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OMORI-YAU MAXIMUM PRINCIPLE
ON ALEXANDROV SPACES

HANJIN LEE

ABSTRACT. We prove an Omori-Yau maximum principle on Alexandrov
spaces which do not have Perelman singular points and satisfy the infin-
itesimal Bishop-Gromov condition.

1. Introduction

The purpose of this article is to extend the following maximum principle by
Omori [10] and Yau [18] to Alexandrov spaces.

Theorem 1.1. Let M be a complete Riemannian manifold of dimension > 2
with Ricci curvature bounded below. For every C?-smooth function u: M — R
that is bounded from above, there exists a sequence {pi} in M such that

lim wu(pg) = sup f, [Vu(pr)|| =0, limsup Au(py) < 0.
k— o0 M s 00

lim
k— o0

This theorem has various applications in differential geometry and geometric
analysis (for example, see [16], [19]).

Alexandrov spaces arise as the Gromov-Hausdorff limits of n-dimensional,
compact Riemannian manifolds with sectional curvature > x and diameter
< D. Thus it is natural to ask whether the key geometric analysis theorems
on Riemannian manifolds extend to Alexandrov spaces.

The notion of curvature lower bound for Alexandrov spaces generalizes the
notion of lower bound of sectional curvature. Kuwae and Shioya introduced the
infinitesimal Bishop-Gromov condition BG (k,n), which generalizes the notion
of lower bound of Ricei curvature (see [7]). On the other hand, Zhang and Zhu
introduced a stronger notion called the condition RC, which is based on the
second variation formula of arc length (see [20]).

Laplacian comparison of the distance function is one of the key ingredients
in the proof of the Omori-Yau maximum principle. On Alexnadrov spaces,
Laplacian comparison of the distance was proved by Petrunin [13], von Renesse
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[17], Kuwae and Shioya [6], [8] and Zhang and Zhu [20]. The first two results
were obtained under the curvature lower bound condition and the last two
results were obtained under the generalized Ricci lower bound condition. Our
result is based on [6].

An Alexandrov space has a C''-structure on its subset of regular points. It is
extended to DC!-structure on Perelman regular sets, which enables one to per-
form the second order differential calculus for DC-functions (see Definition 2.3).
Following [5] and [6] we consider DC-Laplacian APCu, which is the distribu-
tional Laplacian div(Vu), for DC-function u. Alexandrov spaces considered in
this article allow only mild singularities, the so-called Perelman regular points.
Since such Alexandrov spaces are DC-manifolds (see Definition 2.4), we can
reduce Laplacian comparison of DC-functions to gradient comparison of them
through the Gauss-Green formula.

We introduce the conditions of being regularly exhausting and of volume
regularity to handle a behavior of concentric geodesic spheres and the Jaco-
bian determinant of the exponential map (see Definitions 3.2 and 3.5). We
impose the following additional assumptions to apply the Laplacian compar-
ison theorem on the distance functions (see [6]): Let (gi;) be a Riemannian
metric on the subset of regular points of Alexandrov space X, which is com-
patible with the metric of X. Denote k-dimensional Hausdorff measure by hy.
There exist a compact set K C X, a point xg € X, and a positive number §
such that each geodesic sphere Sy (x) satisfies hp—1(Cut(xzo) NS, (x)) = 0 and
|Drgij|(Sr(x)) =0 fori,j,k=1,...,n and for 0 < r < 0 whenever a geodesic
ball Bs(x) € X \ K (See Definition 2.6 and Theorem 2.10 for the detail).

Set Lip(u)(p) = im0+ SUP,yep, () [u(@)=uy)|

= Our main theorem is the
following Omori-Yau maximum principle:

Theorem 1.2. Let X be an noncompact Alexandrov space of dimension n > 2,
with empty Perelman singular set. Suppose that X satisfies the condition BG
(k,n). If, in addition, X is a-volume regular (o > 1) and regularly exhausting,
then for every DC' -function v : X — R bounded from above such that it attains
its supremum nowhere in X and Lip(u)(p) — 0 as p moves away from a fized
point and for any € > 0, there exist a point p. € X and a positive number R,
such that

1 DC
u(pe) > s;pu €, Vol(Br.0) /BRS(Z)S) APy <e.
Remark 1.3. In general, the gradient estimate of the original Omori-Yau max-
imum principle does not hold for bounded DC-functions even on complete
smooth Riemannian manifolds with lower Ricci bound. The following example
shows why we need the asymptotic vanishing condition for Lipschitz constants
of bounded DC-functions in the main theorem. This condition replaces the
gradient estimate for bounded C?-smooth functions on Riemannian manifolds
in the classic Omori-Yau maximum principle. Let ¢(t) = 1 — ¢! and define a
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function U : Rt — RT,

{¢(2n+1)(t2n) ifon <t<2n+1
U(t) = ,
—op2n+1)(t—2n+2)) if2n+1<t<2n+2

for n =0,1,.... Then the function u(z) = U(|z|) for € R? is a DC-function
bounded above such that it does not attain supremum anywhere. In particular,
it holds that ||Vu(x)|| = ¢(2n +1) > ¢(1) > 01if 2n < |z| < 2n+ 1 or
2n+ 1 < |z| < 2n + 2 for each n.

Example 1.4. The following polyhedral surface S with infinite genus satisfies
the conditions of Theorem 1.2. Consider a cube Q@ C R® of which vertices are
(£2,£2,0), (£2,42,2). Consider a smoothing of @ as follows. Replace the
eight corners of @) with flat surfaces. For instance, at the corner (2,2, 2), take
a plane passing through (2,1.9,2),(1.9,2,2),(2,2,1.9) and cut out the smaller
part of @ by this plane. Then these three points become the new corners
there. Denote the resulting smoothed cube by Q. Since each new corner
point is locally circular conic with angle > 37/2, every singular point of @ is
Perelman regular (see Definition 2.5).

The polyhedral torus 7' is obtained from @ as follows. We construct an
inner part of the torus as follows. Let z = f(x) be a smooth convex decreasing
function over (1/2,3/2) satisfying f(1/2) =1, f(3/2) = 0 and ‘;Z—fﬂm:lp =0,
f™(3/2) = 0 up to n = 3. Consider the curve consisting of the graph of
z = f(x) and its reflection about z = 1. Consider the surface of revolution
of this curve about z-axis. Cut out disks of radius 3/2 from the top and
the bottom of @, whose center is respectively (0,0,2) and (0,0,0). Glue the
surface just obtained along the two circles of the top and the bottom of the
punctured @, then we obtain the singular torus 7. Then the convex part of T’
is a surface of curvature > 0 and the concave part of 7" has Gaussian curvature
bounded by a negative constant up to the boundaries.

The connector of two copies of T' is constructed as follows. Let s = g(t) be
a smooth convex decreasing function over (1/3,2/3) satisfying ¢(1/3) = 1/3,
g(2/3) = 0 and %h:l/g =0, ¢™(2/3) = 0 up to n = 3. The surface of
revolution of s = f(t) about s-axis is taken as a connector. The connector has
the boundaries of the circles of radius 1/3 and 2/3. To glue two copies of T,
make a circular hole on a side face of each copy of 7" and put the connector along
the larger boundary. Then glue two connectors along the smaller boundaries of
the connectors. Then a neighborhood of the connectors in TH#T is C3-smooth
Riemannian surface with lower Gaussian curvature bound.

The surface S is obtained by gluing infinite number of copies of T in one
direction. Since S is an Alexandrov surface of curvature bounded below by neg-
ative constant, it satisfies condition BG. Two technical conditions for Laplacian
comparison Theorem 2.10 are satisfied for S. For the first condition, take a
point 2y on the copy of T' which has only one connector. Then Cut(x) consists
of big circles along the inner torus parts of the copies of T', geodesics which



536 HANJIN LEE

are along the connectors and vertical to the boundaries of connectors, and sin-
gular points of S. Thus the intersection of Cut(xg) with each small geodesic
circle has Hausdorff codimension 2. For the second condition, notice that the
compatible Riemannian metric (g;;) has an approximate limit at each regular
point of S and the subset of singular points in each small geodesic circle in S
has Hausdorff codimension 2 (See Definition 3.63 of [1]). By Lemma 3.76 of
[1], |Dkgi;| vanishes on each small geodesic circle in S for 4, j,k = 1,2. Two
geometric regularity conditions are also satisfied for S. Since circular cone type
singular points satisfy 1-volume regular condition, S is 1-volume regular (see
Definition 3.2 and Example 3.4). It is clear that each circular cone type singular
point is regularly exhausting, since the subspace of directions realizing length
r geodesics from the conic singular point does not depend on 7 (see Definition
3.5 and (3.3)). Thus S is regularly exhausting.

As an application of Theorem 1.2, we prove the following Liouville type
theorem:

Theorem 1.5. Let X be a noncompact Alexandrov space satisfying the assump-
tion of Theorem 1.2. Let F': Rt — R™ be a continuous, increasing function
with F(0) = 0. Suppose that u is a non-negative, bounded DC'-solution of
APCy = F(u)hy,. If u attains its supremum nowhere in X, and Lip(u)(p) — 0
as p moves away from a fixed point, then u = 0.

2. Preliminaries

In this section, we introduce the basic definitions and properties of Alexan-
drov spaces. We refer to [3], [4], [11].

A complete locally compact metric space (X, | -|) is called a geodesic space
if for any two points p,q € X there exists a geodesic pq. A triangle Apqr in
X means a set of three points p,q,r € X, and of three geodesics pq, qr, p.
A k-plane means a two dimensional complete simply-connected Riemannian
manifold of curvature k. We say that X satisfies Alexandrov convezity if for
each x € X there exist a neighborhood U, of x and a real number x, the
following hold: for any Apgr in U,, there exists a triangle Apgr in k-plane
satisfying |pq| = |pql, |qr| = |g7|, |rp| = |7p| such that for any y € pq, z € pr,
j € pd, 2 € pr with |py| = 5y, |p=| = |52, we have [yz| > |Z].

Definition 2.1. A metric space X is called an Alexzandrov space if it is a com-
plete locally compact geodesic space such that it satisfies Alexandrov convexity
and has a finite Hausdorff dimension.

For p,q,7 € X, the angle Z;pqr is defined to be the angle at the ver-
tex ¢ of the comparison triangle ApGr in k-plane. Let v and o be geodesics
with the origin p. The angle between v and o is defined to be a(y,0) =
limg 04+ Zey(s)po(t). The metric space E; is the set of equivalence classes
of geodesics with the origin p endowed with a metric in which the distance is
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the angle between the geodesics starting at p. The metric completion of X, is
called the space of direction at p, which is denoted by X,,.

Definition 2.2. The tangent cone 7}, is the Euclidean cone over the space of
direction ¥,. Its element is denoted by v = ty where v is a geodesic direction
and ¢ € [0,00]. Let o, denote the vertex of T,. For v = ¢, and w = so € T},
the metric of the cone is defined by |vw| = t? + s — 2tscos a(y, 7).

A point p € X is said to be regular if T}, is isometric to Euclidean space
and singular otherwise. Denote by Reg(X) (resp. Sing(X)) the set of regular
(resp. singular) points of X. The Hausdorff dimension of Sing(X) is <n — 1.

For any p € X, a point x € X is said to be a cut point of p if any minimal
segment py does not contain x in its interior. Denote by C), the set of all cut
points of p. Then h,,(C}) = 0 for each p € X. Define a map log,, : X\ C), — T,
by log,(z) := |pz|vps for z € X\ Cp, where vy, € X, is the direction of geodesic
pr. Set D) =log, (X \ Cp). Consider the inverse map exp,, : D, — X of log,,
which is called the ezponential map at p. Then exp,, is Lipschitz on D,NB,(op)
for any r > 0 by Alexandrov convexity.

A C'-structure can be established on Reg(X) in the following sense: there
is an atlas (U, ¢q) on Reg(X), such that if U, N Ug # 0, then ¢g o ¢t :
ba(Ua NUg) — ¢5(Us NUp) is C on ¢ (Us N Uz N Reg(X)).

There exists a natural C°-Riemannian metric g on Reg(X) such that its
induced distance is compatible with the metric of X and the volume form
induced from ¢ also coincides with n-dimensional Hausdorff measure.

Definition 2.3. A Lipschitz function f : R™ — R is called DC if it is locally
representable as the difference of two semi-concave functions.

Let U C R™ be any open set. A Lipschitz map F = (f1,..., fm): U = R™
is called DC if each f; is DC. If for an open set V. C R™, F' : U — V and
G :V — R™ are DC-maps, then G o F' is DC.

Definition 2.4. Let Y be a paracompact Hausdorff topological space with
dimension n. A family {(Ua, ¢a)} of local charts of Y is called DC-atlas on YV’
if pgodyt s da(UanNUsg) — ¢5(UsNUg) is DC-map whenever U,NUs # 0. If a
maximal n-dimensional DC atlas on Y is determined, Y is called DC-manifold.
Additionally, if each DC-atlas is C'-atlas on Y \ Sing(Y), then it is called
DC'-chart.

Definition 2.5 ([12]). Let X be an Alexandrov space. A point p € X is called
Perelman regular if 3, contains n + 1 directions making obtuse angles with
each other.

The set of all Perelamn regular points is an open and convex subset of X,
and includes Reg(X). Furthermore, it is DC'-manifold.

Definition 2.6. An L!-function f : U(C R") — R is called BV (bounded
variation)-function if its distributional derivatives D;f, ¢ = 1,...,n, are all
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finite Radon measures. The total variation measure of D; f is denoted by |D; f]
and defined as follows: for each measurable set I,

|D; f|(E) = sup{> -, |Di(Ep)| : Ep measurable and pairwise disjoint,
E= UzozlEh}.

It is known that if f is DC-function on U C R™, then D;f,i=1,...,n, are
a.e. determined as BV-functions. Thus D;D; f, ¢,5 =1,...,n, are determined
as signed Radon measures. It is known that canonical Riemannian metric
g = (gi;) of the Alexandrov space X is BV. Take local coordinates (x1, ..., zy)

on the Alexandrov space X. A vector field Z =", Zi% is said to be BV if
each Z; is BV-function.

Definition 2.7. For a locally BV-vector field Z on © C X, the distributional
divergence of Z is defined by

divZ = Z ai- (y/det(gi;)Z%) day A -+ Aday,

where (z1,...,x,) are local coordinates on Q and Z = ", Zi%. Let Vu =
> gij%% be a gradient vector field of DC-function w. Then the DC-

Laplacian APy is defined by
APy = divVu.

For any DC-local chart (U, ) of X, a function f : U — R is DC! if and only
if fop™ :pU)— Ris DC and C! on p(U N Reg(X)). A subset N of DC*-
manifold X is called a DC!-hypersurface of X if for each x € N there exists a
DC'-local chart (U, ) around z, an open set W C R*~! and a DC*'-function
h on W, such that ¢(N NU) is a graph of h.

Kuwae, Machigashira, and Shioya [5] showed that Gauss-Green formula
holds for domains whose boundaries are DC-hypersurfaces:

Proposition 2.8 (Gauss-Green formula). Let D C X be an orientable compact
subset bounded by a DC'-hypersurface. Then, for any DC*-function u on D,

/ADcu:/ (Vu,v)wap
D aD

where v is the outward normal vector on D, (-,-) denotes the inner product
induced from the metric g, and wyp is a volume form induced from the canonical
Riemannian metric g that coincides with hy,—1.

For k € R, set

sin(v/k) /K k>0

sp(r)y=<r k=0

sinh(y/]&[)/\/|k] K <O0.
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Define a map ®,; : W, — X as follows: € W, if and only if there exists
y € X such that = € py and [pz| : |[py| =t : 1. For each € W), such a point
y is unique and we set @, ((z) :=y.

Definition 2.9 (Infinitesimal Bishop-Gromov condition, [6]). An Alexandrov
space X is said to satisfy condition BG (k,n) if for each p € X the following
holds:

tsw(tlpz))" "

“an(payrt )

for any € X and t € (0, 1] such that |pz| < 7/y/k if K > 0, where (D, ;) H"
is the push-forward of Hausdorff measure by ®,, ;.

d(®p,¢)-H")(z) =

For an n-dimensional complete Riemannian manifold, BG (,n) holds if and
only if the Ricci curvature satisfies Ric > (n — 1)k (see [9]). Any Alexandrov
space of curvature > r satisfies BG (k,n) (see [7]).

The following Laplacian comparison theorem for the distance functions holds
under condition BG (k,n). Let xo be a fixed point of X. Set ro(z) = |zox]
and cot,(r) = s),(r)/sk(r). For a BV-Riemannian metric (g;;) on Reg(X),
recall that Dyg;; means distributional derivative and |Dyg;;| means the total
variation measure of Dyg;;.

Theorem 2.10 (Kuwae-Shioya, [6]). Let X be an Alezandrov space of dimen-
sion n > 2. If X satisfies condition BG(k,n), then one has

/ APCrg < (n— 1) sup coty, org(a)hn (E)
B EASI)

for any compact region E C X* \ {xo} with Lipschitz boundary satisfying
hn—1(Cut(Xo) NOE) =0, |Dygij|(OF) =0 for all i,5,k=1,...,n.
3. Proof of main theorem
We use the following elementary fact:

Lemma 3.1. Let ¢ be a Lipschitz continuous function on [0,a). Suppose that
©(0) =0, o(t) > 0 on [0,a). Then there exists a sequence (ti) such that t, — 0
and ¢'(ty) > 0.

Proof. Suppose otherwise. Then there exists r € (0,a) such that ' < 0 on
(0,7) a.e. For each t € (0,r),

t
o) - 0 = [ (rar <0
0
which implies that ¢(t) < 0. It is a contradiction. O

Let S,(p) denote the geodesic sphere in X, centered at p with radius r.
For ease of notation, set A, = h,_1(S.(p)) for the fixed point p. Define the
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spherical mean of f at p as follows:

(3.1) Fr) = o /S  fiy
T r\P

Since an exponential map at p is Lipschitz continuous on D, N B,(0,) C T,
for each r > 0,

d((exp,)*hn)
3.2 dh,, = o d((exp,)"hn) dio ().
(32 /Bt<p> I /mg,,(Bt(p)\cp) foexpy(2) { an, 2| dhn(z)

Define, for 0 < r <t

Q,(r) = {8 € X, : there exists unique « € X such that pz ~ 0 and |pz| = r}.
Then

(3-3) log, (B:i(p)\ Cp) = log, (Vo<r<tSr(p)\ Cp) = (Vo<r<i{r} x Qy(r)) U{op}

and (3.2) is expressed as

/Ot /Qp(r) foexpp(re) [d((e#pj*fm)(re)} 7 drdhy ().
Define
34 o) = AL ] o

Then by the coarea formula (see [2], Theorem 9.4)

/ flx)dh,—1 = / foexp,(r0)J(r,0)dh,—1(0).
Sr(p)

Qp(r)
For ease of notation, let fg(r) = f o exp,, (rf).
Definition 3.2. An Alexandrov space X is said to be a-volume reqular at

p € X if there exist positive numbers r > 0 and o > 1, and a Lipschitz
continuous function F such that

d((exp,)*hn)
dh,

An Alexandrov space X is said to be a-volume regular if it is a-volume regular
at every point of X.

(3.5) (2) =1+ E(2)|2|* for z € log,(B,(p) \ Cp).

Remark 3.3. If X is a smooth Riemannian manifold, then
1
B(:)[2f? = ~ £ Rie(z,2) + of|2).

Thus X satisfies 2-volume regular. Our condition is similar to that of volume
regularity used in [17]. In some sense, our condition is stronger than that of
von Renesse.
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Example 3.4. The elliptic cone EC(S) over a circle S of diameter %w is the
quotient space

EC(S) =8 x[0,00)/ ~,
where 21 = (01,7r1) ~ x2 = (02,72) < r1 = ro = 0 with the metric cosh |z 25| =
coshry coshre — sinhry sinh ro cos |0162|. The elliptic cone is 1-volume regular
at the vertex point O : one has for 70 € Tp, r < 1 and § < 1

dlexpo)ha ) |expo(rt).expo(r(0 +3)
dhs |70,7(0 +0)]
cosh™ ! (cosh? 7 — sinh? r cos &)
r/2(1 — cosd)

~ <Smhr> (Vi +V1+n)

r

where 1 = sin®($) sinh® r. It suffices to show that L ((2222) (/7 + T +1)—1)

is Lipschitz in r. Set F; = S‘“}?{# and Iy = \/n++/1+n—1. Then the above

(1+TF1)(1+F2)7

equation is - L Ttis Lipschitz in r since F, F5 and % are Lipschitz

in r.

Definition 3.5. A singular point p in an Alexandrov space X is called reqularly
exhausting if hy_1(§2,(r)) is Lipschitz continuous in 7. An Alexandrov space X
is said to be regularly exhausting if every singular point of X is regularly ex-
hausting and sup,,c y Lip(hn—1(2p(7))]r=0 is finite where Lip(hy,—1(2,(7))|r=0
= limg04 Lip(hn-1(Q(r)) [{o<r<s} -

Example 3.6. (1) Consider a sector Xp := {(z,y) € R? : |y| < F(z)} where
F is convex, even, and nonnegative, and F'(0) = 0. The metric space X is ob-
tained by gluing B;(0)\ X along the graph of £F. Then, X is an Alexandrov
space. Every points of the graph of £F in X are singular. Consider the case
in which F(z) =1 —+/1—22. Then Qo(r) = (arcsin(r/2), ™ — arcsin(r/2)) U
(—m+arcsin(r/2), — arcsin(r/2)) and h1(Q)(r) = 2(r—2arcsin(r/2)). Clearly,
h1(Q0(r)) is Lipschitz continuous as r — 0+. Thus, the origin is regularly ex-
hausting. Likewise, all other singular points are also regularly exhausting.

(2) Consider the case F(z) = |z|7, 1 < v < 2. A point (z, F(x)), whose
distance to the origin is r, satisfies 22 + F(2)? = 22(1 + 2*7~2) = r2. Thus, if
x is very small, then z ~ r and F(x) ~ F(r). Then Qo(r) = (arcsin(r? 1), m —
arcsin(r?~1)) U (=7 + arcsin(r? 1), —arcsin(r’71)), and hi(Qo(r)) = 2(7 —
arcsin(r?71)). In this case, hq1(Qo(r)) is not Lipschitz continuous as r — 0+.
The origin is not regularly exhausting.

Assuming the two conditions given in Definitions 3.2 and 3.5 to be satisfied,
one can obtain the following derivative comparison of spherical means:

Lemma 3.7. Suppose that an Alzandrov space X is a-volume reqular (o > 1)
and is reqularly exhausting. Let f and g be Lipschitz continuous functions on
X. Suppose that f(p) = g(p) and f > g on a neighborhood of p. Then there
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exists a sequence (ry) converging to 0 such that the spherical means f, g satisfy

frk) = g'(re).

Proof. Clearly f(0) = g(0) and there exists a > 0 such that f(r) > g(r) for
€ [0,a). Tt suffices from Lemma 3.1 to show that f (likewise g) is Lipschitz

continuous. From the a-volume regularity condition with o > 1, there exist

0 < @’ < a and a Lipschitz continuous function E on T, such that J(r,0) =
r" 11+ E(rf)r®) for 0 < r < a/. Then one has

Fr) = Jou, (ry Fo(r) T (r, 0)dhrn—1(0)
pr(r) J(r, 0)dhn,—1(0)
P o oy Jo(r)dhn 1 (0) + 1 [ fo(r) E(r0)dhy 1 (6)
B 1 (2 () + e [ B (r0)dhy, 1 (0)
oy Fo@)dRa—1(0) + 1% o, ) Fo(r)E(r0)dhn—1(6)
- 1 (Qp (1) + 1% Jo, ) B(r0)dhn—1(6)

Since X is regularly exhausting, h,,—1(£2,(r)) is Lipschitz continuous in r. For
r > s, one clearly has Q,(p) C Qs ( )and

hn 1( ( )\Q ( )) :hnfl(ﬂs>*hn71(9r> §02|7’75|.
Thus, for 0 < s <r < d

| oo - [ ot )dhn1(9)'

< /Qr|fe(r)fe(s)|dhn1(9)+ [ oo

< Ci[Sp|lr — sl + C2 sup [f]|r — s
Ba(p)

which implies that [, ®) fo(r)dhy_1() is Lipschitz continuous.
Since FE(r#) is Lipschitz continuous in r, pr(T) fo(r)E(r0)dh,_1(0) and
Jo () E(r0)dh,,—1(0) are likewise Lipschitz continuous. Thus, the denominator

and numerator of f are Lipschitz continuous. Since hy,—1(Qp,(r)) = hn-1(Ep)
as r — 0+, the denominator of f is bounded below by positive constant as
r — 0+. It implies that f are Lipschitz continuous near 0. 0

We now give the key technical ingredient for the main theorem.

Proposition 3.8. Let X be an Alexandrov space satisfying the assumptions of
Lemma 8.7. Additionally assume that X has no Perelman singular points. If
f and g are DC*-functions such that f(p) = g(p) and f > g on Bu(p), then
there exists a sequence of positive numbers (R;) converging to 0 such that

/ APCF > / APCg 4 7,(R;)RY,
Br, (p) Br,(p)
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where a function T,(r) satisfies

I7p ()] < 16(Lip(f)(p) + Lip(g)(p)) Lip(hn—1(2p(r))|lr=0 + O (1)

as r — 04+.

Proof. Since 1,(z) = |pz| is a DC'-function in x, r, o o' is a DC!-function

on a open subset p(U) of R™ for local DC*-chart (¢,U) around p such that
B, (p) C U (one can take smaller a if it is needed). Since the level set {r,op™! =
r} has no critical point, as a consequence of Proposition 2.13 of [15], it is a
DC'-hypersurface in R™. Thus S,(p) is a DO -hypersurface in X. Applying

the Gauss-Green formula (Proposition 2.8) one has

(3.6) /B AP )= / (V(f — 9),v)dhny

Sr(p)

_ afo 930
_ /Q,,m ( g o ) J(r,0)dhn—1 (),

where v is the outward normal vector on S, (p). Since

di fo(r)J(r,0)dh,_1(0)
T Jy,(r)

- [ O Gy (. 6)) b (8)

1 ~
— lim — / fo(r = h)J(r — h,0)dh,—1(0)
Qp(r—h)\Qp(r)

for f (likewise ¢) one has for a.e. r,

i
99 1(r, 0)dh,, (0
L 00

. _ _0J
= FOA+ T~ [ o dhaa(6)
Q) Or
1 -
+ lim —/ Folr — h)J(r — b, 0)dhy 1 (0).
h=0+ h Ja, (r—h)\2, (r) olr =R Jdho-1(6)

Thus, from (3.6),

/ ADCf _ / ADCg
By (p) Br(p)

= (f'(r) = g'(r) A, +/Q ( )(fe — o) J (‘:—i —~ a‘]f”) dh,—1(0)

+olim o / (For — B) — Go(r — B))T(r — b, 0)dhn_1(0).
Qp(rfh)\ﬂp(r)
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By Lemma 3.7, there exists a sequence R; — 0 such that

(3.7) / APCF APC
Br; (p) Br, (p)

= AL dJ/or
> / (fo —30)J (—T - ) dhn—1|r=g;
Qp(r) AT J

1 ~
+ lim —/ fo = Go)(r — 1) J(r — h, 0)dhy_1],—p,.
L . = il

Now, our aim is to estimate the right hand side of the inequality (3.7). First
notice that

1
Al = / (v, 6)dh—1(6) — lim - / J(r = h, 0)dhn—1(6)-
Q,(r) Or h=0+h Jo, (r—n)\a, ()

On the other hand, one has
10J (n—1r"2+(n—1+a)r" 22F + r”‘“‘a%—lf
J Or - Tn—l +Tn—1+aE

for almost everywhere in 7 and 6, and

pr (r) %

pr(’") J
(n— 1)r"’2hn,1(ﬂp(7’)) +(n—1+a)rn—2ta pr(T) E + pn-1ta pr(T) %—f
1 (@) + T ], F

for almost everywhere in 7. Thus, using Lipschitz continuity of F in r, we see

f(lp(r) ?9_‘7]‘ . g:i
Joym T

- ; " - T ra
- (hn—1<9p<r>> L, Ee0© B 9)>+0( |

= 0(r®)
as v — 0+. Since f — g is Lipschitz continuous and f(p) = g¢(p), one has

\fo — Go| < Cr for 78 € Upcrea{r} x Q,(r) as r — 04. Furthermore, by the
condition on J, one has (fyp — gg)JJ = O(r™). It implies that

= fsz ( )g_J gz
) J | = or dhy,—1 = O(r"t®).
/np<r>(f9 ) < Ar 4 ) o

So, for the estimate of the righthand side of (3.7), it remains to control
(3.8)

hmh‘)(pr % fQ (r—h)\Q2p (r) J(T — h,, Q)dhn,1 / ~
_ : : (fo = §0)(r) Jdhn_
( Jo, ) Jdhn— 0, () '




OMORI-YAU MAXIMUM PRINCIPLE ON ALEXANDROV SPACES 545

1 .
+ lim —/ fo —G0)(r — h) J(r — h, 0)dhn_1(0).
Jm qu_h)\npm( )(r —h) J( )dh,—1(0)

Here, from (3.5) we see
limp 04 7 fﬂp(rfh)\np(r) J(r—h,0)dh,—1(0)
fszp(r) Jdhy—
0 oJ
or fnp(r) Jdhp 1 — fszp(r) Edhnfl
fszp(r) Jdhn

211 (1)
__ Or 14 ro).
= @y oY)

Thus, the absolute value of (3.8) is bounded by

[f(x) —g(@)] | & .
416855(7“) |£L' 7p| ’arh"_l(ﬂp( ))
< 16(Lip(f)(p) + Lip(g)(p)) Lip(hn-1(Qp(r))lr=o 1™ + O(r" %)

as r — 0+. It completes the proof. O

" 4 O>r"te)

Now we give a proof of the main theorem.

Proof of Theorem 1.2. Let xg be a point in X satisfying the technical assump-
tion for main theorem. Denote the distance function from zg by 9. Take a
positive number b such that By(z) includes the compact set K in the technical
assumption for main theorem. Define a function

i {b if ro(x) < b

ro(z) if ro(z) > 0.

Consider #FO — u. Then there exists p,, € X such that #fo — u has a local
minimum at p,,. Take Bg, (p,) where %fo > u. Set U, = u+ %Fo(pm) —
u(pm).

First, one can show that lim,, oo u(p;,) = supy u as follows. Let € > 0.
Then there exists p. such that u(p.) > supy u — €/2. Choose m sufficiently
large such that 27(p.) < me. Then

1. 1.
“(pm) > “(pm) - ETO(pm) > “(pﬁ) - Ero(pe) > Sipu — €.

Next, we apply Proposition 3.8 to %fo and ., on Bg, (pm). Then, there
exists a sequence R, ;(< Ry,) which goes to 0 as i — oo such that

1
— ADCFO Z / ADcu + TpWL (Rm,l)R:lnﬂ’
(Prm) BRmi(pm)

m BRm,,i
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Since u does not attain its supremum in X, ro(p,,) — 400 as m — +oo. Thus
for given € > 0, there exists m such that (1/m + Lip(u)(pm)) < €. Once m is
chosen, take R,,; < R,, such that

7o (Rini)| < 16Lip(hn—1(Qp,,, (7)) |r=0(1/m + Lip(u)(pm))
< 16Ce,

where C' = sup,¢ x Lip(hn—1(2,(7))[r=0 < +00 by regular exhausting condi-
tion. Since 7o (psm,) > b for large m, Theorem 2.10 implies that

/
APy < (n—1) sup  EO@) g )
/BRm,i(Pm) zGBRin(pm) SK(TO(.T)) ’

< (n - 1) C hn(BRm,i(pm))a

Cﬁ{l/b if k=0

where

VK| coth(y/|k[b) if k<O

(since X is noncompact, the case £ > 0 is excluded). Then one has

1 / pC ( Rii )
. APCy < e (n—1)Cp + 320—mi ) |
hn(BRmyi(pm)) BRr,,,i(Pm) Vf?(Rmﬂ)

where V(R) is the volume of geodesic ball of radius R in the n-dimensional
space form of curvature x and R}, ;/V,"(R,,.) are bounded by uniform constant
as Ry, i — 0+. O

Proof of Theorem 1.5. Given € > 0, there exist p. € X and R, > 0 such that

/ F(uw)dh, = / APCy < ehn(Br, (pe)).
Br. (pe) Br. (pe)

Since w is continuous, the condition u(pe) > supy u — € can be replaced with
the condition inf,cp,_(p.) u(x) > supy u — € by taking small R.. Then,

ho (B, (pe)) F(supu — ) < / F(u)dhn
X BRe (Ps)

which implies

F(supu —¢€) <,
X

equivalently
supu < € + Fﬁl(e).
X

It implies that u = 0. (]
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