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Dilution of Precision Relationship between Time Difference of Arrival
and Time of Arrival Techniques with No Receiver Clock Bias

Heon Ho Choi*, Mi Hyun Jin**, Deok Won Lim*, Sang Jeong Lee** and Chansik Park’

Abstract — Dilution of Precision (DOP), as a measure of positioning accuracy, is an essential factor.
Therefore, the DOP relationship between systems is very important. In this paper, the DOP
relationship between TDOA and TOA in systems lacking clock bias is derived analytically and
verified experimentally. Also, using those of earlier studies, the DOP relationship in each of defined

systems is derived analytically.
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1. Introduction

Time of arrival (TOA) and time difference of arrival
(TDOA) techniques are applied in most positioning methods,
including GPS and wireless network-based locator systems
[1], with the choice between them depending on factors
such as transmitter structure. In TDOA, the receiver
measures differences in transmission time between the
master and slave stations, whereas only the respective station
transmission times are measured in TOA. Furthermore,
clock bias, which is included in all TOA measurements, is
eliminated between transmitter and receiver in TDOA at
the cost of eliminating one measurement, i.e., TDOA
reduces the number of measurements for a given system by
one relative to TOA.

Because the radio navigation position error is affected by
several factors, it is not easy to analyze the performance
of positioning algorithms. As a measure of positioning
accuracy, the dilution of precision (DOP) [2], a widely
used and well-studied performance measure based on the
geometric arrangement of transmitters and receivers, can
be multiplied by the user equivalent range error (UERE).
There are three general types of measurement system for
which TOA and / or TDOA can be used to analyze
performance: ultrasound positioning (USP); long range
navigation (LORAN); and methods using the global
navigation satellite system (GNSS), in which receiver
clock bias is included. Shin [1] theoretically derived a DOP
relationship between TOA and TDOA in GNSS-based
navigation for which they proved that, if receiver clock
bias is included in the measurements, the positional DOP
(PDOP) of TOA is equivalent to the DOP of TDOA.
Nielsen [3, 4] and Teunissen [5] determined the DOP
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relationship between TDOA and TOA in LORAN systems,
in which each measurement is independent of all others;
they proved that the performance of TDOA exceeds that of
TOA when four or more measurements are taken. In USP
measurement, which is used for indoor navigation systems
such as Cricket [6], Active Bat [7], and smart remote
controllers [8], receiver clock bias is eliminated because, in
addition to an ultra sound ranging signal, infrared (IR) or
radio frequency (RF) signals are used to synchronize the
transmitter and receiver. However, the DOP relationship
between TOA and TDOA in receiver clock bias-free
systems such as these has not yet been clearly determined.
In this paper, the DOP relationship between TDOA and
TOA in systems lacking clock bias is derived analytically
and verified experimentally. These results, as well as those
of earlier studies, are used to further analyze the general
DOP relationship between TOA and TDOA techniques.

2. DOP Relationship between TDOA and TOA
with no Receiver Clock Bias

2.1 DOPin TOA

By linearizing receiver lock bias-free measurements
taken at a nominal position, a linearized measurement
equation can be derived [2]:

é\Ij 1 hl vl
o= |Ox+
SY h, v,

n

eR™, (1)

This can be rendered in vector-matrix form as
oY =Hox+v 2)

where 0¥ is the error vector between the pseudorange
measurements and computed ranges, H is the measure-
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ment matrix, and V is measured additive white Gaussian
noise (AWGN) in the form

v~ N(0,5°1). 3)

Using a weighted least squares (WLSQ) algorithm,
position can be estimated as [8]

Sx=HH)"'H 5¥ @)
with a covariance of
cov(dX)=c*(H'H)" . 5)

In TOA systems, the DOP is defined as [2]

DOP,,, =Jtrace(H"H)"! (6)

where trace represents the trace of a matrix.

2.2 DOPin TDOA

Because TDOA measurements can be obtained by
differentiating TOA measurements, the TDOA measure-
ment equation can be represented as

é\yl hl Vl
Syl i =8, ¢t [6x+S,
g h, v,

n

c R(nfl)xl , (7)

in which the single difference operator Sy, is defined as

1-10

00
1 0 -1 00

S = RV ®)

100 0 -1
Eq. (7) can be alternatively represented as
Vi™V,

Sx+| i |eR"™ (9)

5\111 _6‘112
é\yl _é\}ln hl _hn vl _Vn

hl - hz
Using Sp, (9) can in turn be represented as
oY, =H,0x+vg, (10)
where Vg, isa measurement noise term given by
vy, =8,v~N(0,6°S,S])=N(0,6°0,). (11)

The position can be estimated by using WLSQ as

8% =(H},0, Hy,) ' HL,0,' 6%, (12)
with covariance
cov(5%) = o> (HE, 0, Hy, ) (13)
Using (10) and (11), Eq. (13) can be represented as

cov(5%) = o> (H'S?(S,57) "' S, H)'

. . (14)
=0’ (HTSLT)QDISDH) :
Finally, the TDOA DOP can be obtained as
DOP,,,, = \Jtrace(H' S10,'S, H)™" . (15)

2.3 DOP relationship between the TOA and TDOA
techniques

By comparing Eq. (6) with Eq. (15), the DOP

relationship between TOA and TDOA techniques can be
analyzed. Because

1 11
1 . 11 — [+ 7 e ROD<D (16)
111 12

where r=[1 - I]T eR"™ Q' can be represented as

T
Q;l =(I+ oy )71 -7 _% c RV (17)

T T
STo,'s, =S? (I—ZJSD :(1-”’1 JeR”X" (18)
n n

where 7 =[1 - l]T eR™.
To compare DOPF,,, and DOPF,,,, , the matrix My,

is defined in (19) and the matrix M5, is defined in (20)
and modified using Eq. (18):

Mior =(H'H) (19)
Mipo, =(H'S,(S,8,) " S, H)™

T
- <HTS£<1—%)SDH>*‘

— (H'S’S,H)" (20)

. H'S}S,H)'H'S " S,HH"S, S, H)"
n—-r'S,HMH'S}S,H)"H'S]r

S| .. . GNSS . .
As My, is identical to M,)? when clock bias is
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present [1], M5y, can be modified as

(H'H)'H " HHH)"
n—r"HHH)'H'r

Mipo,=(H'H)™ + 1)

Based on (19) and (21), Eq. (22) is satisfied at all times:

MY — (H'H)™ + (HTH)ilHT’"’”THEHTHY1
D04 n—r HH'H) H'r
P"HH H)*H'r o Ay UsP

n—r"HHH)'H'r ™

(22)

_ usp
=M, +

In [9], the denominator of the second term is a parameter
which represents TDOP and DOP is basically positive.
Also the first term and the numerator of the second term
are squares form. Therefore, as shown in (22), the DOP of
TDOA is always larger than that of a TOA system without

PHHH)>H'r
n—r"HH H)"'H r
penalty incurred by TDOA in cases where the difference
operation is used to eliminate nonexistent receiver clock

PHMHH)*H'r .

W THHH) Hr can also be interpreted
as the performance degradation resulting from the fact that
one less measurement is taken in TDOA. In [1] it was
shown that, if a receiver clock is used, the PDOP of TOA
will be identical to the DOP of TDOA; however, this
implies that TOA will be preferred in applications where
receiver clock bias is absent, as it can provide more precise
positioning than TDOA.

clock bias by , representing the

bias. The term

2.4 Simulation result

In order to verify the results derived above, a simulation
was performed using MATLAB. DOPs were computed for
a set of transmitters andx’ receivers placed randomly
within a three-dimensional space as the number of

receivers was increased from four to 20. It is seen from Fig.

1, in which the differences in DOP produced by the
respective techniques are plotted, that the DOP of TDOA
was larger than that of TOA in all cases.
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Fig. 1. DOP differences between TOA and TDOA
techniques
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3. Generalized DOP Relationship between TOA
and TDOA

Based on earlier studies and the results described above,
the DOP relationships for TOA and TDOA can be classified
for three major measurement types, i.e., GNSS, USP, and
LORAN-type measurement.

3.1 GNSS-type measurement

In GNSS-type measurement, clock bias is included in
the measurement in order to produce a linearized
measurement equation in vector-matrix form given by

TOA: &Y =[H r][;}+v

TDOA: S,6% =S, Hx+S,v. (23)

From (23), the DOPs of TOA and TDOA can be
represented using (24) and (25), respectively [1]:

TOA

T
MNSS [HT(I—L)H]A
n

(H'H)'H »"HMHH)"

=(HH)™"+ 24
( ) n—-r"HH H)'Hr 24
Mr%vgj = [HTSDT (SDSDT )71 S/)H]i1
=H'S,'S H)"
(H'S, S H) 25)

N H'S, S, )" H'S, " S,;HH"S, S, H)"
n-r'S,HH'S, S, H)"'H'S,

In [1], equations (24) and (25) were identical for GNSS-
type navigation measurements that included clock bias.

3.2 USP-type measurement

USP, which is used in network-based systems, utilizes
clock bias-free measurement. Based on the results derived
previously in this paper, the USP linearized measurement
equation can be given in vector-matrix form as

TOA: ¥ =Hx+v
TDOA: S,6% =S, Hx+S,v . (26)

Using (26), equations (24) and (25) can then be rewritten
as

M5 = (H'H)! 27)
M;/ggA = [HTSDT (SDSDT )71SDH]71 (28)
As (28) is equivalent to (25) whether or not there is

receiver clock bias, (28) is also equivalent to (24). Based
on (24)-(28), therefore, the performance of the TOA
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technique is superior to that of the TDOA technique in
receiver clock bias-free systems. This performance
differential can be measured by

MU U _ (HTH)_]HTWTH(HTH)_] (29)
TDOA 104 m—r HH H)"H'r

3.3 Loran-type measurement

In LORAN systems, each measurement has an
independent form as defined in [3] and [4]. The linearized
measurement equation in vector-matrix form for LORAN
is given by

TDOA4: oY =S,Hx+v,. (30)

From (30), the equation for DOP in TDOA can be
represented as [3, 4]

Mips; =[H'S,S,HT" 31

In [3] and [4], the value of Eq. (31) was less than or
equal to the DOP in TOA (Eq. (23)) of a GNSS-type
system with clock bias. From (27) — (31), the difference
between the DOP in TOA (Eq. (28)) of a clock bias-free
system and (31) is given as

H'S,'S,H)"'H'S, rnS,HH'S,"S H)"
m—r"S, HH"'S,"S, H)"'H'S,r,
_(H'H)'H'/"HHH)'
m—-r"HHH) 'Hr

(32)

4. Conclusions

Based partly on the results of earlier work, this study
analyzed the DOP relationship between the TOA and
TDOA techniques. An analytic DOP relationship between
receiver clock bias-free TOA and TDOA techniques was
derived and then evaluated through computer simulation.
It was determined that the DOP of TDOA is always larger

P"HHH)>H'r
n—r"HHH) 'H'r
was concluded that the performance of TOA techniques
are better than those of TDOA techniques for systems
without receiver clock bias. Additionally, the term

P"HHH)*H"r
n—-r"HH H)"'H'r
penalty paid by TDOA for performing a difference
operation to eliminate receiver clock bias in the absence of
such bias and as the result of reducing the number of
measurements by one. Finally, using results of this study

than that of TOA by . From this, it

could be interpreted as both the

with those of earlier studies, the DOP relationship in each
of defined systems is derived analytically.
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