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SOME INEQUALITIES AND ABSOLUTE MONOTONICITY
FOR MODIFIED BESSEL FUNCTIONS OF THE FIRST KIND

BA1-N1 Guo AND FENG QI

ABSTRACT. By employing a refined version of the Pdlya type integral
inequality and other techniques, the authors establish some inequalities
and absolute monotonicity for modified Bessel functions of the first kind
with nonnegative integer order.

1. Main results

It is well known that modified Bessel functions of the first kind I, (z) are
solutions of the differential equation
d*w dw
22 1.2 + ZE — (22 + 1/2)10 =0.
They are holomorphic functions of z throughout the z-plane cut along the
negative real axis, and are entire functions of v for fixed z # 0. When v = +n,
I,,(z) are entire functions of z. In [1, p. 375, 9.6.7], it is listed that

o 1 > 2k+v
IU(Z)];Om<§) y ZGC, VGR\{*].,*2,},

where

[(z)= lim ——————, 2z€C\{0,-1,-2,...
()= lim 7 \{ }

is the classical gamma function, see [1, p. 255, 6.1.2].
On [12, p. 63], the following three double inequalities are derived:

Ly 2 p g 1)<§>va(2)
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(1.3) —<F(u+1)(—) ﬁ<—(1+7), z2>0, v>——.
e? z ez 2

e? 2

The left-hand inequality in (1.1) is very weak unless z is quite small.
The equation (3.20) in [9, p. 226] reads that

2\ Jo1/4(v+1)
) , y>0, v>-1

(1.4) F(v+1)<§)yn(y) > <1+ -

v,1

which is more stringent than the left hand side inequality in (1.3), where jj, 1
is the first zero of the Bessel function of the first kind

_(2) 5 D2
JV(Z)f <§> kzzom, VE]R, ZGC

In [18, Theorem 7.1] and [21, Theorem 1.3], it was derived that

(1.5) ali(z) > % and I(x) > %(%)j >
L t—exp[5(5)]

on (0,00) if and only if & > 1 and 8 > 1. More strongly, it was discovered
in [18, Theorem 5.1] that

(1) when 8 > 1, the function

__u VBu
1—e v I(2/Bu)

Fa(u)

is decreasing on (0, 00);
(2) when 0 < 8 < 1, it is unimodal (that is, it has a unique maximum)
and m is convex on (0, 00).
When @« = 1 or 8 = 1 and > 5.14..., the inequality in (1.5) is better
than (1.4).
In [17, Theorem 1.2], it was obtained that

(1) when 1 < k <5, the inequality

(16) I (2V/) dkl( u )

uk/2 —duk1\1—eu
is valid on (0, c0);
(2) when 8 > 1, the function

Gslu) =7 (2%) diu (1 ueu)
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is decreasing on (0,00); when 0 < 8 < 1, it is unimodal and _Gﬁl(u)_ is
convex on (0, 00).

The inequality (1.6) for £ = 1 includes the ones in (1.5) for « = g = 1. For
more information on recent results of Bessel functions, please refer to [3, 4] and
closely related references therein.

Recall from [13, 22, 23] that a function f is said to be completely monotonic
on an interval [ if it has derivatives of all orders on I such that

0< (—1)Ff®)(z) < 0

for z € I and k > 0. Recall also from [13, 22, 23] that a function f is said to
be absolutely monotonic on an interval I if it has derivatives of all orders and

0< f* () < o0

for t € I and k € N, where N denotes the set of all positive integers. It is
easy to see that a function f(x) is completely monotonic in (a,b) if and only
if f(—z) is absolutely monotonic in (—b, —a). See [23, p. 145, Definition 2c|.
Theorem 12a in [23, p. 160] reads that a necessary and sufficient condition that
f(z) should be completely monotonic in 0 < 2 < co is that

fla) = [ et da),

where a(t) is bounded and non-decreasing and the integral converges for 0 <
2 < oo. Theorem 12c in [23, p. 162] states that a necessary and sufficient
condition that f(x) should be absolutely monotonic in —oo < 2 < 0 is that

fla) = [ etda),

where «(t) is non-decreasing and the integral converges for —oco < x < 0. For
more information on these kinds of functions, please refer to [13, Chapter XIII],
[23, Chapter IV], [6, 19, 22] and closely related references therein.

The main aim of this paper is, by employing a refined version of the Pdlya
type integral inequality and other techniques, to establish some lower and upper
bounds and absolute monotonicity for modified Bessel functions of the first kind
I,,(t) with nonnegative integer order n > 0.

The main results may be stated as the following theorems.

Theorem 1.1. The double inequalities

2 inh ¢
(1.7)  |Io(t) —cosht| < |1— = — sinht, ¢>0
T [/1+44% 1 - V1442 —1
2 p 2
and
(1.8) I () — cosht] < gtsinht, t#0

are valid.
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Theorem 1.2. The function

sinh ¢
Io(t) — y
is absolutely monotonic on (0,00) and complete monotonic on (—o0,0). Hence,
we have ©
inht
1§7(t) > (%) , >0
and

inh ¢\ @
(1%L¥Kﬂ;§(ne<$i > . <0

for £ > 0. Consequently,

(1) whent >0,
sinh ¢ tcosht — sinht
(1.9) Ip(t) > and I (t) > — 0

(2) when t < 0, the first inequality in (1.9) keeps the same direction, but
the second inequality in (1.9) reverses.

2. A lemma

In order to prove Theorem 1.1, we need the Pdlya type integral inequality
below.

Lemma 2.1 ([2, Theorem 2] and [14, Proposition 2]). If f(z) is continuous
and not identically a constant on [a,b], and if f(z) is differentiable and m <
f'(x) < M on (a,b), then

2.1) /,f ydo— L )+f()
[M — Sp(a,b)][m — So(a b))

> 2(M m) (b - a)a
where .
Sty - =10

For more detailed information on the inequality (2.1), please refer to [16,
pp. 25-31, Section 5] and closely related references therein.

3. Proofs of Theorems 1.1 and 1.2
Now we are in a position to prove Theorems 1.1 and 1.2.
Proof of the inequality (1.7). Let fiy(xz) = €'°°** on [0, 7] and ¢ > 0. Then
fi(z) = —tsinze' 7, f/'(z) =t(tsin® x — cosx)e’ 7,

ft(O):et’ ft(ﬂ-) :eita ft/(o):ft/(ﬂ) =
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Since the equation tsin?z — cosz = t — cosx — tcos® & = 0 of the variable
/ 2 _
71"’3: L and

has only one positive root zy = arccos
V14412 -1 V1442 —
ex
2 P 2
which is the minimum of f/(x) for = € [0, 7].
In [1, p. 376, 9.6.16], it was listed that
1

™ 1 ™
(3.1) In(z) = —/ etzeostqp = —/ cosh(zcos6)dé.
™ Jo T Jo

fi(zo) = —

Combining (2.1) and (3.1), using the above properties of the function fi(z),
and directly arranging give

el +e? et —et V2 et —et 1— 1+ 4¢t2
In(t) — < 1-— exp
2 2 T VVI+482 — 1 2

which is equivalent to the double inequality (1.7). The proof of the inequal-
ity (1.7) is complete. O

Proof of the double inequality (1.8). Let h(x) = cosh(t cos ) for « € [0, 7] and
t € R. Then

ht(0) = h¢(m) = cosht.
Since fi(z) is symmetric with respect to xg = 7, its derivative f/(z) is anti-

symmetric with respect to xo = 5. Hence, we have

R, = — h;

Applying h:(z) to the inequality (2.1) ylelds

|Io(t) — cosht| < Z m[%);]h ().

A simple computation gives
hi(z) = —tsinzsinh(tcosz) < tsinht, z € [0, 7]
Therefore, the double inequality (1.8) follows immediately. O

Proof of Theorem 1.2. From the power series expansion

sinhtii t2k
t = (2k+1)!

1 /i\2
2\g /)

- Z T
k=0

and

it follows that

_ sinht = 1 ok
(3:2) lo(®) kzo[ 2k +1)! 2%(/{!)2}5 '
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Since
(2k + 1)1 = (2k + D)N(2K)! > [(2k)1]? = 22F(k!)2,

the coefficients - m in the power series (3.2) is nonnegative for

1
k1)
all k& > 0. This implies the absolute monotonicity on (0,00) and complete
monotonicity on (—oo, 0) of the function Io(t) — S22t As aresult, by definitions

of the absolute and complete monotonicity, we obtain

Pdwﬁfmyazm t>0
and ,
(Dﬂh@)qu(i t<0
for £ > 0. The proof of Theorem 1.2 is complete. O

4. Remarks and comparisons

Remark 4.1. The lower bound in the double inequality (1.7) is better than

%, but the lower bound in the double inequality (1.8) is not better than
sinh ¢

¢
When 0 < t < 0.523---, the double inequality (1.8) is better than (1.7);
when ¢ > 0.523 - - -, the double inequality (1.7) is better than (1.8).
Remark 4.2. If v = 0, the inequalities in (1.1) and (1.2) become the same
inequality
z 6+ 3z

(4.1) 2 e® <Ip(z) < s7/——==€*, z>0
2+2 3(2+3z2)

and the inequality (1.3) is reduced to

(4.2) 1< Iv(z) < %(eZwLeiZ), z>0.

It is easy to see that the first inequality in (1.9) is better than the lower
bounds in inequalities (4.1) and (4.2).

The inequality (1.8) is worse than the double inequalities (4.1) and (4.2).

The upper bound in (1.7) is worse than the upper bounds of the double
inequalities (4.1) and (4.2).

When « > 0.85--- and > 1.1--- respectively, the lower bound in (1.7) is
better than the lower bounds in the double inequalities (4.1) and (4.2).

In conclusion, the inequalities for Iy obtained in Theorems 1.1 and 1.2 are
more or less significant.

Remark 4.3. When v = 1, from (1.1) and (1.3), it follows that

(z44)

(43) Mez < Il(Z) < me

2(z+2)
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and

z z 1
4.4 —<T —lef4+ —
(4.4 s <ne)<3(e+ )
for z > 0. The inequality (1.4) for v =1 is

2\ J1,1/8
(4.5) L(y) > g(1 + yT)
Ji,1

for y > 0, where j; 1 = 3.83- - is the first zero of J;.

It is clear that the inequality (4.5) is better than the left-hand side inequal-
ities in (4.3) and (4.4).

When ¢ > 1.2894 - - -, the second inequality in (1.9) is better than the left
hand side inequality in (4.3).

When ¢ > 6.14 - - -, the second inequality in (1.9) is better than (4.5).

When ¢t > 5.898- - -, the second inequality in (1.9) is better than the corre-
sponding one in (1.5) for a = 8 = 1.

In a word, the inequality for I; in Theorem 1.2 is somewhat significant.

Remark 4.4. The inequality (2.1) was generalized in [15] as
m(b® —a*) | {f(a) = f(0) +bf'(}) — af (@) + (@ 1) /2}"
6 2[(a —b)ym — f'(a) + f'(b)]

b 2 r! 7012 ,a
/f(z)dlffbf(b)jLaf(a)ijf(b)2 f'(a)

M@ —a®) | {f(@) ~ fO) +bf'(b) ~ af'(a) + M(a® 1) /2}"

6 2[(a—b)M — f'(a) + f'(b)] ’
where f(x) is a 2-times differentiable function satisfying m < f”(z) < M on
[a,b]. For more information on the inequality (2.1) and its generalizations,

please refer to the papers [2, 5, 10, 11, 15], especially the expository and survey
article [16], and plenty references therein.

IN

<

Remark 4.5. The method used in this paper has been employed in [7] to eval-
uate the complete elliptic integrals. It can also be used to derive bounds for

(2/2)" /7r +zcos0 ;2 1
I(z) = 2080 Gin2v 9.4 9, o
(2) AT 172 s e sin R(v) > 5
Remark 4.6. The first inequality in (1.9) has been applied in [20]. All inequal-
ities for Iy can be applied as did in [20].

Remark 4.7. This paper is a revised version of the preprint [8].
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