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REGULARITY OF TRANSFORMATION SEMIGROUPS
DEFINED BY A PARTITION

PATTAMA PURISANG AND JITTISAK RAKBUD

ABSTRACT. Let X be a nonempty set, and let # = {Y; : i € I} be a
family of nonempty subsets of X with the properties that X = UieI Yi,
and Y; NY; = @ for all 4,5 € I with ¢ # j. Let  # J C I, and
let TY)(X) = {a € T(X): Vi€ I3j € J,Yia CY;}. Then T (X) is
a subsemigroup of the semigroup T' (X, Y(J)) of functions on X having
ranges contained in Y (), where Y(/) := Uiy Yi- Foreach a € Tg)(X),
let x(®) : I — J be defined by ix(®) = j < Y;a C Y. Next, we define two
congruence relations x and X on TL(QJ) (X) as follows: (o, B) € x < (@) =
x® and (o, 8) € X & x(¥|; = x(P)| ;. We begin this paper by studying
the regularity of the quotient semigroups Tg) (X)/x and Tg) (X)/X, and
the semigroup TL(;) (X). For each o € T (X) := Tg)(X), we see that
the equivalence class [a] of a under x is a subsemigroup of T'g (X) if and
only if X(O‘) is an idempotent element in the full transformation semigroup
T(I). Let I#(X), Sz(X) and Bg(X) be the sets of functions « in
Tg (X) such that x(®) is injective, surjective and bijective respectively.
We end this paper by investigating the regularity of the subsemigroups
[a], I#(X), Sz (X) and Bz (X) of T (X).

1. Introduction and preliminaries

An element a of a semigroup S is called a regular element if there is an
element b of § such that aba = a. Throughout this paper, for any semigroup
S, the set of all regular elements of S is denoted by R(S). A semigroup whose
every element is regular is called a regular semigroup. For any nonempty set X,
it is well-known that the semigroup 7'(X) of full transformations on X under
the composition is regular, that is, for every a € T'(X), there exists 8 € T(X)
such that afa = «a (see [2], page 33). In fact, for each a € T'(X), the function
B on X defined by z8 = a, if + € Xa and zf = a otherwise, where a is a
point in X which is fixed and for each z € Xa, a, is a point in za~' which
is also fixed, satisfies «Ba = «. There have been several works on studying
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subsemigroups of the regular semigroup T(X). We mention some of them as
follows.
For each nonempty set X and a nonempty subset Y of X, let

T(X,Y)={aeT(X): Xa C Y},

and

T(X,Y)={aeT(X):YaC Y}
These two subsemigroups of the full transformation semigroup 7'(X) have been
studied by many people (see [5], [10], [15], [16] for some related works). Here
we list some necessary results on the regularity of T(X,Y’) from one of those

([10] of Nenthein et al.) for referring to in the sequel.

Theorem 1.1 ([10], Theorem 2.1, page 308). Let X and Y be nonempty sets
such that Y C X. For any a € T(X,Y), the following are equivalent:

(1) a € RIT(X,Y));

(2) Xa=Yaq;

B) YN{ze X :za=z2a}#0 for allx € X;

(4) za™tNY #0 for all z € Xa.

Theorem 1.2 ([10], Corollary 2.2, page 309). Let X and Y be nonempty sets
such that Y C X. Then T(X,Y) is regular if and only if Y = X or |Y| = 1.

Remark 1.3. In the proof of Theorem 1.2 mentioned above, the authors showed
that if |Y] > 1 and Y # X, then T'(X,Y) is not regular by defining a function
a € T(X,Y) which is not regular as follows: zaw = a if x € ¥ and zav = b
otherwise, where a and b are two fixed different points in Y.

In this paper, we define some further subsemigroups of 7'(X) and study their
regularity. Over the years, there have also been a bunch of research works on
semigroup regularity dealing with semigroups of functions on a set along with
a mathematical structure, for instance, a vector space and a partially ordered
set (see [1], [6], [7], [9], [13], [17], [18] for some references). Another interesting
one is a set together with an equivalence relation. Let X be a nonempty set,
and let £ be an equivalence relation on X. Let

Te(X)={aeT(X):Ve,y € X,(z,y) € £ = (za,ya) € E}.

This subsemigroup of the full transformation semigroup T'(X) was defined in
[11] by Huisheng. The author proved that Tg(X) is exactly the semigroup of
all continuous functions on X equipped with the topology having the family of
all equivalence classes as a base. The regularity of this semigroup was studied
in [12] by the same author in 2005. He obtained that a function « in Tg(X) is
regular if and only if for each equivalence class A, there exists an equivalence
class B such that AN Xa C Ba. It was remarked that if the equivalence
relation £ on the set X is neither {(z,z) : * € X} nor X x X, then the
semigroup Tg(X) is not regular. To see this explicitly, the author defined a
function « € Te(X) which is not regular as follows: fix an A € X/€ such that
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A # X and |A| > 1, choose a,b € A with a # b, and let a: X — X be defined
by xa =a if x € A and za = b otherwise. The nonregularity of o was deduced
from the fact that A N X« is not a subset of Ba for all B € X/£. From this,
the following result was obtained.

Theorem 1.4 ([12], Proposition 2.4, page 111). For any nonempty set X and
equivalence relation € on X, Te(X) is reqular if and only if € = {(x,z) : v € X}
or£=XxX.

There have been a number of works extending the results of Huisheng men-
tioned above (see [4], [8], [14] for some references). Here we deal with another
approach of the setting of Huisheng and extend it to be more general.

2. Semigroup of transformations defined by a partition

In this section, we define a subsemigroup of the full transformation semi-
group T(X), where X is a fixed nonempty set, and then study its regularity.

Definition 2.1. Let X be a nonempty set, and let % = {Y; : i € I} be a
family of nonempty subsets of X. We call .# a partition of X if X = J,.; Y
and Y;NY; = 0 for all i, j with ¢ # j. Let ¥x = {X} and Ax = {{a}:a € X}.
Each of these two partitions is called a trivial partition of X.

Throughout the rest of this paper, let X be a nonempty set which is arbi-
trarily fixed. For any o € T(X), if X = {a; : i € J} with a; # a; for all i # j,
then we write « in a form of matrix by

-1
o= i .
a;

This notation was introduced by Clifford and Preston in [3] (see page 241). We
also make use of the following notation: if {Y; : ¢ € I'} is a partition of the set
X, then for each a € T'(X), we write

(Yi)
a = ,
Q;

where for each ¢ € I, «; is the restriction of « to Y;. Next, we consider another
approach of the setting of Huisheng originally defined in [11]. Here, we begin
with a fixed partition of the set X. It is well-known that any partition of a set
induces naturally an equivalence relation on that set. Henceforth, in addition
to the set X, let .# = {Y; : ¢ € I} be an arbitrarily fixed partition of X. Define

Tz(X)={aeT(X):VieIFjel,YaCY;}

It is evident that T'#(X) is a submonoid of the full transformation semigroup
T(X). The semigroup Ti#(X) can be generalized by fixing, in addition to the
partition % of X, a nonempty subset J of the index set I as follows. Let J C I
with J # ), and let

T (X) = {a e T(X): Vi€ [3j € J,Y;a CY;}.
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Let Y/ = Uic, Yi- Then we can easily see that Tg)(X) is a subsemigroup of
T(Xx,YWY).

Proposition 2.2. (1) TY(X) = T (X,Y")) if and only if |J| = 1 or
F = Ax.
(2) Tg)(X) =T(X) if and only if J =1 and F is trivial.
Proof. (1) The necessity is obviously true. We are now going to prove the
sufficiency. Suppose that |J| > 2, and that # # Ax. Then there are v,u € J
and 7 € I such that v # p and |Y;| > 2. Next, wefixa€Y,, b€y, andceY;
and then define a function a: X — X as follows:

<m\a{c} (X\Yz-b)U{c} )

o =

Clearly, o € T (X, YD)\ T (X).

(2) It is obvious that the necessity is true. To prove the sufficiency, we
assume that T3 (X) = T(X). Then T4 (X) = T (X,Y))) = T(X). Since
T (X, YY) = T(X), it follows that X = V). Hence J = I. And since
TY(X) = T (X,YD), we have by (1) that |I| = |J| = 1 or . = Ay, which
yields that .# is trivial. O

Form the above proposition, we obtain immediately that Tz (X) = T(X) if
and only if % is trivial. By the assumption that % is a partition of X, we
have for each a € Tg)(X) that for every ¢ € I, there is a unique j; € J such
that Y;a C Yj,. Thus we can define a function X : T — J corresponding to

« as follows: '
X = ( ‘ > )
Ji

The function x(®) is called the character of o.
Lemma 2.3. For all o, 8 € TS (X), x(@) = x(@)x®).

Proof. Let a, 8 € Tg)(X), and let ¢ € I, ix(® = j, and jx® = k. Then
YiaB = (Yia)B C Y;3 C Yy, Thus ix(®® =k = jx® = ix(@x(®). The proof
is complete. O

The notion of character provided above leads us to define two relations x
and X on Tg) (X) as follows:

(@, 8) € x & X =X,
and
(@, 8) ex & XN =xPs.
It is obvious that x C ¥, and that x = x if and only if I = J. It is also clear
that they both are equivalence relations on Tg )(X ). And by Lemma 2.3, they
are furthermore congruence relations. Thus both Tg ) (X)/x and T;])(X )/X
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are semigroups. For each o € T;])(X ), let [a] and [/07] denote the equivalence
classes of o under the equivalence relations x and x respectively.

Theorem 2.4. (1) Tg)(X)/X >~ T(I,.J) by the isomorphism [a] — x (V).
(2) Tg)(X)/f >~ T(J) by the isomorphism [a] — x(@)];.

Proof. (1) By the definition of x, we immediately have that the function [a] —

x(@) is well-defined and injective. And by Lemma 2.3, it is a homomorphism.

To see that it is surjective, let v € T(I, J). For each i € I, fix an a; € Y;,, and
then define a function a : X — X by

()
a= .
a;
It is evident that o € T;])(X) and x(®) = ~.
(2) Similarly to (1), the function [a] — x(®)|; is a well-defined injective

homomorphism. To get that it is surjective, let v € T'(J). For each i € J, fix
an a; € Yiy. Also, we fix an a € Y) and then define a function o : X — X

by
( Y X\y® )
o= )
@i a ieJ
Obviously, a € Tg)(X) and X(a)|J =7. O

From Theorem 1.2 and Theorem 2.4, the following corollary is immediately
obtained.
Corollary 2.5. (1) The following are equivalent:
(a) The quotient semigroup T(;)(X)/X 18 reqular;
(b) the semigroup T'(I,J) is reqular;
(¢c) J=1Tor|J| =1.
In particular, the quotient semigroup T (X)/x is regular.

(2) The quotient semigroup Tg) (X)/X is regular.

We now turn our attention to investigate the regularity of the semigroup
TS (X).
Theorem 2.6. The semigroup T;])(X) 1s reqular if and only if ‘T;])(X)‘ =1
or TS (X) = T(X).
Proof. The necessity is obviously true. To prove the sufficiency, we suppose
that ‘T;]) (X)‘ > 1 and T;])(X) # T(X), and divide the proof into two cases.

Case 1 J = I: In this case, by the assumption that T(;)(X) # T(X), we have
Z is not trivial. Hence there are 4,j € I such that ¢ # j and |Y;| > 2. Let a
and b be two different points in Y;, and define a function o : X — X as follows:

ae (T XY,
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Clearly, a € T#(X). Next, let 8 € Tiz(X). i € j (x**) ", then we obtain
for any point z € X \'Y; that zafa = a # b = za. For the case where
1€ (x(ﬁ))il, we have for each point = € Y; that zafa =b# a = zo.

Case 2 J # I: We have in this case that Y(/) % X which yields that Tg)(X) Cc
T (X, Y)) ¢ T(X). And by the assumption that ‘T(;)(X)‘ > 1, we have
[Y(D| > 1. Let a be the nonregular element of the semigroup 7' (X,Y))

defined in Remark 1.3. It is clear that o € ng;]) (X), which yields that T(;) (X)
is not regular. O

Remark 2.7. Case 1 in the proof of the above theorem can actually be deduced
from Theorem 1.4 of Huisheng mentioned in the introduction. Here, we prove
again by our own way. Our proof is just straightforward from the definition of
regularity.

3. Some further subsemigroups of Tz (X)

In this section, we introduce some new subsemigroups of the semigroup
T4 (X) and study their regularity. According to Theorem 2.4, for any v € T'(I),
the equivalence class of o € T'#z(X) having the character v may be denoted
for convenience by 7. Clearly, for each v € T'(I), the set 7 is a subsemigroup
of T#(X) if and only if v is an idempotent element. The following result on
characterizations of idempotents in the full transformation semigroup 7'(Z), for
any set Z, is elementary. We state here for completeness and self-containness
of the contents in this paper.

Proposition 3.1. Let Z be a nonempty set, and let v € T(Z). Then the
following are equivalent:

(1) v is an idempotent element;
(2) Y|z is the identity on Zv;
(3) there is a partition {Z; : j € E} of the set Z such that

_( %
where z; is a fived element in Z; for all j € E.
In this situation, the partition {Z; : j € E} and the subset {z; : j € E} of the

set Z are uniquely determined by ~y.

Theorem 3.2. Let v € T'(I) be an idempotent element, and let {I; : j € E}
be the partition of I with the element i; in I; for all j € E such that

I; )
y=1 . )
( &)
For each j € E, let W; = Uz‘elj Y;. Then, for every a € %, a € R(¥) if and

only if alw, € R (T(W;,Y;,)) for all j € E.



REGULARITY OF TRANSFORMATION SEMIGROUPS 223

Proof. Let « € 7. Suppose that o € R(J). Then there is § € 7 such that
afa = a. For each j € E, let o = alw, and B; = Blw,. Since (@ =
x®) = ~, we have that both a;j and B; belong to T'(W;,Y;;) for all j € E.
And since afa = a, it follows for each j € E that a;f5ja; = ;. Therefore
a; € R(T(W;,Y;,)) for all j € E. Conversely, suppose that o := afw, €
R (T(W;,Y;,)) for all j € E. Then for each j € E, there is 3; € T(W;,Y;;)
such that «;8;a; = a;. Since {W; : j € E} is a partition of X, the following

function 8: X — X:
(W
ﬁ_( Bi )

is well-defined. It is obvious that 8 € 7, and that af8a = «, which yields that
« is a regular element of . The proof is complete. O

Remark 3.3. From Theorem 3.2, some further characterizations of the regular-
ity of elements in 7 for any idempotent v in 7'(I) can immediately be deduced
from Theorem 1.1 of Nenthein et al. [10] mentioned in the introduction.

Corollary 3.4. Let v € T(I) be an idempotent element, and let {I; : j € E}
be the partition of I with the element i; in I; for all j € E such that

(L
' ( ij )
Let W; = UiteYi forall j € E and Eg = {j € E:|Y;,| = 1}. If Eg # 0, let
W =Ujer, Wis Io = U,ep, Lj; and define a : W — W as follows:

=(% )
Yj

where y; is the only element of Y;, for each j € Eqo. Then the following are
equivalent:
(1) 7 is regular;
(2) T(W;,Ys,) is reqular for all j € E;
(3) for everijE if j ¢ Eo, then W; =Y ;
(4) ~ is the identity function on I, or 5 = {a}, or ¥ is exactly the set of
all B € T#(X) such that Blw = a and xP) |n\1, 8 the identity function
on I\ Io.

Proof. (1) < (2) and (2) < (3) immediately follow from Theorem 3.2 and
Theorem 1.2 respectively.

We now prove (3) = (4). Suppose that (3) holds. There are three cases to
be considered.
Case 1 Ey = (): We have in this case that W; =Y, for all j € E, which yields
that I; = {i;} for all j € E. Thus {I; : j € E} = Ay, and therefore v is the
identity function on I.
Case 2 Fy = E: In this case, it is clear that if § € 7, then f|w,; = a|w, for all
j € E. This implies that 8 = « for all 8 € 7. Hence 7 = {a}.
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Case 3 0 # Fy # E: In this case, we have that ) # W # X and (§ # E\ Ey # E.
Similarly to Case 1, we have {I; : j € E\ Eo} = Apy,. This yields that v is
the identity function on I'\ Iy. Thus, for any S € 7, we get that X(B)|[\[O is the
identity function on I\ Iy. Since W # @, the function a can be considered in
this case. For each 8 € 7, since X(ﬁ)|1U = 7|1,, similarly to Case 2, we obtain
that B|w, is exactly alw, for all j € Ey. Accordingly, flw = « for all 8 € 7.
Finally, we will prove (4) = (3). Suppose that (4) holds. Then we have
three cases to consider.
Case 1 v is the identity function on I: In this case, we have that I; = {i;},
which yields that W; =Y;, for all j € E. So (3) holds.
Case 2 7 = {a}: We have in this case that Ey = E. Thus (3) is true.
Case 3 7 is exactly the set of all § € T'# (X)) such that |y = o and x(ﬁ)h\jo is
the identity function on I\ Iy: To prove that (3) is true, let j € F and assume
that j ¢ Eo. Then i; € I\ Ip. Since v|py, is the identity on I\ I, we have
that I; = {4;}, which yields that W; =Y. O

Let I#(X), Sz(X) and Bz(X) be the sets of elements in T'#(X) whose
characters are injective, surjective and bijective respectively. Then Bg(X) =
I#(X)NSz(X). And by Lemma 2.3, both I#(X) and Sz (X) are submonoids
of T#(X), and Bz(X) is a submonoid of both I#(X) and S#(X). Notice
that I, (X), Sax (X) and Ba, (X) are exactly the sets of elements in T'(X)
which are injective, surjective and bijective respectively. And that Is, (X) =
Sy (X) = Bsy(X) = Ts (X) = T(X). We end this paper by studying the
regularity of the semigroups Bg(X), Sz(X) and I#(X).

Theorem 3.5. (1) The semigroup Bg(X) is regular.
(2) R(I7(X)) = R(S#(X)) = Bz (X).

Proof. (1) Let o € B#(X), and let v = x(®). For i € I, let o; be the restriction
of ato Y;. Then «; is a function from Y; into Y;,. We now let ¢ € I be arbitrarily
fixed, and for each x € Y;q;, let a(zz) be a fixed element in xai_l, and let a; be
another point in Y; which is also fixed. Let §; : Y;y — Y; be defined by

z Yy, \Yiy
ﬁi:<a§f) v )

a;
Next, we define g € T(X) by

- (%)

where j € I such that i = jy. We now want to show that g is well-defined.
Let z,2z € X. Then there are v, u € I such that x € Y, and z € Y,,. Since 7 is
surjective, there are i,j € I such that v =iy and g = jv. Assume that z = z.
Then Y, =Y, which yields that 7y = v = u = jy. Thus, by the injectivity of
v, we have i = j. So 8 = zf; = x; = z; = 2. Hence (3 is well-defined,
that is, 8 € T(X). It is evident that 8 € T'#(X), and that the character of
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B is exactly y~!. Therefore 3 € B#(X). Finally, we show that afa = a.
To see this, let x € X. Then x € Y; for some ¢ € I, and hence za € Y;q;.

Thus ((za)B)a = ((za;)Bi)a = (agfo)”) a= (agfo)”) o;. Since agfo)” € xaiafl, it

follows that ((za)B)a = (agc)“) a; = za; = za. Consequently, « is a regular
element of the semigroup Bg(X).

(2) We obtain immediately from (1) that Bz (X) C R(I#(X)) and that
Bz(X) C R(S#(X)). To see that B#(X) = R(I#(X)), let a be a regular
element of Iz (X). We want to show that & € B (X). Suppose to the contrary
that « is not a member of Bg (X ), which means x(® is not surjective. Since a
is regular, there is 8 € I#(X) such that afa = a, which yields from Lemma
2.3 that (@ xP (@) = y(®  Thus, by the injectivity of x(* and x®, we
have that X(B)|1X(Q) = (X(O‘))_l. Since x(® is not surjective, it follows that
Ix(® = I, which implies that x(®) is not injective. This is a contradiction.
Hence o € B#(X), and so R(I#(X)) = B#(X). We now turn our attention
to showing that Bz (X) = R(S#(X)). Let @ € R(S#(X)). Then there is
B € Sz(X) such that afa = a. And by the surjectivity of x(*), we have for
each i € I that i (X(O‘))71 # (). We claim that for each i € I, there is a unique
Ji € i(x(o‘))71 such that ;8 C Yj,. Let i € I, and fix z € Y;a™!. Then
za € Y;. To get what we claim, we will show that there is a j; € i(x(o‘))71
such that zaf € Yj,. If zaf were not in Y; for all j €4 (X(O‘))il, there would
be a k € I\ {i} such that zaf € Y, for some p € k (X(O‘))il, which yields
that 2o = zafa € Y, C Y. Since za € Y, it follows that Y; NY, # 0,
which is a contradiction. Hence there is a j; € ¢ (X(O‘))71 such that zaf €Y},
which implies by the definition of T'#(X) that ¥;8 C Y;,. It is clear that
ji is unique. Therefore ix?) = j; for all i € I. To see that a € B#(X),
suppose to the contrary that o ¢ Bz (X), that is, x(*) is not injective. Then
there is a v € I such that ’1/()((0‘))_1‘ > 1, which yields that x(#) is not

surjective. This is a contradiction. Therefore, « € Bg(X), and thus we obtain
Bz (X)=TR(S#(X)) as asserted. O

From Theorem 3.5, we obtain the following result on the regularity of I.sz (X).

Corollary 3.6. I#(X) is reqular if and only if I is finite.

Proof. Suppose that Iz(X) is regular. Then by Theorem 3.5, Iz#(X) =
Bz (X). Thus, by Theorem 2.4, we have that for every v € T(I), if v is
injective, then ~ is bijective. This occurs only when I is finite. Conversely,
suppose that I is finite. Then I#(X) = Bz(X). Hence, by Theorem 3.5
again, Iz (X) is regular. O

Similarly, the following result on the regularity of the semigroup Sz (X) is
obtained.
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Corollary 3.7. S (X) is regular if and only if I is finite.

Acknowledgements. The contents of this paper are taken in part from the
master’s thesis of the first author submitted to Silpakorn University under the
supervision of the second one. Both authors are grateful to the anonymous
reviewer for his/her careful reading and valuable comments and suggestions
which improved the presentation of this paper.

[1]
2]
3]

[4]

[5]
[6]
[7]
(8]
[9]
(10]
(11]
(12]
(13]
(14]
(15]

[16]

(17]

(18]

References

R. Chinram, Green’s relations and regularity of generalized semigroups of linear trans-
formations, Lobachevskii J. Math. 30 (2009), no. 4, 253-256.

A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups. Vol. I, Mathe-
matical Surveys, No. 7, American Mathematical Society, Providence, RI, USA, 1961.
—, The Algebraic Theory of Semigroups. Vol. II, Mathematical Surveys, No. 7,
American Mathematical Society, Providence, RI, USA, 1967.

L.-Z. Deng, J.-W. Zeng, and B. Xu, Green’s relations and regularity for semigroups of
transformations that preserve double direction equivalence, Semigroup Forum 80 (2010),
no. 3, 416-425.

P. Honyam and J. Sanwong, Semigroups of transformations with invariant set, J. Korean
Math. Soc. 48 (2011), no. 2, 289-300.

, Semigroups of linear transformations with invariant subspaces, Int. J. Algebra
6 (2012), no. 8, 375-386.

Y. Kemprasit and T. Changphas, Regular order-preserving transformation semigroups,
Bull. Austral. Math. Soc. 62 (2000), no. 3, 511-524.

S. Lei and P. Huisheng, Green’s relations on semigroups of transformations preserving
two equivalence relations, J. Math. Res. Exposition 29 (2009), no. 3, 415-422.

W. Mora and Y. Kemprasit, Regular elements of some order-preserving transformation
semigroups, Int. J. Algebra 4 (2010), no. 13, 631-641.

S. Nenthein, P. Youngkhong, and Y. Kemprasit, Regular elements of some transforma-
tion semigroups, Pure Math. Appl. 16 (2005), no. 3, 307-314.

H. Pei, Equivalences, a-semigroups and a-congruences, Semigroup Forum 49 (1994),
no. 1, 49-58.

, Regularity and Green’s relations for semigroups of transformations that pre-
serve an equivalence, Commun. Algebra 33 (2005), no. 1, 109-118.

, A note on semigroups of linear transformations with invariant subspaces, Int.
J. Algebra 6 (2012), no. 27, 1319-1324.

H. Pei and D. Zou, Green’s equivalences on semigroups of transformations preserving
order and an equivalence relation, Semigroup Forum 71 (2005), no. 2, 241-251.

J. Sanwong, The regular part of a semigroup of transformations with restricted range,
Semigroup Forum 83 (2011), no. 1, 134-146.

J. Sanwong and W. Sommanee, Regularity and Green’s relations on a semigroup of
transformations with restricted range, Int. J. Math. Math. Sci. 2008 (2008), Article ID
794013, 11 pages.

R. P. Sullivan, Semigroups of linear transformations with restricted range, Bull. Austral.
Math. Soc. 77 (2008), no. 3, 441-453.

P. Zhao and M. Yang, Regularity and Green’s relations on semigrouops of transfor-
matiions preseving order and compression, Bull. Korean Math. Soc. 49 (2012), no. 5,
1015-1025.




REGULARITY OF TRANSFORMATION SEMIGROUPS

PATTAMA PURISANG

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE

SILPAKORN UNIVERSITY

NAKHON PATHOM, 73000, THAILAND
E-mail address: nongyems@gmail.com

JITTISAK RAKBUD

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE

SILPAKORN UNIVERSITY

NAKHON PATHOM, 73000, THAILAND
E-mail address: jitti@su.ac.th

227





