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NEW CLASS OF INTEGRALS INVOLVING
GENERALIZED HYPERGEOMETRIC FUNCTION
AND THE LOGARITHMIC FUNCTION

Yonagsupr Kim

ABSTRACT. Motivated essentially by Brychkov’s work [1], we evaluate
some new integrals involving hypergeometric function and the logarithmic
function (including those obtained by Brychkov[1], Choi and Rathie [3]),
which are expressed explicitly in terms of Gamma, Psi and Hurwitz zeta
functions suitable for numerical computations.

1. Introduction and preliminaries
The generalized hypergeometric functions with p numeratorial and ¢ denom-
inatorial parameters is defined by (see, e.g., [9, 11, 12])

x1y...,Q

p
qu{ ;z]qu[ozl,...,ozp;ﬂl...,ﬂq;z]
B1-.., 084

(L) = (ar)n - (g
:;O(mn---(ﬁ

Jn !

where (a), denotes the Pochhammer symbol (or the shifted factorial, since
(1), = n!) defined for any complex number « by

ala+1)--(a+n—-1), ifneN={1,2,...}

(@) = 1, if n = 0.

Using the fundamental functional relation I'(aw + 1) = oI'(«), («), can be

written as
INa+n)

(Ck)n = F(Oé)
where I' is the well-known Gamma function.

(n € No:=NuU{0}),
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It is well-known that the series ,Fy converges all z if p < g and for |z] < 1
if p = ¢+ 1, and the series diverges for all z # 0 if p > ¢+ 1. The convergence
of the series for the case |z] = 1 when p = ¢ + 1 is of much interest.

The series q41Fy[oa,...,qq+1;01...,084 ; 2] with |2| = 1 converges abso-
lutely if (" 55 —> ;) > 0.

The series converges conditionally if z # 1 and 0 > (3 85 — > ;) > —1.
The series diverges if (3 5; — > o) < —1

It is well-known that, whenever a generalized hypergeometric function re-
duces to Gamma function, the results are very important from the application
point of view. Thus, the classical summation theorems such as those of Gauss,
Kummer and Bailey for the series o F7; Watson, Dixon, Whipple and Saalschiitz
(see, e.g., [9, 11]) for the series 3F5 and others play key role in the theory of
generalized hypergeometric series. Applications of the above mentioned clas-
sical summation theorems are well-known now. In our present investigation,
we are interested in the following theorems (see, e.g., [11], pp. 243-244) given
respectively by

1
a,1+3a,b,¢; I'(1+a-bT(1+a--c)

(1.2)  4F3 1| =
%avleafb,lJrafc; Fl+a)l(l+a—-b—c)

(R(a —2b—2c) > —1)

and

1
a, 1+ §a, b, c, d;
(1.3) 5Fy 1

1
5@,1+a—b,1+a—c,1+a—d;

- I'l+a-bdI'l+a—c)l(1+a—-d)T'(1+a—b—c—d)
ST+ al(l+a-b—c)l(l+a—-b—dl(14+a—b—c—d)
(Rla—=b—c—d) > —1).

In recent, Choi and Rathie [3] evaluated some single integrals involving hy-
pergeometric functions for oF} and logarithmic function in terms of Psi and
Hurwitz zeta functions suitable for numerical computations. Also, we can eas-
ily evaluate some finite integrals containing hypergeometric functions 4 F5(—1),
5F4(1) and the logarithmic functions.

Throughout this paper, N, R, C, and Z; denote the sets of positive integers,
real numbers, complex numbers, and nonpositive integers, respectively, and

Np := NU{0}. The Psi (or Digamma) function v (z) is defined by

I'(2)
I'(z)

(14) Y(z) := diz{logF(z)} = or logT'(z) = /12 Y(t)dt (2 € C\Zy),
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where I'(2) is the Eulerian Gamma function. The polygamma functions 1™ (2)
(n € N) are defined by

dn—i—l dn
(1.5) P (2) = ey log'(z) = dz—nz/z(z) (neNy; z€C\Zy).

The Hurwitz (or generalized) zeta function ((s,a) is defined by

(1.6) =Y (k+a)”" (R(s)>1LacC\Z).
k=0

The relation

1
1.7 (n) n+1 | -
L) ") =(-1 vz;%k+@m1
=(-1)""nl¢(n+1,2) (neN; zeC\Zy)
is well-known. It is easy to see from (1.7) that

k m m

(1.8) % log H I(aj+2)p = Z PFED (a;+2)  (m, keN)

Jj=1 Jj=1

= (=D*(k—1) i((k,aijz) (meN; ke N\{1}),

where ¥(9) (2) = 9 (2). Details about these special functions may be found in
[8].
Finally, we recall an important result for the sequel due to Edwards [4]:

(19) / / )T A=) (1 = ay) P dady = M

(a+p)
) > 0; R(B) > 0).
It is worthy to note that making the change of variable z — % in
equation (1.9), we obtain its simpler form as
L(a)I'(8)
(1.10) 2)P 2 dzdy = =222 (R(a) > 0; R(B) > 1).
[ [ sy = pror gy (R(0) >0 R(E) > 1)

2. Single definite integrals involving generalized hypergeometric
function

This section aims at providing several classes of finite integrals involving
generalized hypergeometric functions. Let us give, in the form of two theorems,
the six integral formulas that we shall establish.
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Theorem 1. The following finite integrals formulas hold true:

1
a, 1+ —a, c;

1
(2.1) /:cbil (1-2)"% 3R 1 2 —z| dx
0 5a,1+a—c;
' I'(14+a—-2b)I'(1+a—c)
'l+a)T’'(1+a—-b—c) ~’

provided R(b) > 0, N(a — 2b—2¢) > —1 and R(1 +a —2b) >0

1
1
log—c— ;1 5 ab7
(2.2) /:cH 1-2)2 ' R QL0 ol
0 l14a—-b,14a—c;

(T (za—¢)T(14+a—b)T(1+a—c)
I'(ia) T(14a)T(1+a—-b—c)
(

3

provided R(c) > 0, R(a —2¢) > 0 and R(a — 2b — 2¢) > —1,

1
1 a, 1+ =a, b;
(2.3) / 2 (1—2)" " 3B 1 2 —z| dx
0 3% 1+a—c;

F'c)T(14+a—c)
I'l+a) ’

provided R(c) > 0 and R(a — 2b — 2¢) > —1.

Note. The result (2.3) seems to be interesting since the right-hand side of
(2.3) is independent of b.

Proof. In order to prove (2.1), denote its left-hand side by I. Expressing the
hypergeometric function 3F5 as a series, changing the order of integration and
summation(which is easily seen to be justified), evaluating the beta integral
and summing up the series gives

1
D(B)I(1 +a — 2b) a, 1+ 5a,b, c;

4F3 -1
- 1
F(1+a-b) §a,1+afb,1+afc;

(R(a —2b—2¢) > —1).

24) 1=

The 4F3 appearing on the right-hand side of (2.4) can be evaluated by using
(1.2). this produces the right-hand side of (2.1). In exactly the same manner,
the integrals (2.2) and (2.3) can be established. O

The summation theorem (1.3) yields:
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Theorem 2. The following finite integrals formulas hold true:

1
1 a, 1 + iaa c, d7
(2.5) / (1= 2) % 4R 1 x| dx
0 —a,14+a—->b,14a—c;

2
I T(+a-2)T(14+a-c)T(1+a—d)T(1+a—b—c—d)
'l4+a)’'l+a-b—c)F'(14+a-b—-d)T'(1+a—c—d) ~’

provided R(b) >0, R(1+a—2b) >0 and R(1+a—-b—c—d) >0,

1

1

sa—c— 7]- Py abvd;

(2.6) /xH (1-2)2% 1 4Ry @ 1+5e | da
0 l14a—-b,14a—c, 1+a—d;

I'(c)T(3a—¢) T'(14a—b) T (1+a—c) (1+a—d) I (1+a—b—c—d)

)T
F(3a)TQ1+a)T(14+a-b—c)I(1+a—-b—d)T(1+a—c—d)’
provided R(c) > 0, R(a —2¢) >0 and R(1+a—-b—c—d) >0,

1
1 a, 1+ =a, b, c;
(2.7) / 24 (1 —2)* 7 Ry 1 2 x| dx
0 5a,1+afb,1+a—c;
T (1+a-2d)T(14+a—-b)I'(l1+a—c)I'(14+a—b—c—d)
B 'l+a)T’l4+a-b—c)l'l+a—-b-d)T(1+a—c—d)
provided R(d) >0, R(1+a—2d) >0 and R(1+a—b—c—d) > 0.

3. New class of finite integrals involving generalized
hypergeometric function and logarithmic function

In this section, we shall establish a new class of integrals containing gener-
alized hypergeometric function and logarithmic function using the summation
theorems (1.2), (1.3) and equation (1.7).

Theorem 3. The following finite integral formula holds true:

1
1 r a, 1+ ia, c;
(3.1) / (1 —2) " log" | —— | 3B — x| dx
0 (1-2)? 1 :
5&, 14+a—c;
_I'(I4+a—-c) 0"A
rl+a) o’
: _ L 9nA
provided n € N; R(b) > 0 and R(a — 2b — 2¢) > —1, where the expression Fyx

is given as follows
I'b)T (1+a—2b)
I'l4a—-b—-c)’

(3.2) A=
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S () P [
Pt 1 opn—ri—1

ry ) Qbri—ra—l

il

b)) =20 (14+a—2b)+¢(1+a—b—c),

T2:0
’”"i’l Py — 1\ "n-1"n"1B
= Tn Obrn-1—ra—l
0log A
3.4 B = =
(3.4) b

an—r—lB

(35) W = (n—r—l)' {(—1)n_TC(7’L—T, b) + 271—7“4— (TL—T, 1+a—2b)
—(C(n—-r,14+a-b—¢)} (mn—r—1€N).

Proof. Differentiating n times both sides of (2.1) with respect to b yields

2

5@, 14+a—c;
_I'(l4+a—c) 0"A
- T (14a) o’

1
1 - a, 14+ =a, c;
(3.6) / 2?1 (1= 2)"7 % log" (72) 3Fy
0 (1—-x)

—x| dz

A is the same as given in (3.2).
Now, it is easy to see that
0A 0logA
(3.7) 5= A o A-B
()T +a—2b)
- T(l+a—-b—2¢)

{Q/J(b)—2¢(1+a—2b)+w(1+a—b—0)},

where B is the same as given in (3.4) by using (1.7). From (3.7), we have
omA  ont
(3.8) =

DA on—1
abn b1 (%) = gyt A8,

which upon using Leibniz theorem becomes

oA [ fm—1\ 074 8B
(3.9) o ; ( r )W dbn—r—1

)

where %2;:,? is the same as given in (3.5). Finally, substituting the values of
%T;f from (3.8) into (3.6) leads us to the asserted result (3.1).

O

Next, differentiate both sides of (2.2) and (2.3) respectively, n times, with
respect to ¢, we obtain the following theorems.
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Theorem 4. The following finite integral formula holds true:
(3.10)

1 1
la—c— n 7]- Y 7b;
/xc—1(1_$)2 log (L)gz«g[ RIS
0 1750

l4a—-b,1+a—c;
_ I'l+a—-0b) 0"A
I'(3a)T(1+a) Oct’
provided n € N; R(c) > 0 and R(a — 2b — 2¢) > —1, where the expression for

%T;f can be obtained from (3.3) by replacing b to ¢ with

LT (da—c)T(1+a—c)

(3.11) A= T Ry—— ,
dA
12 “Z - AB
(3.12) e ;

(3.13) B := al;fA:1/1(0)—1/1<1a—c)—1/1(1+a—c)+1/1(1+a—b—c),

(3.14) a;c:%l_? =n-r—1)! {(1)”Tg(n —r,c)+¢ (n -, %a - c>

+¢(n—=r,14+a—c)
§(nr,1+abc)}(nr1€N).

Theorem 5. The following finite integral formula holds true:

1 , " a, 1+ %a, b;
(3.15) / 7t (1 —2)*7°7¢ log" <1—> sFy | —z| dr
0 - —a,14+a—c;
2
1 ™A
'l+a) Oc*’

provided n € N; R(c) > 0 and R(a — 2b — 2¢) > —1, where the expression for
%T;f can be obtained from (3.3) by replacing b to ¢ with

(3.16) A:=T()T(1+a-0c),
0A
(3.17) === AB,
(3.18) B::M:’L/)(C)*w(l+a76),
Oc
an—r—lB

(3.19) Jen-r—1 (n—r—1)! {(—1)"_T§(n—r, )+ ¢ (n—r, 1—|—a—c)},
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(n—r—1€N).
The equation (2.5) gives:

Formula 1.
(3.20)

1
1 a, 1+ =a, c, d;
/ 2?1 (1= 2)" " log" (%) aFs | 2 z|dx
0 (1-2) ia,l—l—a—cl—l—a—d;
'l+a—-c¢T'(14+a—d) oO"A

I'l4+a)l'(14+a—c—d) ob™’
where the expression for %T;f is the same as (3.3) with

IOT(1+a—20)T(1+a—b—c—d)

(3:21) A= A ta—p—oTAta-b-ad
0A
(3.22) o= AB,
(3.23) B::algifA:z/z(b)—21/1(1+a—2b)+1/1(1+a—b—c)
+Y(1+a-b—-—d)—Yv(Q1+a—c—b—4d),
(3.24)
an—r—lB

=mn—r—1{(=1D)""¢(n—7,b)+2""C(n—7,14a—2b)
—C(n—r,1+a-b—c)—C((n—r,1+a—->b—d)
+((n—r,1+a—-b—c—d)} (n—r—-1€N).

abnfrfl

The equation (2.6) gives:

Formula 2.
(3.25)

1
c—1 ta—c—1 n €
1—1x)2 I F:

B 'l+a-0I'(1+a—d) o"A
T (3a)T(A+a)l(1+a—b—d) I’

1
1+ =a, b, d;
R

l1+a—-b14a—cl+a—d;

where the expression for %Zf can be obtained from (3.3) by replacing b to ¢

with

L)l (3a—c)T(1+a—c)l'(1+a—b—c—d)

I'l+a—-b—c¢)I'(l+a—c—d) ’

dA
(3.27) 5, = AB,

(3.26) A=




DEFINITE INTEGRALS CONTAINING HYPERGEOMETRIC FUNCTION 337

QQ&AB:E%%é
:¢mg—w(%a—c)—¢w1+a—@
—Yp(14+a-b—c—d)+y(1+a-b—c)+¢(1+a—c—d),
9" "B

1
200 £ P (1) — —rca—
329 St == {0 e n 4 (n o)
+(n—r,1+a—c)+C¢(n—r,1+a—-b—c—d)
—§(n—r,1+a—b—c)—§(n—r,1+a—c—d)}
(n—r—1€N).
The equation (2.6) also gives another formula:

Formula 3.

(3.30)
1 1 )
/ ¢t (1 - x)%a_c_l log" V1 — x4 F3 a1tgabdi |,
0 l1+a—-b14a—cl+a—d;
o"A
:F _—
() S

where the expression for %Zf can be obtained from (3.3) by replacing b to a

with
(3.31)

F(3a—c)T(l4+a-bI'(l+a—c)T(1+a—-d)T(1+a—b—c—d)

_ -\
A= F3a)T(1+a-b—-c)F'(1+a—b—d)T(1+a—c—d) ’
0A
(3.32) 5o =AB,
_OlogA
(3.33) Bi= o=
= %w (%G—C> +¢(14+a-b)+yv(1+a—c)+(14+a—d)

+w(1+a—b—c—d)—%w(%a) — ¢ (1+4a)
—¢Y(1l+a-b—c)—9Yp(1+a-b—-d)—y(1+a—c—d),

(3.34) % =(-1)"""(n—r—-1)! {(%) ) ¢(n—m, %a—c)

+¢(n—r,14+a-0+¢(n—r,1+a—c)
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+¢(n—r,14+a—-d)+¢{(n—r,1+a—-b—c—d)
1

—(§)WTQn—n%a%ﬂﬂn—n1+a)

—¢(n—=r,1+a—-b—c)—C(n—r,14+a—>b—d)
—C(n—r,l—i—a—c—d)} (n—r—1€N).

The equation (2.7) gives:

Formula 4.
(3.35)

1
1 r a, 1+ §a, b, c;
/ z?! (1- w)a_2d log" ( ) 4I3 x| dr
0

— )2 1
(1-2) §a,1+a—b1+a—c;

Fl+a-bT'(l+a—c) O"A

F'l+a)l(14+a—-b—c) dd"’
where the expression for %:;;4 can be obtained from (3.3) by replacing b to d
with

(AT (1+a—2d)T(1+a—b—c—d)

(3.36) A= Frl+a—-b—d)T'(l+a—c—d)
0A
(3.37) o7 = AB,
(3.38) B::alggA:w(d)—2¢(1+a—2d)+w(1+a—b—d)
+¢Yv(l4+a—c—d)—yp(1l+a—c—>b-d),
(3.39)
an_T_lB n—r n—r
W:(n—r—l)!{(—l) Cn=—r,d)+2"7"¢C(n—7r,14a—2d)

—((n—r,14+a-b—-d)—C(n—r,1+a—c—d)
+((n—r,1+a—b—c—d)} (n—r—-1€N).

4. New class of finite double integrals involving generalized
hypergeometric function

In this section, we shall establish a new class of double integrals containing
generalized hypergeometric function. Note that while deriving the integrals,
we shall use he the well-known double integrals (1.9) due to Edwards [4].
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Theorem 6. Under the conditions given in (2.1), the following double integrals

formulas hold true:

(4.1) / / 2P (1 — ) (eIl (g yi-(rab)
a, 1+ —a c;
9 ) ) ]_ _
3By | 2 _yd -2 dedy = Ay,
sa, 1+a—c; (1= ay)
2 b b
1,1
/ / y1+a—2b (1 _ $)1+a72b71 (1 _ y)b*l (1 _ :L_y)lf(lJrafb)
o Jo
1
a, 1+ ia, c; 1—y
~3F2 1 *m d.dey—Al,
ia, 14+a—c; y

where Ay is the right-hand side of (2.1).
Theorem 7. Under the conditions given in (2.2), the following double integrals

formulas hold true:

(4.2) / / (1—2)°1 (1= ) BameD) (1 _ gy)l—Ha

1
1+ -a, b; 1-

B a,1+3a,b; y(l-x) drdy = Ao,
l4a—-b,14a—c; (1—ay)

1 1
[ e a-of T asy T iy
0 0

1
14+ —a,b; 1-—
a, 1+ 20/’ - 7@/ d.dey :AQ,
Y

3Fy
l14a—-b,14a—c;

where Az is the right-hand side of (2.2).

Theorem 8. Under the conditions given in (2.3), the following double integrals

formulas hold true:

/ / 1 . 1' C 1 (1 . y)(lJrafb*C)*l (1 —zy

1
R R )

3B A S
1 _
§a,1+a70; (1—ay)

1 1
/ / lerafbfc (1 - :C)l-l-a—b—c—l (1 o y)c—l (1 —zy
0 Jo

)17(1+a7b)

drdy = As,

)1—(1+a—b)
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1
S DR R SR —A
32y —m LTaY = A3,
—a,1+a—b; 4
2
where As is the right-hand side of (2.3).

Theorem 9. Under the conditions given in (2.5), the following double integrals
formulas hold true:

1,1
(4.4) / / Y (1—2)t (- y)(1+a72b)71 (1- zy)17(1+afb)
o Jo

1
a, 1+ —a, C’d;y(l—x)

2
1 _
ia,1+a—c1+a—d;(1 zy)

1 1
a— 14+a—2b—1 b—1 1—(14a—b
//yl+ 2 (1 = g) 2L (gl (g gyytm(ed)
0 0

-4F3 d.’L‘dy = .A4,

1
a,1+§a,c,d; 1—y
'4F3 1 ﬁ d.%'dy :.A4,
—a,l1+a—cl+a—d; Ty

2
where Ay is the right-hand side of (2.5).

Theorem 10. Under the conditions given in (2.6), the following double inte-
grals formulas hold true:

(45) /O /0 yc (1 _ .’L')C_l (1 _ y)(%a—c—l) (1 . xy)l_%a

1
a,1—|—§a, b, d; 7y(1fz)

.4F3 1 d.dey:A5,
l4a—-b1l+a—c 1+a—d; (1 —zy)
ot 1 ta—c—1 c—1 1-1a
J A A e e (A (R i
o Jo
1+1 b,d; 1
a —a : —
43 ’ g Y dedy = As,

l+a—-b,14+a—c,14+a—d; (1 —zy)
where As is the right-hand side of (2.6).

Theorem 11. Under the conditions given in (2.7), the following double inte-
grals formulas hold true:

1 1
(4.6) / / y (1 - x)d—l (1— y)(1+a—2d)—1 (1- :Cy)l—(l-i-a—d)
0 0
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1
a, 14+ =-a, b, c;
) y Uy ) 1_
<43 2 L z) drdy = As,

1 _
§a,1+afb1+afc;(1 zy)

1 1
/ / y1+a—2d (1 . z>1+a—2d—1 (1 . y)d—l (1 . zy)l—(l-i-a—d)
0 0

1
a,1+§a,b,c; 1—y B
-4F3 P um—— d(Edy—.Aﬁ,

1 _
§a,1+a—b1+a—c;(1 zy)

where Ag is the right-hand side of (2.7).

Remark. For similar integrals, we refer [3, 5, 6].

5. Concluding remarks

Classical theorems on hypergeometric functions have been used to evaluate a
variety of definite integrals involving hypergeometric functions and logarithmic
functions. Alternative forms of some of the results by Brychkov [1] are also
established.
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