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Abstract

Alternative analytic expressions for the mutual inductance (L) and coupling coefficient (%) between circular loops are presented using

more familiar and convenient expressions that represent the property of reciprocity clearly. In particular, the coupling coefficients are

expressed in terms of structural dimensions normalized to a geometric mean of radii of two loops. Based on the presented expressions,

various aspects of the mutual inductances and coupling coefficients, including the regions of positive, zero, and negative value, are

examined with respect to their impacts on the efficiency of wireless power transmission.
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[. INTRODUCTION

We live in a world of wireless communication, where huge
amounts of information are transferred between mobile termi-
nals. With the growing demand for wireless transfer of electric
power, wireless power transmission (WPT) technology has be-
come increasingly important. In 2007, a magnetically coupled
WPT was first investigated by Soljacic and his research group at
Massachusetts Institute of Technology [1]. They successfully lit
a 60-W bulb at a distance of 7 feet—more than 2 m using
helical coils of high Q-factor (= woL/R). Since then, numerous
papers have investigated theoretical [2, 3] and practical [4, 5]
evolutions of WPT systems. The transfer efficiency of WPT
systems has been well known to depend on the figure of merit,
defined as the product of the Q-factor (the geometric mean of
O and Q) and the coupling coefficient (4), and the load
resistance. The Q-factors of the coils are determined by the
dimensions and structures of two resonators. Therefore, the
coupling coefficient (£) remains to be the most important para-

meter to be determined carefully and accurately.

The mutual inductance (L), expressed as the product of the
coupling coefficient (%) and self-inductance (L) (actually, the
geometric mean of L; and L,) have been usually calculated
based on the Neumann integral, which can be expressed as an
integral of the Bessel function or complete elliptic integrals [6—
9], given by

L, = u,7RR, J‘: J, (sR,)J, (sR, )exp(—sd )ds 1)

and
RR
L, = o[ == [(2=m)K (m) = 2E (m) ] @)
where
L ___4RR
(Ro+R) +d* 3)

Ri and R, are radii of two loops. 4 is the distance between
two loops. The calculation of the mutual inductance between
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inclined circular coils is also provided in [6, 9]. A method of
extracting the coupling coefficients (or mutual inductance) was
suggested in [10]. These expressions have been found to agree
well with the results extracted with [10].

In this paper, alternative analytic expressions for the mutual
inductance and the coupling coefficient are presented. The new
expressions consist of geometric parameters of the loops. Spe-
cifically, the coupling coefficient in this work is more explicitly
expressed as a function of structure dimensions normalized to
the radius of a transmitting loop, which is indeed the nature of
the coupling coefficient. Based on the presented expressions,
various aspects of the coupling coefficients, including the re-
gions of positive %, zero %, and negative %, are examined with
their impacts on WPT transfer efficiency. Comparisons with
other expressions are also performed.

II. CALCULATION OF MUTUAL INDUCTANCE AND
COUPLING COEFFICIENT FOR CIRCULAR LOOPS

Fig. 1(a) and (b) show a WPT system consisting of two re-
sonant loops magnetically coupled with each other and its
equivalent circuit. When each loop is resonant at a resonant
angular frequency (@), the current on each loop can be easily
obtained. Details can be found in [10]. One compact but
meaningful expression for the power transfer efficiency was
obtained as

2
m

n =

)

(1+b 1+E,12)(1+11)~/1+Fm2) @

where F,, and 4 are the figure of merit of the WPT system and a
load deviation factor, defined by F, =k\Q0, and & =R,/

Ry respectively. When 6=1in (4) (R =Rrpn= Ry\/1+ sz )
[10], maximum efficiency is achieved. When &4 > 1, the WPT
system is in the under-coupled region. When 4 < 1, the WPT
system is in the over-coupled region. It is also notable that #.(5)
= 5(1/b) as shown in (4).

In Fig. 2, the magnetic flux @, crossing the opened se-
condary loop (L = 0) due to the current I; on the primary loop
is readily obtained by converting the surface integral to a line

integral, and is given by [7]

2 =L“E-d§2 =J_ (VX;)-dE: =<.fJ A-dls

ol ol dh dl
6 - g g A

where B is the magnetic flux density and A4

is the mag-

netic vector potential, d S. is the differential surface vector
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Fig. 1. Magnetically coupled wireless power transmission between two

resonant loops. (a) Geometry, (b) equivalent circuit.
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Fig. 2. Two circular loops with radii of loops (71 and 72) and distances (c,
d) for derivation of mutual inductance (L.) and coupling
coefficient (%).

on &, dl, is the differential line vector on the secondary loop,
and the other symbols are similarly defined. The mutual induc-
tance (L) is defined by

@, 85 §, d/l dii-dl; _ @,

L
" 11 1 (6)

This is the well-known Neumann integral for the mutual
inductance. The self-inductance of the primary loop (Li) is

given by

dl, - dll
]11 - 9511 qsl] ’ @
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where 4 'is the closed circle with radius 71’ (slightly smaller than
r1) and the self-inductance of the secondary loop (L) is similarly
defined [7]. The theoretical coupling coefficient between the
two loops is then given by

Ly 9.4, |
o o dh-dl; dly-dls
?}1' qjll R }[i’:‘ C'Ff: R J ®)

JLL,
We attempt to obtain a more tractable expression in terms of

dh dl

71, 1, d, and ¢. The distance between the source on the primary
loop and field on the secondary loop is given by

R B AR +d?+ ¢ = 2R cos(4, — ¢)
B +2¢(r,sing, - sing,) -0

The differential line element !, is given by
dl; =r1(—sin¢15x +cos¢15y), (10)

with dl similarly expressed. The dot product of the d I and

dl> is expressed as
dl-dl, =1 cos(¢, —¢), (11)

where 7 is the geometric mean of 71 and 7, (/77 ). L, and the L4
can be expressed as

L —
J- J- cos(¢,—4,) d4ds,
)
norn \r r
—2cos(¢, —¢)
el |n o |n
+2r(\/:sm¢2 \/;smqﬁlJ (12)
and
L=
cos(4, —4,)

2r
j W dgdg,

L_;r_ 2 —

\/r] K cos(4, —¢) (13)
and L, can be expressed similarly. If two loops are coaxially
aligned (¢=0), L,, is simplified to

LWI =
cos(¢@, —

ﬂ 2z 2z
4r J.Q,:OJ.(A:O s q)
2 1
LT T R I _
rfrf(r) os(ds ~h) (14)
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This expression is quite exact as others since it started from
the Neumann integral.
For the very special case in which d is very large (4 > n, ),

the closed-form formulas for the mutual inductance of a coaxial

case were given by [2, 7]
4
L, = Ho T -
2(r2 4+ +d?) (15)
and
4
_ Mt
Ly =7 FERE (16)

Under the assumption that 71" = 71 and r' = 7, (filamentary
loops) and 71/r1 = r,/r, coupling coefficient (8) can be finally

expressed as

ekl d e
}/i,r’r

[

cos(d, —4,)

51 +[d)2+(cj2_zcos(¢z—@)
+2° (\fsmqﬁ _\fsm@j

cos(d, —4,) ’
’

[0 dgdg,
i r
\/ o

—2cos(¢,—¢) 17)
where 7 is the geometric mean of 71 and 7 (\/E ). (17) has been
found to be exactly the same as the coupling coefficients in [8, 9]

dgdg,

but can serve as a convenient alternative expression written in
terms of structural dimensions normalized to the radius of the
transmitting loop 71 (2/r1, d/r, and ¢/7). This indicates that if the
ratios 7/r1, d/r, and ¢/r remain to be the same, the coupling
coefficients are the same irrespective of the real sizes of 75, 4, and
c. Of course, this holds true when 7, d, and ¢ are very small
compared with the wavelength, which is usually very large at
WPT frequencies. For example, at 6.78 MHz, the wavelength is
approximately 44 m.

III. DISCUSSION OF MUTUAL INDUCTANCE AND
COUPLING COEFFICIENT

We compared the normalized mutual inductance (L,/7) given
by (14) with (15) and (16) for the coaxial cases of r/r1 =1 in
Fig. 3(a) and n/r1 = 0.5 in Fig. 3(b), respectively. The ex-
pressions in [8] and [9] were also included for comparisons. The
results based on (14) (or (12)), [8] and [9] are shown to be in
excellent agreement (and exact). The results based on (15) and
(16) show large discrepancies when d/r is small. Thus, (15) and
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Fig. 3. Normalized mutual inductances (L./r) as a function of d/r
(Fyingt/ 71 = ringa/72= 0.02 assumed). (a) r/r1=1, (b) r»/r1=0.5.

(16) are not recommended for near-field WPT problems.

Fig. 4(a) and (b) show the normalized mutual inductances
(L/7) between two circular loops as a function of ¢/r for fixed
d/r=0.1,0.5,and 1. The cases of /71 =1 and 0.5 are shown in
Fig. 4(a) and (b), respectively. As ¢/r increases, the mutual
inductances are all shown to converge to zero as expected. It is
also observed that when ¢/7 is about 2, negative mutual induc-
tance becomes more pronounced as d/r decreases. The negative
mutual inductance simply means that the net magnetic flux in
loop 2 is crossing downward. The peak when ¢/7 is about 0.75
for the case of /r1 = 0.5 in Fig. 4(b) is due to the fact that the
magnetic flux from loop 1 is the strongest near the loop itself
not at the center. The sign of the mutual inductance is not
important for the two-loop WPT system, because even though
the direction of the current on loop 2 may change, the efficiency
remains the same. However, it does matter for the multiple-
input and multiple-output (MIMO) systems.

Fig. 5 shows £ (17) as a function of 7/r and d/r with r/r1 < 1
assuming ¢ = 0. Again, 7 is the geometric mean of 7 and 7.
Based on the property due to reciprocity theorem, Fig. 5 covers
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Fig. 4. Normalized mutual inductances (L./7) as a function of o/n
(Fringt/ 11 = Ting/72=0.02). (a) r/r1=1, (b) n/r1=0.5.

\

0.88
075
0.63
0.5

0.38
0.25
0.13

0.6
1’2- 4; 0.4

0.2 3.0
0.0

Fig. 5. Coupling coefficients (£) as a function of n/n1 and d/7 (rimg/r1=
rringZ/VZ = 0-02, = 0).

all possible combinations of 71, 7, and 4 if a rule is made that r

is the larger of 71 and 7. Eq. (17) holds true as long as 71, 7, and
d are much smaller than the wavelength. The coupling coeffi-
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cients are shown to monotonically decrease as ,/71 decreases and
d/r increases.

Fig. 6(a) and (b) show the coupling coefficients (17) for the
cases of 7/r1 =1 and 0.5, respectively, as a function of 4/r and ¢/7.
As explained in Fig. 5(a) and (b), the negative coupling coefti-
cients are shown to be most pronounced when @/ is very small
and ¢/r is about 2. For the case of 7/r1 = 0.5 shown in Fig. 6(b),
the maximum coupling coefficient occurs when &/r approaches
zero and ¢/7 is about 0.5.

We examine the coupling coefficients and the transfer effi-
ciencies of the WPT systems consisting of two resonant loops as
examples. Three kinds of loop structures are employed. The radii
of the loops are 5 cm, 10 cm, and 20 cm, respectively. In Table 1,
the values of R, L, C, and Q-factor are summarized for the three
loops. Each loop is made of copper with ¢ = 5.8 X 107 S/m.
The chip capacitors are loaded on the loops for a resonance at
6.78 MHz. The Q-factors of the loops have been calculated to
be 334.2 (r=5 cm), 668.3 (=10 cm), and 1,331.9 (=20 cm).

AT, 0.6
A —~—— -l

AT -

Fig. 6. Coupling coefficients (%) as a function of d/r and o/r (rg/r1=
T2/ 12=0.02). (2) /r1=1, (b) /rn=0.5.
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Fig. 7. Coupling coefficients (4) and transfer efficiencies () as a func-
tion of d/r for different r/r1 (=10 cm, Fing/r1= 1ring/12=0.02,
o/r=0).

Table 1. Circuit element values of three loops at 6.78 MHz

7, Tving (Cm) R(Q) L (uH) C (nF) Q-factor
5,01 0.034 0.267 2.068 310.6
10,0.2 0.034 0.533 1.034 621.1
20, 0.4 0.034 1.066 0.517 1,237.8

Fig. 7 shows the coupling coefficients and transfer efficiencies
as a function of d/r for the cases of n/r1=0.5, 1, and 2. The
radius of the primary loop (r1) is fixed at 10 cm. The coupling
coefficients for the case of 7/71 =1 are shown to be larger than
those of the other cases. The higher efficiency for the case of
r/r1 =2 compared to the case of /71 = 0.5 is due to the larger
Q factor, because the coupling coefficients remain the same.

Fig. 8(a) and (b) show the coupling coefficients and transfer
efficiencies as a function of ¢/ with different d/7s of 0.1 and 1
for the cases of 7/r1 =1 and 0.5. For the case of r/r1 =1 and d/r
= 0.1, the coupling coefficient changes sign from positive to
negative when ¢/7 is about 1.5. Near this position, the 80%
efficiency is shown to drop abruptly to zero but then to quickly
recover to a value above 70%. A similar phenomenon is ob-
served for the case of 7/r1 =1 and 4/r=1 but the efficiency
recovers to about 50%. For the case of 7»/r1 = 0.5, similar effects
are demonstrated, but the levels of the results are smaller than
those for the case of /r = 1.

IV. CONCLUSION

This paper presents alternative analytic expressions for the
mutual inductance and coupling coefficient between circular
loops. The mutual inductance and coupling coefficient have
been expressed in more familiar forms and explicitly written in
terms of structure ratios and the placement of loops. Various
aspects of the coupling coefficients, including the regions of
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Fig. 8. Coupling coefficients () and transfer efficiencies (nz) as a
function of ¢/r for different d/r1 (n=10 cm, Fina/r1=tringa/ 2=

002) (a) r/n= 1, (b) rn/n=0.5.

positive %, zero 4, and negative %, have been examined respect to
with their impacts on WPT transfer efficiency.
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