique LP- solution {(Y(t), Z(t),K(t));0 <t <T}.

We now deal with the general case of generator, i.e., f depends on (y, z).

Theorem 3.1. Assume the assumptions (1)—(v) hold. If the Lipschitz con-
stant L of the generator [ and the time horizon T are small enough and for
two positive constants 5 and v the conditions of Proposition 3.2 are satisfied,
then the RBSDE with time delayed generator (1)—(4) has a unique solution
{(Y (1), 2(t), K($));0 < t < T},
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Proof. Denote by L the space of progressively measurable {(Y (¢), Z(t));0 <
t < T} with values in R x R which satisfy (1) and (3).

We define a mapping ® from L into itself as follows. Given (U,V) € L,
we define (Y,Z) = ®(U,V) where (Y, Z, K) is the solution of the RBSDE
associated with (&, f(¢, U, V4), 9), i.e.,

(Y,Z) € L, K € S{(R);
Y(t)=¢+ /T f(s,Us,Vi)ds + K(T) — K(t) — /T Z(s)dW(s), 0<t<T;

T
Y (t) > S(t) and / ALY (t) — S(t))dK (t) = 0, for some 5 > 0.
0
The solution of this equation exists and is unique thanks to Proposition 3.3.
Now for (U’, V') in L, we define in the same way (Y',Z") = ®(U’, V') and
U=U-U, V=V-V, Y=Y-Y, Z=2Z-27.

We are now going to prove that the mapping @ is a strict contraction on £
equipped with the norm

o\ 1/p

T 2
/ eﬁt|Z(t)|2dt]
0

In fact, it follows from the arguments similar to those in the proofs of Propo-
sitions 3.1 and 3.2 that

(3.17)

T T
HTOP 45 [ WA +elp) [ T sl Z(5)ds
t t

1. 2)1 = (& | s e‘”|Y<t>|p]>1/p e

0<t<T

< p/t P IY ()P~ tsgn(Y (5))[f (s, Us, Vi) — f(5, UL, V))ds

T
tp / eF5[7(5) | Lsgn(Y () dK (s)

T
e / oB5[7(5) | Lsen (Y () Z(s)dWW (5).

t

Now for 7 > 0, using the Young inequality, we have
T
p [T (Y (5) 75 U V) — 5, UL Vs
t

<(p-— 1)Tﬁ ( sup eﬁt|§7(t)|p)
0<t<T

+T_p(C(T)LdT)p/2é(p)( sup eﬂt|U(t)|p)

0<t<T
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A T p/2
+T_p(C(T)Ld)p/QC(p) (/0 eBs|\7(s)|2ds> ,

where C(T') = 26§T. Moreover, ftT e”3Y (5)|P~tsgn(Y (s))dK (s) < 0. Coming

back to (3.17), we obtain

(3.18)

T
STOF +clp) [ V6 Ly 00l Z05) s

t

< (p-1)r7 < sup eﬁt|Y<t>|p)+TP<0<T>LaT>P/Zé(p>< sup eﬂtw(tnp)
0<t<T 0<t<T

) T p/2
+ 77P(C(T) L&) *C(p) </0 eﬁS|V(s)|2ds>

“p / 5|7 (5) [P Lsen(¥ () Z (5)dW (s).

But as in the proof of uniqueness, the process

{or= | t eﬁsms)v’1sgn<Y<s>>Z(s>dw<s>}OStg

0
is a uniformly integrable martingale. Therefore with (3.18), we obtain

(3.19)
T — —
CE [ T Ly g0l Z0) s
t

<(p-— 1)7'pplE( sup eﬁt|17(t)|p) +77P(C(T)LaT)P 2 C(p)E sup e”|U(t)[P
0<t<T 0<t<T

A T p/2
+ T_p(C(T)Ld)p/QC(p)E (/0 eﬂs|1_/(s)|2ds>

and

(3.20) (1 —(p— 1)7%) E < sup ef’t|Y(t)|p)

0<t<T

<+ (O(T)LaT P Cp)E (03% e‘“|0<t>|P>

T p/2
+ T_p(C(T)Ld)p/QC'(p)E </0 eBs|\7(s)|2ds> + pE(M, M)lT/Q.
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For the last inequality we have made use of the Burkholder-Davis-Gundy in-
equality. Note that

E(M, M);/*
. 1/2
<E < sup eﬁt/2|AY(t)|p/2> </ eﬁ5|Y(s)|p21y(s)¢o|Z(5)|2d5>
0<t<T 0

IN

1 o T ao _
—E( sup e|AY (¢ p> +—IE/ PV (5)[P 215 (o120 Z(s)|?ds.
2p <O<t£T AY(2)] 2 )y Y ()" "1y (5)01 2 (3]

Plugging now that inequality in (3.20) and (3.19) to obtain

e o) )

< T—P(C(T)La)P/2é(p)(1+ P’ )max(T%,m (E( sup eﬂt|U(t)|P)

2¢(p) 0<t<T
T —
+E </ eﬁS|V(s)|2ds>
0

p/2
It is enough to choose 7 such that 3 — (1 + 5L )(p —1)77°1 > 0. Thus

2¢(p)
(3.21) E( sup eﬁt|Y(t)|p)
0<t<T
T p/2
<C E( sup eﬁt|U(t>|p> +E (/ eﬁS|V(s)|2ds> :
0<t<T 0

where C' depends on p, 3,v,a, 7, L and T. Since L and T are small enough, we
will have C' small enough. -
We next focus on the same estimate for Z. For each integer n > 1 let us set:

t
7, = inf {t € [O,T],/ eﬁS|Z(s)|2ds} AT.

0

Therefore using the Ito formula leads to

(3.22)
S0 2 ™ o551 7(5)12ds
¥ ()] +/0 1Z(s)2d

= Y, 2 / " P3| Y (5) 2ds+2 / "BV () (5, Us, Va) — f(s, UL, VI)ds
0 0

+2 /0 " B (5)AR (s) — 2 /0 " B (5)Z(5)AW (5)
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— TTL —
< T 2 4 (- ) / o857 (5)|2ds
0

La — " _
+ =2 [T sup eBt|U(t)|2+/ eBs|V(s)|2ds]
v 0<t<T 0

i /O " B () Z(s)dW (s),

for any v > 0, where we have used the inequality fOT" e?*Y (s)dK(s) < 0. Now,
we obtain

/ " 085 Z(s)|2ds
0

Tn B La _ Tn _
< (y—ﬁ)/ eﬁS|Y(s)|2ds + s {T sup eﬁt|U(ﬁ)|2 —|—/ eﬁS|V(s)|2ds]
0 v 0<t<T 0

+efTY [P 42

/OTn eP5Y () Z(s)dW (s)

Since 8 — v > 0, it follows that

([ ezepas)™

Lésp/2 _ Tn B p/2
< 2(p—1)(_0‘)p TP/? sup PPU2|0U(1)P + (/ eBs|V(s)|2ds)
v 0<t<T 0

-1 Tl 12\ P/2 -1 2 v/
4o )(eB Y, | ) +2(=1) . 9gp/

/O " B () Z ()W (s)

By the Burkholder-Davis-Gundy inequality we have

p/2
E

/0 " B (5)Z(5)AW (5)

Tn B p/2
< 622923”/21E ( sup eﬂpt/2|57(t)|p) + 2732 (/ eBs|Z(s)|2ds) ,
0

0<t<T

where ¢, > 0 is a constant depending on p. Therefore plugging this inequality
in the previous one, we obtain

1 Tn _ P/
lg (/ eﬂS|Z(s)|2ds)
2 0

Lo p/2 ) o ~ p/2
< 2<p71>(_0‘)p E|T*/? sup " |U@)P + (/ eﬁSIV(S)IQdS)
¥ 0<t<T 0

2

n 2(p71)EeﬁTn|YTn|p + 51232(31071)[[3 ( sup eﬁt|Y(t)|P> .
0<t<T
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Next using the Fatou Lemma yields that

1 T p/2
lg </ eBs|Z(s)|2ds>
2 0

/2

Layr/2 - T ooy '

< 2(p*1)(_a)p E |T7/? sup PHU1)|P + </ eﬁs|v(5)|2d5>
v 0<t<T 0

+ 01272(31’1)1[5( sup eﬁt|§7(t)|p) .
0<t<T

Using (3.21) and choosing 8 great enough, we obtain

T p/2
e?%1 Z(s)|?ds
E(/ |Z<>|d>

/2
Layr/2 - T o1y '
< 2(1}*1)(_@)17 E |T7/? sup PHU1)|P + </ eﬁs|v(5)|2d5>
~y 0

0<t<T
T p/2
+61272(3p*1)é E sup eﬁt|U(t)|p+E </ eﬂs|v(5)|2d5>
0<t<T 0
T p/2
<C ]E< sup eﬁt|U(t>|p> +E (/ eﬁSIV(s)I2d8> ;
0<t<T 0

- -\ P/2 N
where C' = 2(P—1) (%) max(T?/2,1) + 612)2(317_1)0. Since L and 7" are small

enough, we will have C' < 1/2.

Hence, the mapping ® is a strict contraction on £ and therefore it has a
unique fixed point, which in combination with the associated K is the unique
solution of the RBSDE with time delayed generator. O
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