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SCALE TRANSFORMATIONS FOR PRESENT
POSITION-INDEPENDENT CONDITIONAL EXPECTATIONS

DonG Hyun CHO

ABSTRACT. Let C]0,t] denote a generalized Wiener space, the space of
real-valued continuous functions on the interval [0, t] and define a random
vector Zn : C[0,t] = R™ by Zn(z) = (f3* h(s)dz(s), ..., [I™ h(s)dz(s)),
where 0 < ¢1 < -+ < tp < t is a partition of [0,¢{] and h € L2[0,¢]
with h # 0 a.e. In this paper we will introduce a simple formula for a
generalized conditional Wiener integral on C[0,t] with the conditioning
function Z, and then evaluate the generalized analytic conditional Wiener
and Feynman integrals of the cylinder function F(z) = f(foZt e(s)dz(s))
for z € C[0,t], where f € Lp(R)(1 < p < o0) and e is a unit element in
L»[0,t]. Finally we express the generalized analytic conditional Feynman
integral of F' as two kinds of limits of non-conditional generalized Wiener
integrals of polygonal functions and of cylinder functions using a change of
scale transformation for which a normal density is the kernel. The choice
of a complete orthonormal subset of L2[0, t] used in the transformation is
independent of e and the conditioning function Z, does not contain the
present positions of the generalized Wiener paths.

1. Introduction

Let Cy[0,t] denote the Wiener space, the space of continuous real-valued
functions z on [0, t] with 2(0) = 0. As mentioned in [1, 2], the Wiener measure
and Wiener measurability behave badly under change of scale transformation
and under translation. Various kinds of change of scale formulas for Wiener
integrals of bounded and unbounded functions were developed on the classical
and abstract Wiener spaces [3, 10, 13, 14, 15]. Furthermore the author and
his coauthors [5, 8, 11] introduced various kinds of change of scale formulas
for the conditional Wiener integrals of functions defined on Cy[0, ¢], the infinite
dimensional Wiener space and C[0,t], an analogue of Wiener space [9] which
is the space of real-valued continuous paths on [0, ¢].
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Let h € L2[0,¢] with h # 0 a.e. on [0,¢]. Define a stochastic process Z :
C10,t] x [0,t] = R by

Z(xz,s) = /OS h(u)dz(u)

for x € C[0,t] and s € [0,t], where the integral denotes the Paley-Wiener-
Zygmund integral. Let

Zn(x) = (Z(2,t1), ..., Z(x,tp))

and
Znt1(z) = (Z(x,t1), ..., Z(x,tp), Z(x,tny1))

for x € C[0,¢t], where 0 < ¢ < -+ < t,, < t,41 = t is a partition of [0,].
On the space C[0,t] the author [6] derived a simple formula for a generalized
conditional Wiener integral given the vector-valued conditioning function 7,4 1.
Using the formula with Z,, 41, Yoo and the author [12] evaluated a generalized
analytic conditional Wiener integral of the function G, having the form

Goto) = @ ([ wsieto) [ 0n(ohiats)

for F' in a Banach algebra which corresponds to the Cameron-Storvick’s Banach
algebra S [4] and for ¥ = f 4+ ¢ which need not be bounded or continuous,
where f € L,(R")(1 < p < 0), {v1,...,v,} is an orthonormal subset of L[0, t]
and ¢ is the Fourier transform of a measure of bounded variation over R". They
then established various kinds of change of scale formulas for the generalized
analytic conditional Wiener integral of G,. with the conditioning function 7, 41.
Further works were done by the author. In fact he [7] evaluated generalized
analytic conditional Wiener and Feynman integrals of the cylinder function G
having the form

G(x) = f((e;x))o((e, ))

for x € C[0,t], where f € L,(R)(1 < p < c0), € is a unit element in L,[0, ¢] and
¢ is the Fourier transform of a measure of bounded variation over R. He then
expressed the generalized analytic conditional Feynman integral of G as limits
of non-conditional generalized Wiener integrals using a change of scale trans-
formation. Except for the results in [7, 10], the choices of orthonormal bases
of L2[0,¢] in the existing change of scale formulas depend on the orthonormal
set {v1,...,v,} used in the definition of cylinder function and the conditioning
function Z,, 41 contains the present positions of the generalized Wiener paths.

In this paper we will introduce a simple formula for a generalized conditional
Wiener integral on C[0, ] with the conditioning function Z,, and then evaluate
the generalized analytic conditional Wiener and Feynman integrals of the cylin-
der function G. Finally we express the generalized analytic conditional Feyn-
man integral of G as two kinds of limits of non-conditional generalized Wiener
integrals of polygonal functions and of cylinder functions using a change of
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scale transformation. In fact, as a function of £, € R, the following normal

density )

plays a role of the kernel for the transformation, where &, is a real number, A
is a complex number with positive real part and b is a variance function. The
choice of a complete orthonormal subset of L2[0,¢] used in the transformation
is independent of e and the conditioning function Z, does not contain the
present positions of the generalized Wiener paths. We note that the results of
this paper are different from those in [5, 7, 8, 11, 12].

2. A generalized Wiener space

Let C and C denote the sets of complex numbers and complex numbers with
positive real parts, respectively. Let (C[0,t], B(C[0,t]),w,) be the analogue of
Wiener space associated with a probability measure ¢ on the Borel class of
R, where B(C[ ]) denotes the Borel class of C[0,t]. For v € L3[0,t] and
x € C0,t] let ( fo ) denote the Paley-Wiener-Zygmund integral
of v accordlng to T [9] The inner product on the real Hilbert space L2[0,¢] is
denoted by (-, -).

Let F : C[0,t] — C be integrable and let X be a random vector on C[0,¢].
Then we have the conditional expectation E[F|X] given X from a well-known
probability theory. Furthermore there exists a Px-integrable function % on the
value space of X such that E[F|X](z) = (¢ o X)(z) for wy-a.e. z € C[0,t],
where Px is the probability distribution of X. The function v is called the
conditional Wiener w,-integral of F' given X and it is also denoted by E[F|X].

Let 0 = tg < t1 < -+ < tp, < tp41 = t be a partition of [0,t], where n
is a fixed nonnegative integer. Let h € Lo[0,t] with h # 0 a.e. on [0,¢]. For
j=1,....,n+1let

1
N Ty ol M
and let V be the subspace of Ly[0,t] generated by {a1,...,,11}. Let V4 be
the orthogonal complement of V and P+ : L3[0,¢] — V- be the orthogonal
projection. For x € C]0,t] define a stochastic process Z : C[0,t] x [0,¢] — R by

Z(xz,s) = / h(u)dx(u), 0<s<t
0
and let Z, : C[0,t] = R™ be given by

(1) Zn(x) = (Z(x,t1), ..., Z(x,tn)).

Let b(s) = [;(h(u))?du and for z € C[0,t] define the polygonal function
2 (x, )] of Z(z,) y

2) 2z )(s)
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n+1

= Z X(t;-1,;](8) {Z(xvtjl) + (Z(w,tj) = Z(2,tj-1))

for s € [0,t], where X(t,_1,t;) denotes the indicator function on the interval
(tj—1,t;]. Similarly for Ens1 = (&1, .. &n Engr) € R the polygonal function
[ént1]p of €nq1 is given by (2) replacing Z(x,t;) by & (j = 1,...,n+ 1) with

€ =0 and for & = (¢1,...,&) € R let [&,]s = (0,0, [Ens1o- For a,b,u € R
and \ € C let

(3) U(\ u,a,b) = (ﬁ) ’ exp{—%(u - a)2} with b # 0.

For a function F' : C[0,¢] — C let Fz(x) = F(Z(z,-)). If Fz is integrable over
x, then by an application of Theorem 2.12 in [6]

@) EFZE) - /}R U(L, &, €, (E) — b(tn))

x B[F(Z(x,) = [Z(x, )]s + [€ns1])]dn s

for Py -a.e. &, = (&1,...,&,) € R™ (for a.e. &, € R™), where &niy = (&1,.. ., &n,
&n+1) and Pz, is the probability distribution of Z, on the Borel class B(R™) of
R". For A > 0 let F(x) = Fz(A2z) and Z)(z) = Z,(A"2z) for z € C[0,1],
where Z,, is given by (1). Suppose that E[F2] exists. By the definition of the
conditional Wiener w,,-integral and (4)

(5)  EFNZE) = / WA G En b(E) — B(E2))

x B[F(\"2(Z(x,) — [Z(x,)s) + [Ens+1]6)]dEns1

for Pyi-a.e. 5_;1 € R™, where Pz is the probability distribution of Z) on
(R, B(R™)). Let Ip, (£,) be the right hand side of (5). If Iy, (&) has an

analytic extension J5 (F' 2)(&,) on C, then it is called the conditional analytic
Wiener w,-integral of F given Z,, with the parameter A and denoted by

EanwAa [Fz|Zn](gn> = J;(FZ>(5">

for &, € R"™. Moreover if for nonzero real q, E“™[F,|Z,](&,) has a limit
as A approaches to —ig through C,, then it is called the conditional analytic
Feynman w,-integral of Fz given Z,, with the parameter ¢ and denoted by

Eanfa [FZ|Zn](gn) = /\Elg-q Fanwa [leZn](gn)

Applying Theorem 3.5 in [9] we can easily prove the following theorem.

Theorem 2.1. Let {hy,ha,..., h.} be an orthonormal system of L2[0,t]. For
i=1,2,...,r, let X;(z) = (hi,x) on C[0,t]. Then X1,...,X, are independent
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and each X; has the standard normal distribution. Moreover if f : R" — R is
Borel measurable, then

/ f(Xi(z),..., X;(x))dw, ()
[0,2]

L (1\? 1<
X (%) . f(ul,ug,...,uT)exp{—Ejz_;u?}d(ul,uQ,...,uT),

where = means that if either side exists, then both sides exist and they are
equal.

The following lemma is obvious from Theorem 2.1 in [10].

Lemma 2.2. Let a and b be positive real numbers. Then for any real u

%
/]Rexp{ﬂw2 —b(v—u)?}dv = <aL+b) exp{aa—_f_)biﬁ}.

Lemma 2.3. Letv € Lo[0,1], Enr = (€15 &ns Engr) € R and (v, [6,]0) =
Yoo (vag, ) (& — &j-1), where § =0 and &, = (&1, ...,&,). Then
n+1

(v, [&niils) = Y (way, a)(& — 1) = (0, [Gls) + (vani1, ans1) (Enrr — &n)-

j=1
Proof. By the definition of polygonal function
n+1

v, [Ens1ls) Zb éf ! )/t‘jlv(s)db(s)

’il 8)[X(t,-1,1,) () ()] ds
Xt P12

(& —&-1)

n+1

= Z@%‘aaﬁ(éﬂ' —&j-1)

which proves the first equality of the lemma. The second equality is obvious
and the proof is now completed. (|

3. Generalized analytic conditional Feynman integrals

In this section we establish the analytic conditional Wiener and Feynman
integrals of cylinder functions.

Let e be in Ly[0,] with |le]| = 1. For 1 < p < oo let A® be the space of
cylinder functions having the following form

(6) F(x) = f((e,2))
for wy-a.e. € C[0,t], where f € L,(R). We note that without loss of gener-
ality we can take f to be Borel measurable.
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Theorem 3.1. Let 1 < p < co. Let Z,, and F € A®) be given by (1) and (6),

respectively. Then for A € C, E*™"A [FZ|Zn](gn) exists for a.e. 5_;1 € R™ and
it is given by

(1) EYFg|Z, ](#)
/ flu Ealo), 1P (en)II? + (eans1, ans1)*[b(t) — b(t)])du

if P(eh) # 0 (i.e., eh € V) or (eani1,ani1) # 0, where ¥ is given by
(3). Furthermore if p = 1, then for a nonzero real q, E*fa[F;|Z,)(&,) is
giwen by the right hand side of (7) replacing X by —iq. If P+(eh) = 0 and
(ean+1,ant1) =0, then for A € C4, nonzero real q and a.e. En e R

(8) E*™AFz|2a)(6n) = E*1[F2| Z,)(6) = f((e; [€als))-

Proof. Suppose that P+ (eh) # 0. For A > 0 and a.e. En =(&,...,&) R
we have by Lemma 2.3 and Theorem 2.1 in [7]

I, (&)

= [ BPOH 2 = 126 ) + Bt s = 60,0.0(0) = (t)
d&nt1
- [ [rw 3 salo)s P () 2B A, €t — €00, b(1) — b(ta)
dud&pn+1

= [ [ O e Bl + (i) G = 60) [P
€t — us0,b(1) — bl(tn))dudéns

where &uy1 = (€1, &ns Ens1) for &uin € ReIf (eapi1, ang) # 0, then by
Lemma 2.2

I3, (&) 1
:[%lpj(ehn@r[m? } /f /eXp{ %W
g (%_Z) _m}dzzdu

[27r[||7n<eh>|2+<eani,an+l> } IR e"p{
A

2[|PL(eh)||? + (eans1, ani1)2[b(t) — b(t,)]] (u— (e, [én] )? }
= /Rf(“)‘l/()\,u, (e, [En]0), 1P (eh)||? + (etngts ang1)2[b(E) — b(tn)])du
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so that we have (7) for A > 0. If (ean11,an4+1) = 0, it is not difficult to show
I, (&)

= /Rf(U)/R‘I’()\aua (e, [€a0), 1P (M) IP)T (N, e, s B(E) = b(tn)) A s 1du

= /Rf(U)‘I’()\a u, (e, [Elo), [P (eh)||?)du

since ¥ is a normal density so that we have (7) for A > 0. Suppose that
PL(eh) = 0. By Lemma 2.3, Theorem 2.1 in [7] and the change of variable
theorem

(6 = /R F( ] )T Ens — €, 0,b(t) — b(tn))dEn s

= /]Rf((e’ [gn]b) + <€an+1a an+1>(€n+1 - En))\l/()‘agn-i-l —&a,
0,b(t) — b(tn))déns 1
- / FE)T 1, (e, [Ealb), (tmar, ngn)2[b(E) — b(t)])dus

if (eap 41, nt1) # 0so that we also have (7) for A > 0. Now we have proved (7)
for A > 0 when P1(eh) # 0 or (ean+1,anr1) # 0. By the Morera’s theorem we
have (7) for A € C,. If p = 1, then the existence of E*f4[F,|Z,](&,) follows
from the dominated convergence theorem.

Finally if P+(eh) = 0 and (e, 11, any1) = 0, then

I, (6) = /R F((e TEnlb) W et = €0, 0,5(t) = b{tn))dEns1 = f((e: [€n]0))
so that we have (8) trivially. O

Let M(R) be the space of all functions ¢ on R defined by

(9) o) = [ expliuz}an(a).

where p is a complex Borel measure of bounded variation over R. By the
boundedness of ¢ and Theorem 3.1 we have the following theorem.

Theorem 3.2. Let G(z) = ¢((e,x))F(z) for wy-a.e. x € C[0,t], where F €
AP (1 < p < o0) and ¢ are given by (6) and (9), respectively. Then for A € C.
and a.e. {n e R”

(1) E*™Gz|Z,)(En) = /Rf(u)sb(u)‘l’(%u, (e, [&alo), [P (eh)|I?

+ {eant1, ant1)*[b(t) = b(tn)])du

if PL(eh) # 0 (i.e., eh & V) or (eani1, any1) # 0, where U is given by (3).
Furthermore if p = 1, then for a nonzero real q, E“"4[G7|Z,](&,) is given
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by (10) replacing A by —iq. If P(eh) = 0 and {eani1,ani1) = 0, then for
A € Cy, nonzero real g and a.e. &, € R™

E*™G7|2:)(6) = E1(G 21 Z,)(6) = f((e; [€an) (e, [Eals))-

4. Change of scale formulas using the polygonal function

In this section we derive a change of scale formula for the generalized condi-
tional Wiener integrals of cylinder functions on the analogue of Wiener space
using the polygonal function.

Throughout this paper let {e1,es,...} be a complete orthonormal basis of
L»[0,t]. For v € L]0, 1] let

(11) ¢j(v) = (v,e;) for j=1,2,....
For m € N, A € C and z € C[0,1] let
1 - — 9
(12) Kp(A\ x) =exp — Z(ej,x) .
j=1

Lemma 4.1. Let m be a positive integer and K, be given by (12). Let 1 <
p < oo and F € AP) be given by (6). Suppose that P(eh) # 0 (i.e., eh € V)
or {(eapni1,0n41) 0. For A€ Cy and &, = (§&1,...,&n) € R™ let

DEAmE) = [ WO, 60b(0) = b(t) B (0 2)
x F(Z(x,-) = [Z(x, )]s + (a1 ]p)]dEn1,
where {nH = (&1, &n, &nt1) for Env1 € R and VU is given by (3). Then

(13) L(F,\m,&,) = x%/\p(x,u, (e, [En]n), A(m, X, P (eh))

R
+ {eanr1, ant1)?[b() = b(tn)]) f (u)du,
where for v € L]0, ]

14 Amaw) i 3+ 1ol - f;[cjw],

and the c;s are given by (11)

Proof. Let A > 0 and suppose that PL(eh) # 0. If {e1,...,em, PL(eh)} is
linearly independent, then by the proof of Lemma 3.1 in [7]

m

1P (en)||* =D _[ej (P (eh))]?
j=1
and hence A(m, A\, PL(eh)) > 0. If {e1, ..., em, P(ech)} is linearly dependent,
then

(15) A(m,\, PL(eh)) = A(m,0,PL(eh))
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= e (P (eh)? = [P (eh)||? > 0.
Jj=1
Now for {n c R"
L(F,\,m §n
B W//f e, [nr1lo)s A(m, A P (eh) TN, iy — 0, 0, b(2)
n))dud€, 1

by Lemma 3.1 in [7] and Corollary 3.2 in [7]. Using the same process as used
in the proof of Theorem 3.1

F(Fa )‘amagn) = )‘_% /Rf(u)\p()‘a U, (ea [gn]b)a A(ma A,

Pr(eh)) + (eoms1, ang1)?[b(t) — b(tn)])du

so that we have (13) for A > 0. If PL(eh) = 0 and (ea,41,ant1) # 0, then
A(m, A\, P+(eh)) = 0 and hence by Theorem 2.1

rEAmE) = (52) [ Sl PO €1, 60000 ~ b(t)

1 - &
/m exp{ — 52“?—’— TZuf}d(ul,...,um)d@,H
, =

=A% / F((e. [Enr1]s) TN, Eng1, En, D) = b(tn)) s
R

Using the same process as used in the proof of Theorem 3.1 we have (13) for
A > 0. Each side of (13) is an analytic function of A in C; so that by the
uniqueness of an analytic extension, we have (13) for any A € C;.. O

Using the same process as used in the proof of Lemma 4.1, we have the
following corollary.

Corollary 4.2. Let T’ be as given in Lemma 4.1. Suppose that {e1,...,em,
PL(eh)} is linearly dependent. If PL(eh) # 0 or equivalently eh €V, then for
AeCy and &, e R

(16)  T(FAm&) = )\‘%/R\If()\,u, (e, [€n]b), A(m, 0, P*(eh))
(et 1 n )2 0(t) — b(ta)]) f (1)
- / W, (e [E]o). || P ()

T (et Qs 1)2[B(E) — b(tn)]) F(u)du,
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where U and A are given by (3) and (14), respectively. Furthermore if P~ (eh) =
0 (i-e., eh € V) and {eapt1, ant1) =0, then for A € C4 and &, € R™
F(Fa Avmvgn) = Ai%f((ea [gn]b>>

Proof. 1f P1(eh) # 0, then (16) immediately follows from (15) and Lemma 4.1.
Now suppose that P+ (eh) = 0 and (ea+1,ant1) = 0. By Lemma 2.3

DEAmE) = AF [ F(e Gl ¥ i, 0,b00) = bt
=277 f((e, [€aly))
which completes the proof of remainder part of the corollary. O

We now have the following theorem by the boundedness of ¢.

Theorem 4.3. Let G and I' be as given in Theorem 8.2 and Lemma 4.1,
respectively.

(1) Under the assumptions and notations as given in Lemma 4.1, for A €
Cy and &, € R™ T'(G, \,m, &) is given by (13) replacing f by fo.
(2) If{e1,-.., em,Pr(eh)} is linearly dependent and P+ (eh) # 0, then for
A€ Cy and &, € R* T'(G, \,m,&,) is given by (16) replacing f by fé.
(3) If PL(eh) =0 (i.e., eh € V) and {ecni1,ant1) = 0, then for A € C4
and &, € R™
(17) (G A m, &) = A~ f((e, [Ea]n)o((e: [€nlb)-
Theorem 4.4. Let G be as given in Theorem 4.3. Then for A € C4 and a.e.
gn = (51;-'-5571) cR"
(18) E*"N [Gz|Z0)(60)
= Jm N [ WO, 6B — W) B (0 0)G (2 e, )
R

m— o0

—[Z(z, )]s + [gn+1]b>]d§n+1,

where &, 11 = (&1, oy ény Ent1) for &ns1 € R and U, Ky, are given by (3), (12),
respectively. Moreover if p =1, q is a nonzero real number and {\,}55_; is a

sequence in C converging to —iq as m approaches oo, then E*fa [GZ|Zn](gn)
is given by the right hand side of (18) replacing X by Am

Proof. Suppose that P+(eh) # 0 or {ec,+1,0n11) # 0. Then for A € C; and
€, ER"

A%/R\I’(A,énﬂvfn,b(t)*b(tn))E[Km(A,w)G(Z(xw)*[Z(ww)]b
+ [Ensa]n)]dénin
= /R‘I’(A,u, (e, [€nlo)s A(m A, P (eh)) + (eanr, 1) [b(E) = (1))



SCALE TRANSFORMATIONS FOR CONDITIONAL EXPECTATIONS 719

x f(u)g(u)du
by Theorem 4.3. By (14) and the Parseval’s identity
lim A(m, N, PL(eh))
= Jim | Sl (PN + AP = 3 les (P e

m—»00
J=1 Jj=1

IPH(eh)|* + M- (eh)|* = [P+ (eh)|*] = [P+ (eh)|?
so that we have (18) by Theorem 3.2 and the dominated convergence theorem.

If PL(eh) =0 and (eqy+1,an+1) = 0, then we have (18) by Theorem 3.2 and
(17) in Theorem 4.3. O

The following corollary follows immediately from the proof of Theorem 4.4.

Corollary 4.5. Let Ko(A,z) =1 for A € C4 and x € C[0,t], G be as given in
Theorem 4.3 and [ be the smallest positive integer such that {e1, ..., e;, P(eh)}
is linearly dependent if PL(eh) # 0. Moreover let | = 0 if PL-(eh) = 0.

Then for any nonnegative integer r with v > I, for A € C4 and a.e. &, =
(&1,...,&,) €R™

(19) B [Gz]Za)(€a) = A® /R\II(/\vfnJrlvfmb(t) = b(tn)) E[K (A, )

X G(Z(ZL', ) - [Z(:L', )]b + [gnJrl]b)]dgnJrl;

where Eny1 = (E1,. .., En Ent1) for Ens1 € R and U, K, are given by (3), (12),
respectively.

Proof. If {ey,...,e;, P-(eh)} is linearly dependent for some positive integer
and P+ (eh) # 0, then for m > [

!
A(m, X, P*(eh)) = A(L0,P*(eh)) = Y [¢j(P*(eh))]* = [P (eh)|*.
j=1
If PL+(eh) = 0, then A(m,\,Pt(eh)) = 0 for m > 1. Now the corollary

immediately follows from Theorem 3.2. O

Letting A = 2 in (18) and (19) we have the following change of scale
formulas for the generalized conditional Wiener integral on the analogue of
Wiener space using the polygonal function.

Corollary 4.6. (1) Under the assumptions as given in Theorem 4.4 we
have for v >0 and a.e. §, = (&1,...,&,) € R”

E[G(yZ ()1 Zn()](€0)

= lim 4" / U(L, G, 6ns 72 0(E) — Bt ElK o (72, 2) G2, )

m— o0
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—[Z(z, )]s + [gn+1]b>]d§n+1-

(2) Under the assumptions as given in Corollary 4.5 we have for any non-
negative integer r with r > 1, for v > 0 and a.e. &, = (&1,...,&,) €R™

E[G(yZ(x, )|V Zn(2)](&n)
= '7_T/R\I/(1a§n+1a£na'72[b(t) - b(tn)])E[Kr(7_2a$)G(Z(x’ )
- [Z(x, )]b + [gn+1]b)]d§n+1-

5. Change of scale formulas using a cylinder function

In this section we derive change of scale formulas for the generalized con-
ditional Wiener integrals of the cylinder functions on the analogue of Wiener
space using other cylinder functions.

Theorem 5.1. Let Z,, be given by (1) and F be as given in Lemma 4.1. Then
for e Cy and a.e. & = (&1,...,&,) €R™

(200 B [Fg|Za)(E)

= lim A%/R‘I/(A,ﬁnﬂ,ﬁmb(t)—b(tn))E[Km()\w)f((v,')HPL(@h)ll

m—o0

+ (6, [gn+1]b))]d§n+1

for any unit v € Ls[0,t], where & = (&1, &n,Ent1) and ¥, K, are given
by (3), (12), respectively. Moreover if p = 1, q is a nonzero real number and
{Am}_q is a sequence in Cy converging to —iq as m approaches oo, then
Efa[Fy|Z, ]( &n) is given by the right hand side of (20) replacing X by Am

Proof. Let
A(Fa Avmvg;l) = A% /R\Ij(/\vgnJrla&nab(t) - b(t’fI))

X E[Km (A ) f (0, )P (eh)]| + (e [Entals))]dns1-

Suppose that PL(eh) # 0. Using the same process as used in the proof of
Lemma 3.1 in [7] we have for A € C4 and &, € R®

A(F,\,m gn)
/ / (€t En b(E) — ()T (A, 1,0, A(m, X, 0)) F (u] P (eh)]|
€n+1] ))dént1du

/ / (A Enrs s (1) — b(E)) (N, 1, (e [Ena ), A(m, A 0) [P (eh)])
F ()1
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by the change of variable theorem, where A is given by (14). Using the same
process as used in the proof of Theorem 3.1

A(Fa Avmvg;l) = /]Rf(u)\IJ(Aa U, (6, [gn]b)a A(ma /\,’U)H'PJ‘(Gh)HQ

+ {eapn+1, an+1>2[b(t) — b(t,)])du.
If PL(eh) =0 and (ean+1, apt1) # 0, then

WA, Ent1s €n, () = b(tn)) E[K (A, ) £ (€5 [Ent1]b)) 1 d€nta

m|§
\

<A €1 Ens b(t) = b(tn)) f((e, [Ensale))dEnsa

k\‘\

= /Rf(U)\I’(A,u, (e, [€nle), (ecvnsrs ans1)?[b(t) = b(tn)])du.

If PL(eh) = 0 and (eqn41, ans1) = 0, then A(F,\,m, &) = f((e, [Enlb)). We
note that

m

A0 = Y les 0 4 Aol = Sles (0] #0
j=1 j=1
so that the above process is justified. Moreover
. _ 2 _
im Alm, o) =|v||* =1
Now letting m — oo in each case we have (20) by Theorem 3.1 which completes

the proof of the first part of the theorem. The remainder part of the theorem
immediately follows from the dominated convergence theorem. O

Now we have the following corollaries by Theorem 5.1.

Corollary 5.2. Under the assumptions as given in Corollary 4.5 and Theorem
5.1 we have for any nonnegative integer r with r > 1, for A € C4 and a.e.

gn = (61)"')671) € R™
B [y | Z,)(E,) = A3 / T\ Enrs nb(E) — (ta)) B[, (A, )

R
x f((v, ) 1P (en)]| + (e, [€ns1)o))]dEn1.
Corollary 5.3. (1) Under the assumptions as given in Theorem 5.1 we

have for v > 0 and a.e. &, = (&1,...,&) ER"
E[F(yZ(x,"))|7Zn(2)](¢n)
= lim ’yim/ﬂ{q/(lagn-i-lagn”yqb(t) _b(tn)])E[Km(’yiQa')

m— o0

X (0, )P ()| + (e, [Ensals))dénr.
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(2) Under the assumptions as given in Corollary 5.2 we have for any non-
negative integer r with r > 1, for v > 0 and a.e. &, = (&1,...,&,) € R”

E[F(y2(x, ) Za(2)](E2)
— / W(L, e, s 2 [0(E) — b(E))ELE (72, )

X F((0, )P + (e [Ensals))]dénrr.

Remark 5.4. (1) While the complete orthonormal set in [5, 8, 11, 12] con-
tain e used in the definition of the cylinder function, the complete
orthonormal set {e1, ez, ...} in this paper and in [7] does not contain e.
Furthermore, v in Theorem 5.1, Corollaries 5.2 and 5.3 is independent
of both {ey,ea,...} and e.

(2) Let G be as given in Theorem 3.2. Replacing F and f by G and fo,
respectively, in Theorem 5.1, Corollaries 5.2 and 5.3, the results hold
still.

(3) The change of scale formulas in this paper hold still even if P+ (eh) = 0
and (ean41, @nt1) = 0. Since for v > 0 and a.e. En cR"

E[F(yZ(2,-))7Za(@))(é) = f((e; [Eals) = BIF(Z(x,))|Zn(2)](&)

they are surplus in this case.

(4) The conditioning function Z, does not contain the initial position
Z(x,0) of the path Z(x,-) because of Z(x,0) = 0. While the condition-
ing function in [7] contains the position Z(x,t) of the path Z(z,-) at
the present time ¢, the conditioning function Z,, in this paper does not.
Furthermore if h = 1 a.e., then Z,(z) = (x(t1) —x(0), ..., z(t,) —2(0)).
Hence the formulas in this paper do not extend the existing change of
scale formulas in [5, 8, 11] but they do the formulas in [7, 12].

(5) For &, = (&1,...,&) € R™ it is possible that [&,] ¢ C[0,t] if &, # 0.
In this case the following symbol (v, [£,],) does not mean the Paley-
Wiener-Zygmund integral of v € Ly[0,¢t]. It is only the formal expres-
sion of Z?:1<vaj, a;)(§; — &j—1) which is as given in Lemma 2.3.
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