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TOEPLITZ OPERATORS ON GENERALIZED FOCK SPACES

HonG RAE CHO

ABSTRACT. We study Toeplitz operators T, on generalized Fock spaces
Fq% with a locally finite positive Borel measures v as symbols. We char-
acterize operator-theoretic properties (boundedness and compactness) of
T, in terms of the Fock-Carleson measure and the Berezin transform v.

1. Introduction

Let ¢ : C — R be a (nonharmonic) subharmonic function whose Laplacian
A¢ is a doubling measure. We consider the measure

dug(z) = e" 2 dA(z)

on C, where dA is a Lebesgue area measure. The generalized Fock space Fg is
defined by

F2={1 e HO): 112 = [ 11P dus(e) < o0},

where H(C) is the space of all entire functions in C.
Let K(z,() denote the reproducing kernel for Fg. Then we get the orthog-
onal projection

P: L*(C,dug) — F}

which has the following integral representation

PIE) = [ KO/, zeC

If v is a Borel measure on C, then we will define the Toeplitz operator T},
by the formula

T,(f)(z) = /@ FOK (2, Qe @ du((), zeC.
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Note that if v satisfies
(1) [ 1 G OPe O () < o
C

for every z € C, then the Toeplitz operator T}, is densely defined on Fg The
normalized reproducing kernel of F g is defined by

K(2,¢) K(G, 2)

CECAHI T VK 2)
All measures used in the paper will be assumed to satisfy condition (1.1),

so that all Toeplitz operators are well-defined. It also follows from condition
(1.1) that we can define a function v on C as follows:

a(z)/c|kz(<)|2e2¢<<> dv(¢), zeC.

k=(¢)

We call v the Berezin transform of v. It is given by
v(z) = Tk, k).

A positive measure v on C is called a Fock-Carleson measure, if the inclusion
map i : Fg < L%(C,e~2%dv) is bounded, i.e., there exists a constant C > 0
such that

(1.2) I£lz2(c.e-20a) < Cllflls for f € F.

Also, we call v a vanishing Fock-Carleson measure, if
lim || fnllz2(ce—26a0) =0
n—oo

whenever {f,} is a bounded sequence in F g that converges to 0 uniformly on
compact subsets.

We characterize operator-theoretic properties (boundedness and compact-
ness) of T, in terms of the Fock-Carleson measure and the Berezin transform
v.

Theorem 1.1. Let v be a locally finite positive Borel measure on C. Then the
following conditions are equivalent.

(a) The Toeplitz operator T, is bounded on F;

(b) v is a Fock-Carleson measure for Fg.

(¢) v is a bounded function on C.

Theorem 1.2. Let v be a locally finite positive Borel measure on C. Then the
following conditions are equivalent.

(a) The Toeplitz operator T, is compact on Fg.

(b) v is a vanishing Fock-Carleson measure for Fd%

(¢) v(z) = 0 as z — oo.
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For the case of classical Fock spaces see ([4], [10]). In [3] Constantin and
Pelédez considered the Fock-Carleson measures on generalized Fock spaces of a
wide class of weights. They used peak functions instead of reproducing kernels,
because there are no precise estimates of reproducing kernels. Our results
do not completely overlap with theirs. The multidimensional case of special
weights was considered in [8] and [9].

2. Preliminaries

From now on we shall assume that ¢ is a (nonharmonic) subharmonic func-
tion on C such that A¢ is a doubling measure. Recall that when ¢ is subhar-
monic A¢ is a locally finite positive Borel measure.

Given z € C and r > 0, we write

D(z,r)={CeC:|z—(| <}
for the Euclidean disc centered at z with radius r. We let v = A¢ and denote
by p(z) the positive radius for which we have v(D(z,p(z))) = 1, z € C. This
is always well defined since for any doubling measure in C, the measure of
any circle is 0. Thus the function » — v(D(z,r)) is continuous and strictly
increasing.

If ¢ is subharmonic with A¢ doubling, then there exist ¢ € C°°(C) sub-
harmonic and C' > 0 such that |¢ — | < C, Ay is a doubling measure and
Ay ~ p~2 ([5], [6]). Thus the function p=2 is a regularized version of A¢, as
described in [1].

A first observation about p(z) is that p(z) is a Lipschitz function (see [6]).
More precisely

(2.1) lp(z) = p(Q)I <]z —¢|, =z (eC.

We denote D"(z) = D(z,rp(z)) and for r = 1 we simply write D(z) instead
of D'(z).

Lemma 2.1 ([6]). There exist n,C > 0 and 8 € (0,1) such that
(22) Ca ™ < p(2) < CafP, el > 1.

Lemma 2.2 ([6]). For any r > 0 there exists C > 0 depending only on r and
the doubling constant for A¢ such that

(2.3) C0(¢) < p(2) < CplQ) for ¢ € D'(2).
For z,¢ € C, the distance d, induced by the metric p=2(2)dz ® dz is given
by

[
do(z ) = vf/o ()

where 7 runs over the piecewise C! curves v : [0,1] — C with v(0) = 2z and

(1) =¢.
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In view of the estimates of the Bergman kernel stated below it follows that
B(Z,z) ~ 1/p(z), where B(Z,z) is the Bergman metric at the point z (see
2)).

The following estimates for the distance dg hold:

Lemma 2.3. There exists 6 € (0,1) such that for every r > 0 there exists
C,. > 0 such that

24 C:lMSd 2,() <Cr
(2.49) 7 S del=0

and

(2.5) cﬁ@%ﬁfg%@ogaozdfa‘mcemw%

We will use the following Cauchy-type estimates for the disc D"(z).

Lemma 2.4. For any r > 0 there exists C = C(r) > 0 such that for any
feH(C)and z€ C

2)|2e—26(2) c¢ 2 _
(2.6) |f(2) < D7 (2] DT(Z)If(C)I dpig (€)

In [6], Marzo and Ortega-Cerda proved the following estimates for the re-
producing kernel K (z,().

Theorem 2.5. There exist positive constants ¢ and o (depending only on the
doubling constant for A¢) such that for any z,( € C,
1 eP(2)+8(C)
p(2)p(C) expdy(z,¢)7
Moreover, there exists v > 0 such that
e?(2)+¢(C)

|K(2,0)] 2 0

|K(z, Q) <c

for ¢ € D"(z).

Proposition 2.6.

k., —0 wedkly as 2z — oc.

Proof. For f € F} it follows that

K(G.2)
k) =0 ==
1 M‘@ K@@N

I/ (2)|

- JE(z,2)
S 1) p(2).
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Since f € F}, fe~? € L*(C) and
[ WO da) 0, R .
ICI>R

By (2.2), it follows that p(z) < C|z| for large |z| > 1. Choose r > 0 so that
rC < 1. Take R = (1 — rC)|z|. Then D"(z) C {|¢| > R} for large |z| > 1. By
(26).

PP S [ 1@ da()

Dr(z)
5/ F(OPe20©) dA(C) 0
[¢CI>R

as 2| = oo if f € F}. Thus we have
[(f, k)] S1F(2)]e™*Pp(2) = 0, |2 = oo
This means that

k; =0 weakly as 2z — oo. 0O

3. Toeplitz operators on Fdz7
For any z € C and r > 0 we let
B(z,r)={¢ € C:dg(zC) <r}
denote the p-metric disk centered at z with radius 7.

Lemma 3.1. Let r > 0.

(a) There exist two positive numbers m = m(r) and M = M (r) such that
D™(z) € B(z,7) € DM(2)

for every z in C.
(b) There exist two positive numbers m = m(r) and M = M(r) such that

B(z,m) C D"(z) C B(z, M)
for every z in C.

Proof. We prove only (a). The proof of (b) is similar to that of (a).
By (2.4) and (2.5), there exist § € (0,1) and C > 0 such that

|2 — (| Cz—d)25
oo\ o)
for z,¢ € C. Thus

dy(z,0) < C(m+m>7%) <r for ¢ € D™(z),

dg(2,0) < C

if m is sufficiently small. Hence D™(z) C B(z,r).
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By (2.4) and (2.5), there exist ¢ € (0,1) and C > 0 such that

d(z()>C_1|Z_C| or >C7! |z —¢l ' for 2, eC
n e B e o
Hence
2 <y (z,0) + (Cdy (2,0
pz) — T o
<Cr+(Cr)s =M for ¢ € B(zr).
Thus B(z,r) C DM(2). O

By Lemma 3.1, it follows that |B(z,7)| ~ p(z)?. For a locally finite positive
Borel measure v we write the average function of a measure v as

B
p(2)
We will use the following Cauchy-type estimates for the disc B(z,r).

Lemma 3.2. For any r > 0 there exists C = C(r) > 0 such that for any
feH(C) and z€ C

C
3.1 2072000 <~ 24 .
(3.1) 0 < e [ IHOP Q)
Proof. We choose m > 0 such that D™(z) C B(z,r). By (2.6), we have
F)e 20 < S O dus(©).

~[D™(2)] Jpm(
Since |[D™(2)| ~ p(2)? ~ |B(z,7)|, we get the result. O

Lemma 3.3. Let v be a positive Borel measure on C. Then for f € H(C) and
anyr >0

(3.2) /C F()2e293) du(z) < /@ FOPPAC) dua(C).

Proof. Let

1(f) = /C F(2)Pe 2 du(2).

2dﬂ¢(o
1) < /C ( /B L ror e )du<z>.

XB(Z,T)(C) = XB(C,T)('Z) for Z, C e C.

By (3.1), we have

We know that
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By Fubini’s theorem, we have

s [ ( /< e QO Dol vt
(

- [ ([ xoemtenror L) i

< / V(B(Cm)p(€) 2 [ FOI2 diag(C)
C

= [1HOPZO dus(©).
Thus we get the result. (I

By conditions (2.1) and (2.2), there exist constants 0 < ¢ < co and R > 1
such that

(a) p(z) <clz|, 2] > R,
(b) 1p(2) — plw)] < |2 — w], 7w € C.
The following lemma on coverings is due to Oleinik (see [7]).

Lemma 3.4. There ezists a sequence of points {a;} C C such that

(1) |aj| > R/2 for all j.

(2) a; & D"(ax), j # k.

() {2 > B} C U, D(ay).

(4) D"(a;) € D¥(ay), where D"(aj) = U, cpr(a,) D7 (2), 5 =1,2,....

(5) {D?"(a;)} is a covering of {|z| > R} of finite multiplicity N.
Theorem 3.5. Let v be a locally finite positive Borel measure on C. Then the
following conditions are equivalent.

(a) The measure v is a Fock-Carleson measure.

(b) Ur(2) £ 1 for any r > 0.
Proof. (a) = (b): Since v is a Fock-Carleson measure we have

I£llz2c.e-2ea) < Cllf s for f € F.
For any fixed z € C, we take f,(¢) = K(z,(). Then

26(2)
3.3 2 < —
(3.3) 1513 5 S
and
TA TP /B L EGOPTO a0
(3.4) | e
= e )

By (1.2), (3.3), and (3.4), we have fi,(z) < 1.
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(b) = (a): Since v is a locally finite measure, by (2.6), we have

[ e PO anz) < wi(l=) < BY) sup (1FG)Fe )

|z|<R

(3.5)
S <| |u<p ) >|f|¢

If we use the covering in Lemma 3.4, then

2e—20(2 l/ 27%()1/2.
(3.6) /M' (2) 2626 du <Z/ NG du(2)

If 2 € D"(aj), then D"(z) C D3 (a;). Thus

2,-26(0)
5 ( L.l dA<<>>

1 2,-26(C)
S ( L. 15 dA(C)) .

Since {D3"(a;)} is a covering of {|z| > R} of finite multiplicity N, we have

[ e @)
Dr(aj)

|/(2)

laj|>R/2
dv(z) 2,-26(C) )
: f(< dA(¢
‘(lj|>R/2 /DT(aj) p(a])Q </D3T(aj) | ( )| e ( )
dv(z) s e
: dA
) “J‘|>R/2/B(aj,M) pla;)? (/DBT((IJ) [F(Q)|%e (©)

S 2 (a->< |f<<>|2e-2¢<<>dA<<>>
aj|>ZR/2 e /DST(%')
( [ arope© dA(C))
laj|>R/2 \7 DP*"(a5)

F(Q))7e* dA(C)
<|aj|§z/2 /D‘””(“f)

< NIFIIG-

A

N

By (3.5), (3.6), and (3.7), we have

/C PP du(z) < |F15
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Theorem 3.6. Let v be a locally finite positive Borel measure on C. Then the
following conditions are equivalent.

(a) The measure v is a vanishing Fock-Carleson measure.
(b) lim,_,o0 Ur(2) =0 for any r > 0.

Proof. (a) = (b): For any sequence z, — co we let

fn(o = kzn(o, ¢CeC.
Then || full¢ =1 and

sup |fn(¢)| = sup |k=, (C)]

I<I<R ICl<r
e?(Q) 1

< sup .
icl<r P(C) expdy(zn, ()7
Let |[¢] < R. By Lemma 2.4, there exists § € (0,1) such that

el aene o () st
p(zn) ™ p(zn) ~
By Lemma 2.2, there exists 3 € (0,1) such that p(z,) < |2,|° for large n. For
sufficiently large n it follows that %|z,| < |z, — (| for || < R. Hence
120V 8 S dp(2n,€) or 20007 < dg(zn, €)
for sufficiently large n. This means that
(3.8) 2?0 S dy(2n,¢), 1 oo

Thus we have

1
sup [fu(Q)] < PP e —0 as n— oo.
ICI<R eslsn

This means that { f,,} is a bounded sequence in F, g that converges to 0 uniformly
on compact subsets. Since v is a vanishing Fock-Carleson measure, we have

||f"||2L2((C,e*2¢dz/) — 0, n —oo.

Now

VfallZco 20y 2 /B QPO a0

2 Ur(2).
Thus we get the result.
(b) = (a): Let {f,} be a bounded sequence in F} that converges to 0
uniformly on every compact subset. We suppose that

sup || fulle < K.
n
To complete the proof, it suffices to show

lim | fnllp2(ce—2¢av) = 0.
n—oo
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Let € > 0 be given. Choose R > 2r such that v(D"(z))p(z) ™2 < e whenever
|z| > R/2. Since f, — 0 uniformly on compact sets, we can choose ny such

that
/ (O e 2O (C) < e
[¢|<R

whenever n > ng.
By Lemma 3.4, we can choose a sequence {a;} such that |a;| > R/2 and
{D"(a;)} covers {z : |z| > R}. If n. > ny, then

cozo gy = ()2 2O du(¢) + ()1 e~25O) gy
nllsasoan = [ IO Q0+ [ 1g@re a0

[CI>R

< e+Z/ ()2 e 2©du(¢).

T(Uu)

By Lemma 3.1, there exists a constant C' such that

1
OfeO o [ IR )
¥ 3r a;

for every ¢ € D"(a;). Therefore,

I fallZo(cem2ea) < €+ CZ M /Dsr( ) (@) dpis (2)

pla;)?
v(B(aj, M)) / 2
Se+C) ——— |fn(2)]” dpg(2).
; pla;)? D37 (ay) ¢
Since v(B(aj, M))p(z)~2 < ¢, for a suitable constant C, we have
an”LZ Ce*2¢dy)<€+C€Z/3 ( )|f’ﬂ | d/j/¢( )
aj

From the local finiteness of the covering {D3"(a;)}, there exists a positive
integer N such that

Z/Dgr( V)|fn(2)|2du¢(2)SN/CIfn(z)Fd%(Z)

= N|falZ < NK?.
Therefore, we have
an”%%c,ef%d,,) <e+eCNK?

whenever n > ng. Since € is arbitrary, this shows that

11}(}0 I full 2 e—24avy = O- 0

n

Lemma 3.7. Let v be a locally finite positive Borel measure on C. Then
(a) Ur(2) SV(z) for any r >0 and z € C.
(b) If v, € L>°(C) for any r > 0, then v € L>(C).
(¢) If im,_ 00 Up(2) = 0 for any r > 0, then lim,_, . v(z) = 0.
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Proof. (a) For any r > 0 it follows that
72) = [ IO dvc)
o

IKGOP 200
° /B(z,r) |K(Z,Z)| ‘ V(C)

1 ~
zémﬂ;@FW@wwwwy

(b) By (3.2), we have

m@Ayum%mewo
sAm@Wa@mmo
<1

since U, € L>°(C) and | k||4 = 1.
(¢) We have

mazéyxm%ﬁwwmo

~ [ wk@Pe O ae)
IKI<r  JKI>R

Let {D"(a;)} be the covering in Lemma 3.4. Since |a;| — oo as j — oo,
lim;_, oo Ur(a;) = 0 for any r» > 0. Given € > 0, there is a positive integer Ny
such that

vr(aj) <€, j > No.
We choose Ry > 0 such that
{Icl < Ryu (U)o D"(ay)) < {I¢] < Ro}.
Then
72) = [ (O an(o

<
- /|§|<R0 ’ Z

j=No

/ Ik () P26 du ().
D (ay)

By (3.8), for || < Ro,
2P0 S dg(2,0), 2] = oo

Since v is a locally finite measure, we have

/ k= (Q)Pe* 9 du(¢) < v({I¢] < Ro}) sup .
[¢I<Ro

I¢|<Ro P(C)? exp(2dy(2,()7)
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< 1 / 1
~ ec\z\ms(lfﬂ) I¢|<Ro p(C)Q
1

~ ec‘z‘aé(lfﬂ)

Also, as in (3.7), it follows that

> [ kPO

—0 as z— oo.

j=Ng (aj)
< S Pulay) / 1k () 26299 dA(Q)
j=No D37 (ay)

S eN|k. |5 =€eN, ze€C.

Since € is arbitrary, we have

zlggo v(z) =0.

Thus we get the result. (I

By Theorem 3.5, Theorem 3.6, and Lemma 3.7, we get Theorem 1.1 and

Theorem 1.2 (see [4] and [10]).
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