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ABSTRACT

The paper studies a comparison analysis of semi-active control strategies for a Macpherson strut 
type suspension system consisting of MR(magneto-rheological) damper. As a first step, in order to 
formulate governing, a dynamic full model of a Macpherson strut is developed considering the 
kinematics. The nonlinear equation of motion of the strut is then linearized around the equilibrium 
point. A new adaptive moving sliding model controller is developed for fast response of the system. 
A newly proposed adaptive moving sliding mode control strategy is then compared with conventional 
sliding mode controller and skyhook controller. The comparison is made for two different types of 
road inputs; bump and random road profiles showing superior vibration control performance in time 
and frequency domains.

요  약

이 논문은 MR 댐퍼를 적용한 맥퍼슨 타입의 반 능동 현가장치의 진동제어에 관한 연구를 보

여준다. 맥퍼슨 스트럿의 기하학적 분석을 바탕으로 동역학 지배 방정식이 설립되었으며, 제어

기 설계를 위해 평형 점 근처의 비선형적 운동이 선형화하였다. 이어서 시스템의 향상된 반응 

시간을 위해 새로운 적응 움직임 슬라이딩모드 제어기를 제안하였으며, 시뮬레이션을 통해 범프

와 랜덤도로에서 차량으로 가해지는 진동에 따른 제어 성능을 기존슬라이딩모드 제어기 및 스

카이훅 제어기와의 비교를 통해 우수성을 평가하였다.

* 

1. Introduction

Application of semi-active suspension systems in 
vehicles to suppress the unwanted vibration level 

has increased significantly with the advances of 
smart fluids. By using Magneto-rheological fluid 
damper as controllable damper, suspension per-
formances are improved by a good amount. 
Because of its ability to achieve a wide range of 
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viscosity by varying applied magnetic field, vari-
ous semi-active control logics are developed to 
obtain good performance of the system. Karnopp 
et al.(1) first developed “skyhook” damper control 
algorithm for a vehicle suspension system and 
show that this provide better performance. 
Ahmedian et al.(2) studied ground-hook and hybrid 
control strategies for MR suspensions for quarter 
car models. Choi et al.(3) developed a cylindrical 
MR damper and studied its practical feasibility 
through the road test evalution. 

Most of the researchers considered the model as 
quarter car models which is not exactly same in 
the practical case. The Macpherson strut type sus-
pensions are widely mostly used in light or me-
dium sized vehicles The kinematic and dynamic 
analysis of the Macpherson strut suspension is 
carried out by Fallah(4), Hurel(5) etc. The detailed 
analysis of Macpherson strut with MR dampers 
are not studied much. Hong et al.(6) proposed a 
new MacPherson strut model where the unsprung 
and sprung mass were considered as point masses 
and the rigid body rotations were ignored. 
Andersen(7) developed a dynamic model of 
Macpherson strut system using Lagrange multiplier 
for the constrained equations and presented a sys-
tem of algebraic equations. The accurate modeling 
of the Macpherson strut is needed to get the im-
portant parameters like camber angle, track alter-
ation etc. which governs the stability of the 
vehicle.

The main contribution of this work is to devel-
op a new robust controller to control the motions 
of Macpherson strut which is integrated with MR 
damper. Firstly, the Macpherson strut type suspen-
sion system with MR damper is modeled consid-
ering the dynamic and kinematic relationships. The 
nonlinear equation of motion is then linearized 
about the equilibrium point to make it suitable for 
semi-active control algorithm. A new adaptive 
moving sliding mode controller is developed 
which is shown to perform much better. The pro-

posed algorithm is evaluated at bump and random 
road conditions and compared with existing 
controllers. 

2. Model of Macpherson Strut Suspension

The schematic diagram of Macpherson suspen-
sion system is shown in Fig. 1. During equili-
brium, the point A was at A0 making an angle 
 with Y-axis at Fig. 2. At equilibrium position, 
the origin of the coordinate system O coincides 
with B. The control arms rotates at angle   which 
is measured counter clock-wise and the sprung 
mass moves by an amount zs. The displacement 
of the points on the spindle-wheel assembly can 
be formulated as follows(4):
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(1)

The coefficients,     cos  and  
 sin , where  is the wheel rotation about 
x-axis or the camber angle. The equation can be 
reduced by considering      and  
   as follows:

Fig. 1 Schematic diagram of Macpherson suspension 
system
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     

      
(2)

where the coefficients are obtained from the fol-
lowing equilibrium coordinates as      

and     . Similarly yE, yP, zE and zP 
can be also be written in terms of aE, bE, aP and 
bP. The constraints of the strut can be found as 

tan 
 



 (3)

The coordinate (yA, zA) can be obtained from 
the rotation of the control arm and the constrained 
equations of the control arm are given by

 cos  
 sin  (4)

where, L2 is the length of the control arm and 
is the initial angle of the control arm. The above 
equations can be linearized considering the angle 
  small as follows: 

 coscossinsin
 

(5)

Fig. 2 The position of the key points and corre-
sponding equilibrium position

 sincoscossin


(6)

where,  cos and  sin.
Substitution of the values of equations (5) and 

(6) in equation (3) yields the following equation. 

  

  =

  (7)

Neglecting the higher order terms of  , Eq. (7) 
leads to the follow equation.

 
 (8)

where,

 


  

 



   and 

 


 



  .
    ,

   ,

      and

   ,

    and    .

Now, the unknowns (yP, zP) can be calculated as

  
  

 

 


(9)

   
  


 

 

(10)

where, 

   ,

    and   
  ,

   and  .

The deflection of the spring, ΔL is given by
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  ′ (11)

where L3 is the length of the spring at equili-
brium position and L3' is the instantaneous length 
of spring. From geometry neglecting the highest 
order terms of  , the deflection of the spring 
equation is obtained as,

 


 , where   sin  (12)

In the above, the  is the angle between the con-
trol arm and the line joining points B and D. 
Tire lateral tire deflection is computed as follows:

    
 (13)

where, R is tire effective radius given by

   ,    ,    .

The equation of motion of the Macpherson strut 
with MR damper can be obtained using 
Lagrange's method as follows:



 

 


 
 

  (14)


 
 

 

In the above, the dynamics of the MR damper 
can be expressed as the following equation,

 




 (15)

where,  is the time constant of the MR damper. 
Now, we consider the state variables as 

    
     

. The above 

equations of motion is highly nonlinear. For fur-
ther work and to incorporate control strategies for 
the system, the system of equations should be lin-
earized at the equilibrium position as follows:

x     (16)

where, 
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 
 ,

 
 ,

  

   
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

 ,
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



 ,
 

 ,

    ,

    ,

  

   




  ,

 
    




 ,
 

   and  

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       
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





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






where, 

 



 ,

  and,  


The parameters ms, mu, Ic, Iu, Ks, Kt, Cs, Ct 
and Ktl are sprung mass, unsprung mass, moment 
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Fig. 3 Photograph of MR damper

of inertia of the control arm and the wheel 
around the x-axis, stiffness of the Macpherson 
strut, stiffness of the tire, damping coefficient of 
strut and damping coefficient of tire and lateral 
stiffness of the tire respectively.  

The cylindrical MR damper used in the present 
study is shown in Fig. 3. In the present study, a 
commercially available fluid, MRF 132-LD is used 
in the MR damper. The present study considers 
the damper model adopted by Choi et al.(8) as this 
model is found out to be suitable. The damping 
force of the MR damper is given by 

 
 

 (17)

where, Ke and Ce are the equivalent stiffness and 
damping coefficients of the MR damper which are 
considered to be equal to Ks and Cs. ΔL is the 
deflection of the MR damper and the force due to 
MR effect is given by 

   




 (18)

The coefficients lp, Hg, Ap, Ar,  and  are 
length of the pole, annular gap, area of piston, 
area of piston rod and coefficients, respectively. H 

is the magnetic field obtained as, 
 , where 

N  is the number of coil turns and I is the 
current. 

3. Design of a New Controller

In this work, a moving sliding surface(9,10) is 
used instead of conventional fixed sliding surface 
defined by

      
 

  

  , (19)

    

where, c1, c2, c3, c4, c5 are surface gradients, c10 
is the initial value of c1 and  and  are 
the coefficients for rotating and shifting surfaces 
respectively. The moving sliding mode controller 
is defined as 

 

 

(20)
       

where, K  is a discontinuous positive gain which 
is calculated as ,    

 when 

  , for i = 1, 2. In order to handle three 

performance characteristics of vehicle suspension 
such as ride comfort, suspension travel, and road 
holding, the adaptation fuzzy logic based on the 
controller is designed and integrated with the slid-
ing mode controller (20). The fuzzy rule is ex-
pressed as follows: 

For inputs, N - Negative, Z - Zero, P - Positive.
For output, ON - One, SP - Small Positive.

The three rules are written as 

IF (as = P) OR (xrel = N) OR (x20 = P)
THEN (u=ON).
IF (as = N) OR (xrel = P) OR (x20 = N)
THEN (u = ON).
IF (as = Z) OR (xrel = Z) OR (x20 = Z)
THEN (u = SP).

The control force is then given by 

  
(21)

        

The stability of the controller (21) does not af-

fect as    is always positive. We call it 
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AMSMC (adaptive moving sliding mode con-
troller). 

In order to compare the effectiveness of the 
proposed controller, the following two existing 
controllers are used.

1) Sky-Hook Controller

  i f


 

 otherwise (22)

where,  is the damping force when the damp-
er is at on state.

2) Conventional Sliding Mode Controller

   

(23)

where, K  is a discontinuous positive gain which 
is calculated as ,    

 when 

  , for i = 1,2.

4. Results and Discussions

4.1 Bump Response

Control characteristics of the suspension system 
is measured for bump type transient road input 
which is given by

 cos  (24)

where, zb is the half bump height (0.03 m), 
   , D is the width of the bump (0.8 m) 
and V is the wheel velocity which is considered 
as 0.8 m/s (2.88 km/hr) in this study. The sprung 
mass displacement responses are plotted for differ-
ent control algorithms in Fig. 4(a). The figure 
shows that all the control strategies perform bet-
ter, where proposed control strategy provides bet-
ter result. The figure also shows the settling time 
of the response which is found out to be 1.991s 
in AMSMC, reduced from 3.48 s for uncontrolled 
case. Settling time is calculated as the time for 
the system to reach within 20 % of the excitation 
amplitude. For the present case, the maximum in

(a) Sprung mass deflection

(b) Sprung mass acceleration 

Fig. 4 Effect of different control strategies on the re-
sponses

(a) Camber angle

(b) King-pin angle

Fig. 5 Effect of different control strategies

put amplitude was 0.07 m. Thus, time required for 
the system to settle within 0.014 m in considered 
as settling time of the system. For sprung mass 
acceleration, the chattering is observed in 
sky-hook and sliding mode both cases, although 
sliding mode controller is used with saturation 
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(a) Sprung mass displacement

(b) Sprung mass acceleration

(c) Tire deflection 

(d) Suspension travel

Fig. 6 Frequency response of the suspension system 
without parameter uncertainty

function (Fig. 4(b)). This may arise due to the 
semi-active control strategy applied. The important 
kinematic parameters like camber angle (), 
king-pin angle and track alteration are calculated 

and plotted in Fig. 5. Camber angle, which is 
plotted in Fig. 5(a), is shown to be improved and 
the response settled fast for the proposed control 
logic. The king-pin angle is the angle between the 
vertical axis in case of Macpherson strut and the 
line through the points A and D is calculated as 

  tan
 (25)

The king-pin angle is plotted in Fig. 5(b) and it 
improves significantly when the proposed control 
logic is applied. 

4.2 Random Response

Figure 6 represents the psd (power spectral 
density) of different performances in frequency 
domain for random excitation. The sprung mass 
displacement psd shows that the displacement re-
duced by a significant amount near the body reso-
nance (1 Hz ~ 2 Hz).

From Fig. 6(b) it is seen that the sprung mass 
acceleration is also reduced near the body reso-
nance frequency, but it worsen between body fre-
quency and wheel frequency. This is due to the 
fact that in proposed control strategy, there is no 
acceleration term to be controlled. The tire de-
flection psd (Fig. 6(c)) is also reduced in both the 
body resonance and wheel resonances. The sus-
pension travel is seen to be reduced by a good 
amount near both the resonances (Fig. 6(d)).

5. Conclusion

The stability of the vehicle depends on the strut 
parameters like camber angle, track alteration etc.

The nonlinear equations of motion obtained us-
ing Lagrangean formulation considering the dy-
namics of the system are linearized about a fixed 
point. To control of the motions of Macpherson 
strut a new adaptive moving sliding mode con-
troller is proposed based on fuzzy logic. The re-
sults of proposed controller is compared with the 
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results obtained for ordinary sliding mode con-
troller and for moving sliding mode controller for 
two types of input road disturbances, bump input 
and random road. The proposed control strategy is 
shown to improve the ride performances character-
istics of the Macpherson strut like ride comfort, 
suspension travel and road handling. The proposed 
adaptive control makes the system to settle faster 
than the other control strategies.
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