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Exact Solution for Bending Vibration of Rotating Cantilever Beam
with Tapered Width Using Transfer Matrix Method
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ABSTRACT

In this study, a transfer matrix method in which can produce an infinite number of accurate natu-

ral frequencies using a single element for the bending vibration of rotating Bernoulli-Euler beam

with linearly reduced width,

is developed. The roots of the differential equation in the proposed

method are calculated using the Frobenius method in the power series solution. To demonstrate the

accuracy of the method, the calculated natural frequencies are compared with the results given by

using the commercial finite element analysis program(ANSYS), and the comparison results between

these two methods show the excellent agreement. Based on the comparison results,

a parametric

study is performed to investigate the effect of the centrifugal forces on the non-dimensional natural

frequencies for rotating beam with the variable width.
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Fig. 1 Geometry of a rotating beam with linearly re-
duced width: (a) 3-D coordinate system, (b)
side view, and (c) top view
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Table 1 Properties used to compare the computed re-

sults
Notation Description Value
F Elastic modulus 200 GPa
p Density 7850 kg/m3
L Length 0.8 m
by Width of cross-section 0.03m
hy Height of cross-section 0.0l m
0 Angular rotation speed 0~377 rad/s
c Taper ratio 0.5
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Table 2 The first three natural frequencies of beam

with  linearly = reduced  width  when
2=0, c=0.5
Natural frequency(Hz)
w 2 = 0 rad/s
TMM Ref. (8) Diff.(%)

1 15.636 15.636 0
2 85.222 85.222 0
3 229.00 229.00 0

sl gk dalge] gas HES ] Hate] ©
olf M= 052 stk A &%= 0rad/isHE

377 rad/s(3600 rpm)7FAl 50 rad/s® S7HA7|H 7
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Table 3 The comparison results obtained by using the proposed method and ANSYS on the first three natural

frequencies
(a) £2=50, 100, 150, 200 rad/s, c=0.5, and r,;,=0m
Natural frequency(Hz)
w 2 = 50 rad/s £2 = 100 rad/s £2 = 150 rad/s £2 = 200 rad/s
ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%)
1 17.943 | 17.919 0.132| 23.431| 23.408 0.096 | 30.326| 30.303 0.074 | 37.782| 37.758 0.064
2 87.384 | 87.308 0.087| 93.360| 93.290 0.075| 102.550 | 102.489 0.060| 114.170| 114.117 0.046
3 230.990 | 231.046 | -0.024| 237.000| 237.061 | -0.026| 246.660 | 246.738 | -0.032| 259.550 | 259.635| -0.033
(b) 02=250, 300, 350, 377 rad/s, ¢=0.5, and r,=0m
Natural frequency(Hz)
w (2 = 250 rad/s 2 = 300 rad/s 2 = 350 rad/s 2 = 377 rad/s
ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%)
1 45474 | 45.449 0.056| 53.276| 53.250 0.049| 61.135| 61.107 0.045| 65.393| 65.365 0.043
2 127.540 | 127.489 0.040 | 142.130 | 142.088 0.029 | 157.580| 157.550 0.019 | 166.190 | 166.167 0.014
3 275.150| 275.261 | -0.040| 293.010| 293.139 | -0.044| 312.690 | 312.844| -0.049| 323.950 | 324.115| -0.051

Table 4 The comparison results obtained by using the proposed method and ANSYS on the first three natural

frequencies
(a) =50, 100, 150, 200 rad/s, ¢=0.5, and r,=0.8 m
Natural frequency(Hz)
w 2 = 50 rad/s £2 = 100 rad/s £2 = 150 rad/s £2 = 200 rad/s
ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%)
1 20.628 | 20.606 0.106 | 30.965| 30.944 0.066 | 42.803| 42.782 0.048 | 55.106| 55.085 0.038
2 90.154 | 90.081 0.080 | 103.330| 103.268 0.060 | 122.080 | 122.032 0.039 | 144.140 | 144.110 0.021
3 233.870| 233.934| -0.027| 248.000 | 248.075| -0.030| 269.710| 269.820 | -0.041| 297.160| 297.302 | -0.048
(b) 12=250, 300, 350, 377 rad/s, ¢c=0.5, and 7,=0.8 m
Natural frequency(Hz)
w 2 = 250 rad/s £2 = 300 rad/s £2 = 350 rad/s £2 = 377 rad/s
ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%) | ANSYS | TMM | Diff.(%)
1 67.589| 67.568 0.031| 80.155| 80.135 0.025| 92.766 | 92.748 0.020 | 99.587| 99.570 0.017
2 168.130 | 168.118 0.007 | 193.280| 193.281 0.000 | 219.150 | 219.169 -0.009 | 233.330 | 233.358 -0.012
3 328.700 | 328.889| -0.058| 363.110| 363.349| -0.066| 399.520| 399.820| -0.075| 419.800| 420.135 -0.080
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Fig. 2 Effects of the rotation speed and hub radius
when ¢=0.5
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Non-dimensional rotation speed

Fig. 3 Effects of the rotation speed and hub radius

on the non-dimensional natural frequencies

when ¢=0.5
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