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Abstract

Re-auction happens when a bid winner defaults on the payment without making second in-line
purchase declaration even after determining sales permission. This is a process of selling
under the court’s authority. Re-auctioning contract price of real estate is largely influenced by
the real estate business, real estate value, and the number of bidders. This paper is designed
to establish a statistical model that deals with the number of bidders participating especially
in apartment re-auctioning. For these, diverse factors are taken into consideration, including
ratio of minimum sales value from the point of selling to re-auctioning, number of bidders
at the time of selling, investment value of the real estate, and so forth. As an attempt to
consider ambiguous and vague factors, this paper presents a comparatively vague concept
of real estate and bidders as trapezoid fuzzy number. Two different methods based on the
least squares estimation are applied to fuzzy regression model in this paper. The first method
is the estimating method applying substitution after obtaining the estimators of regression
coefficients, and the other method is to estimate directly from the estimating procedure without
substitution. These methods are provided in application for re-auction data, and appropriate
performance measure is also provided to compare the accuracies.
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1. Introduction

There are two types of real estate auction. The one is a compulsory auction which is requested
by the creditor when the real estate is owned by the debtor. The other is a voluntary auction
requested by a holder of a real right granted by way of security. Re-auction happens when a
successful bidder has not paid the balance until payment due without second in-line purchase
declaration even after determining sales permission. It is a process of selling under the court’s
authority. Reasons for defaulting on the payment can involve legal problems or economic
problems. Legal reasons may be caused by analyzing the real estate title, assessing market
price, and granting loans. Especially when the real estate market is in decline, re-auction is
likely done because of the default on the payment of purchasing the deal at a higher price than
the market price rather than because of the flaw of real estate or mistake of the analysis of real
estate title. Thus, a bidding pricing is very important in real estate auction [1–3].

However, many bidders often ruin the investment estimate the bidding price simply since
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they based on their past experiences, intuitions, and market
price. Dealing the real estate auction does not occur under
normal condition: it occurs under a special circumstance where
a bidder assesses the bidding price [3, 4]. As a result, price of
the winning bid decreases as the number of bidders increases,
and vice versa. Thus, in such type of deals, estimating the
number of bidders is extremely significant.

Study on the real estate auction has been conducted in various
fields, which may range from examining problems of auctioning
process, analyzing the legal title, to discovering different types
of case studies. Nevertheless, there has not been much study
neither on the bidding price nor on the degree of bidding which
chiefly affects the bidding price. One of the major problems
of establishing a mathematical model of the real estate auction
is the problem of uncertainty [2, 4]. There are two types of
uncertainties: stochastic uncertainty whose uncertainty can be
naturally resolved as time passes or as the experiment proceeds,
and fuzzy uncertainty whose uncertainty is caused by an unclear
distinction between different groups.

It seems more realistic to literally if not qualitatively express
the investment value of real estate, which is deemed to influence
the real estate auction, rather than presenting them as real num-
bers with definitive values. Hence, Zadeh [5, 6] suggested fuzzy
theory in order to express literal variables in mathematical form.
More specifically, he established the fuzzy control theory to
explain fuzzy uncertainty in terms of ambiguity and vagueness,
and to establish a necessary system for handling information
expressed in such ambiguous or vague manners. Fuzzy theory
quantifies ambiguity and vagueness by applying the degree of
fuzziness and fuzzy measure. It also handles inference, evalua-
tion, decision making based on quantified data.

This paper considers the ratio of minimum sales value from
the point of selling to the point of re-auctioning, number of
bidders at the time of selling, and investment value of the real
estate as discrimination variable in order to construct a statistical
model of the number of bidders participating in re-auctioning.
Since investment value of the real estate and the number of
bidders are ambiguous and vague in this particular suggested
model, trapezoid fuzzy number is used as a statistical variable.
As well, this paper uses the least square method in order to
estimate the regression model in accordance with the number
of bidders, using the trapezoid fuzzy number.

Also, two different methods based on the least squares esti-
mations are applied to fuzzy regression model. The first method
is to find the estimated values applying substitution after ob-
taining the estimators of regression coefficients, and the second

method is to find the estimated values directly from the es-
timating procedure without substitution. These methods are
provided in application for re-auction data, and proper perfor-
mance measure is also provided to compare the accuracies in
Section 2.

2. Fuzzy Regression Model Using Trapezoidal
Fuzzy Numbers

Fuzzy regression analysis was first introduced by Tanaka and
Hayashi [7] and Tanaka et al. [8] in order to apply linguistic
or vague data to regression analysis. Fuzzy regression analysis
using triangular fuzzy numbers and trapezoidal fuzzy number
have been studied in many works [9–15]. The theoretical studeis
regarding fuzzy regression model have been investigated in
[16–18].

A fuzzy number can be expressed differently due to subjec-
tive points of view while a crisp number is expressed uniquely.
However, expression of a fuzzy number is based on the objec-
tive observation, therefore a fuzzy number includes subjective
concept as well as objective concept. Triangular fuzzy num-
bers and trapezoidal fuzzy numbers have been widely used
to express these two different kinds of concepts. To analyze
re-auction data, we introduce a fuzzy regression model with
trapezoidal fuzzy input and outputs as follows:

Y (Xi) = A0 ⊕A1 ⊗Xi1 ⊕ · · · ⊕Ap ⊗Xip ⊕ Ei, (1)

where Xij is the j-th observation of i-th explanatory variable,
Ai is the fuzzy regression coefficient, and Y (Xi) is the response
variable. ⊕ and ⊗ is the addition and multiplication of fuzzy
numbers, respectively. For the arithmetic operations, see [19,
20]. The membership function MA(·) of a trapezoidal fuzzy
number (TrFN)A = (lea, l

p
a, r

p
a, r

e
a) can be expressed as follows:

µA(x) =



0 if x < lea

x− lea
lpa − lea

if lea < x < lpa

1 if lpa < x < rpa
rea − x
rea − r

p
a

if rea < x < rpa

0 if x > rea,

(2)

where lea and rea are two end points [13, 21], lpa and rpa and are
two peak points (see Figure 1).

If rea− rpa = lpa− lea, the trapezoidal fuzzy numberA is called
a symmetric trapezoidal fuzzy number (symmetric TrFN). If the
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Figure 1. Trapezoidal fuzzy numberA = (lea, l
p
a, r

p
a, r

e
a).

left endpoint lea is a positive number, then A is called a positive
TrFN. From practical point of view, note that the independent
variables which are assigned with only positive or nonnegative
fuzzy numbers, have been frequently used in several studies
[13, 22–24]. And if lpa = rpa = pa, A = (lea, pa, r

e
a) is a trangular

fuzzy number (TFN) [7, 10, 11, 25, 26].

The support of a fuzzy set is defined by S(A) = {x ∈
R |MA(x) > 0} = (lA(0), rA(0)). For any α in [0,1], the α-
level set is defined by A(α) = {x ∈ R |MA(x) ≥ α}, and
α-level set can be expressed by A(α) = [lA(α), rA(α)], where
lA(α) = lea + (lpa− lea)α and rA(α) = rea + (rpa− rea)α. From the
model (1) with positive TrFN as input and output, α-level set of
Y (Xi) with trapezoidal fuzzy inputs Xi = [Xi1,Xi2, · · · ,Xip]

can be expressed by Y (Xi)(α) = [lY (Xi)(α), rY (Xi)(α)], where

lY (Xi)(a) =

p∑
k=0

lAk
(α) · lXik

(α) + lEi
(α) (3)

and

rY (Xi)(a) =

p∑
k=0

rAk
(α) · rXik

(α) + rEi(α). (4)

Zadeh [6] suggested the extension principle to define the
membership functions of a function of fuzzy numbers. Op-
erations between fuzzy numbers can be defined based on the
extension principle. Further he suggested the resolution identity.
A fuzzy number can be expressed by α-level set based on the
resolution identity. Therefore, Y (Xi) can be estimated based
on its α- level set Y (Xi)(α) after estimating the regression coef-
ficients Ak(k = 0, · · · , p). The fuzzy regression coefficient Ak

can be estimated as follows:

In case the membership function of regression coefficient Ak

is known, Ak can be estimated by estimating the parameters of
membership function of Ak using specific estimated α-level set

Ak(α).

However, if the membership function of Ak is unknown, it
should be estimated applying non-parametric method to esti-
mated alpha-level sets of the regression coefficients after ap-
propriate number of alpha-level sets are properly calculated. In
case the membership function of regression coefficient AK is
unknown, Ak can be estimated by estimating finite number of
α-level sets of Ak and applying proper estimation method for
its membership function.

Next, the estimation procedure for the regression coefficients
is proposed when the membership functions of those are known.
In order to estimate the regression coefficients of (1), the regres-
sion model using trapezoidal fuzzy numbers for re-auction, 5
steps are proposed as follows: we suggest following 5 steps to
find the regression model (1) using (3) and (4).

Step 1: Use the least squares method to find the intermediate
estimators l̂Ak

(1) and r̂Ak
(1) of lAk

(1) and rAk
(1) by

minimizing

n∑
i=1

(
lYi(1)−

p∑
k=0

lAk
(1) · lXik

(1)

)2

= Min!

and

n∑
i=1

(
rYi

(1)−
p∑

k=0

rAk
(1) · rXik

(1)

)2

= Min!,

respectively.

Step 2: For some α∗ ∈ (0,1), find the intermediate estimators
l̄Ak

(α∗) and r̄Ak
(α∗), using the formula defined in step

1. That is,

n∑
i=1

(
lYi

(α∗)−
p∑

k=0

lAk
(α∗) · lXik

(α∗)

)2

= Min!

and

n∑
i=1

(
rYi(α

∗)−
p∑

k=0

rAk
(α∗) · rXik

(α∗)

)2

= Min!,

respectively. Then find the estimators l̂Ak
(α∗) and

r̂Ak
(α∗) of lAk

(α) and rAk
(α) satisfying

l̂Ak
(α∗) = Min

{̄
lAk

(α∗), l̂Ak
(1)
}
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and

r̂Ak
(α∗) = Max

{
r̄Ak

(α∗), r̂Ak
(α∗)

}
to be TrFNs.

Step 3: For arbitrary α∗ 6= α ∈ (0,1), find the intermediate es-
timators l̄Ak

(α) and r̄Ak
(α), using the formula defined

in step 2. Then find the estimators l̂Ak
(α) and r̂Ak

(α)

of lAk
(α) and rAk

(α) satisfying

l̂Ak
(α) =



Max
{
l̂Ak

(α∗), Min{ l̄Ak
(α), l̂Ak

(1)}
}

if α∗ < α

Min{ l̄Ak
(α), l̂Ak

(α∗)}

if α∗ ≥ α

to be TrFNs. The {̂lAk
(αj) : j = 1, · · · , s} and {r̂Ak

(αj) :

j = 1, · · · , s} estimated in step 3 are used to estimate
the membership function of the regression coefficients.
Note that when the membership function is given as
a nonlinear curve, more number of αjs are needed to
estimate the regression coefficients.

Step 4: To estimate the membership function MÂk
(·) of Âk,

we use α-level set Âk(αj) = [̂lAk
(αj), r̂Ak

(αj)](j =

1, · · · , s), where s is the number of α-level sets that
we are going to estimate. For this, we apply the least
squares method to {(r̂Ak

(αj),αj)|j = 1, · · · , s} and
{(̂lAk

(αj),αj)|j = 1, · · · , s}. We estimate the member-
ship function MÂk

(·) of Âk satisfying

MÂk
(̂lAk

(1)) = MÂk
(r̂Ak

(1)) = 1.

Step 5: We find the estimated value Ŷ 1
i (Xi) of Y (Xi) using

Âk(k = 0, · · · , p) obtained from above 4 steps and the
fuzzy regression model (1) as follows:

Ŷ 1
i (Xi) = Â0 ⊕ Â1 ⊗Xi1 ⊕ · · · ⊕ Âp ⊗Xip.

In ordinary regression, there is only one method to find the
estimated value of responsible variable. That is, after finding
the estimates of the regression coefficients we use the regres-
sion model by substitution. On the other hand, we consider
two different methods in this paper to find the estimated value
of Y (Xi) of fuzzy regression model. The first method to find
Ŷ 1
i (Xi) after estimating Âk and applying substitution to fuzzy

regression model following above 5 steps. The second method

Figure 2. Fuzzy numbers for the value of real estate.

is applying above steps directly to Y (Xi) not estimating coeffi-
cient of regression Âk, which will be denoted by Ŷ 2

i (Xi). Note
that there are some methods which estimate response variables
directly without estimating the regression coefficients. It might
be simple to estimate Y 2

i (Xi) directly, but this method has a
drawback, which makes it unable to estimate Y 2

i (Xi) when a
new value of independent variable is given. We compare Ŷ 1

i (Xi)

and Ŷ 2
i (Xi) through re-auction data provided in next section.

3. Fuzzy Regression Model for Re-auction Data

To find the statistical model for real estate re-auction data, we
investigated the potential variables which may affect the number
of bidders. Consequently, we found out that affect the number
of total bidders has to do with the ratio between the price of
lowest bid, the total number of bids, and the perceived market
value of the real estate. In order to find the statistical model
for the number of bidders based on the study in advance, we’ve
actually used 18 samples of specific area of Seoul in 2013. The
number of bidders on re-auction is known to be dependent on
the number of bidders who participated on the original auction
prior to failure of bidding. According to the expert view, it
is empirically known that the number of bidders of re-auction
shows specific patterns when the number of bidders of prior
auction was 13, 420, and over 20. Auction participants of
targeted real estate are heavily influenced by the subtle changes
in the market climate [2]. Therefore, the number of bidders
should reflect facts both subjective and objective, thus should be
expressed in terms of trapezoidal fuzzy numbers. In addition, it
is also known that the price of lowest bid of re-auction gets 20%

smaller than prior auction [3]. The number of bidders just prior
to the re-auction serves as the crucial factors which decides
outcome. However, the main reason for failure of bidding has
to do with unreasonably high winning price, so the reasonable
bidding price is really important.

The real estate value at re-auction is determined by factors
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Table 1. Fuzzy data for sales volumes

No. xi1 xi2 Xi3 Yi

1 0.8 2 (8,9,10,10) (14,16,18,20)

2 0.8 2 (4,5,5,6) (2,4,6,8)

3 0.8 1 (4,5,5,6) (0,1,2,3)

4 0.64 1 (8,9,10,10) (10,13,16,19)

5 0.64 1 (5,6,7,8) (0,1,2,3)

6 1 1 (2,3,4,5) (1,2,3,4)

7 1 3 (5,6,7,8) (1,3,6,8)

8 0.64 2 (5,6,7,8) (0,1,3,4)

9 0.8 4 (8,9,10,10) (2,4,6,8)

10 1 7 (4,5,5,6) (1,2,3,4)

11 0.8 2 (8,9,10,10) (1,2,6,7)

12 0.8 1 (5,6,7,8) (0,1,3,4)

13 0.64 1 (7,8,8,9) (2,4,6,8)

14 1 18 (8,9,9,10) (6,8,10,12)

15 1 10 (8,9,9,10) (4,6,8,10)

16 0.64 1 (8,9,9,10) (3,4,6,7)

17 0.64 1 (2,3,4,5) (1,2,3,4)

18 1 5 (4,5,5,6) (2,3,4,5)

such as the average lowest price of sales, location, market cli-
mate, similar sales in the neighbor, and various subjective opin-
ions held by the auction participants. Therefore, the value of
real estate at re-auction can be expressed in term of trapezoidal
fuzzy numbers as follows (See Figure 2):

(8, 9, 10, 10)(very good), (7, 8, 8, 9)(good), (5, 6, 7, 8)(some-
what good), (4, 5, 5, 6)(average), (2, 3, 4, 5) (somewhat bad),
(1, 2, 2, 3)(bad), (0, 0, 1, 2)(very bad).

The number of failure of bidding at re-auction can be ex-
pressed in terms of the ratio of the lowest bidding price due to
failure of bidding, because it is known that the price of lowest
bid of re-auction gets 20% smaller than prior auction. The fuzzy
regression model for ratio of the lowest bidding price due to
failure of bidding (xi1), the number of bidders of prior auction
(xi2), investment value of the real estimate (Xi3), number of bid
participants Yi is as follows:

Yi = A0 ⊕A1 ⊗ xi1 ⊕A2 ⊗ xi2 ⊕A3 ⊗Xi3 ⊕Ei

where Yi, Xi3, and the regression coefficient Aj(j = 0, · · · ,3)

are TrFN, and xik(k = 1,2) are crisp numbers (i = 1, · · · ,18)

(See Table 1).

The fuzzy regression model using 5 step method that we

Figure 3. The observed and estimated number of bid participants:
Ŷ 1
i (Xi).

Figure 4. The observed and estimated number of bid participants:
Ŷ 2
i (Xi).

proposed in Section 2 for 18 samples of specific area of Seoul
is as follows:

Ŷ 1
i (Xi) =− 5.34⊕ (2.07,2.33,3.75,4.11)⊗ xi1

	 0.03⊗ xi2 ⊕ (1.01,1.17,1.45,1.72)⊗Xi3.

Here, the constant termA0 and the coefficientA2 of the number
of bid participants of first auction (xi2) are calculated as crisp
numbers after applying Min-Max operation in step 3 in Section
2. Here, the 0 spreads of Â0 and Â2, estimated from step 1 to
step 5, explains that the number of bidders of prior auction can
affect only the mode of number of bid participants.

Figure 3 shows the observed number of bidders and estimated
number of bidders Ŷ 1

i (Xi) obtained by estimating the coeffi-
cients Ak. Figure 4 shows the observed number of bidders and
estimated number of bidders Ŷ 2

i (Xi) which is obtained directly
from the proposed steps.

In order to compare the efficiencies of the estimated fuzzy re-
gression model, we calculate the distance between the observed
value and estimated value to find the errors for accuracies. For
this, we propose distance between two fuzzy numbers as fol-
lows [2, 13, 21, 27]:

M =
1

n

n∑
i=1

d(Yi, Ŷi), (5)
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where

d(Yi, Ŷi) =

∫∞
−∞ |µYi

(x)− µŶi
(x)|dx∫∞

−∞ |µYi
(x)|dx

+ hd(Yi(0), Ŷi(0)).

Here, Yi(0) and Ŷi(0) are the supports of Yi and Ŷi. And hd is the
Hausdorff metric defined by hd(A,B) = infa∈Ainfb∈B|a− b|.

Table 2 shows the results of estimated values and errors
obtained from (4) based on Hasdorff metric formula. It is shown
in Table 2 that total sum of the error between the observed value
and the estimated value Ŷ 2

i obtained directly is more than Ŷ 1
i

which is obtained after estimating the coefficients Ak.
The estimated fuzzy regression model shows that the higher

the value of real estate is, the more the number of bidders of
re-auction increase. Further the larger the number of failure
of bidding of auction for some real estimate is, the more the
number of bidders of re-auction increase. In addition, the less
the number of bid participants of first auction is, the number
of bidders of re-auction increase. This result doesn’t seem
to coincide with the results of common re-auction. However,
it seems that the increase of investment value based on the
decrease of real estate market, and several times of defaults
affected the results.

4. Conclusions

In order to find the fuzzy regression model for re-auction,
we expressed the independent and dependent values in terms of
trapezoidal fuzzy numbers. Eighteen data of re-auction which
are collected from specific area of Seoul are used to find the
fuzzy regression model. Several independent data such as ratio
of the lowest bidding price due to failure of bidding, the number
of bidders of prior auction, investment value of the real estimate
are used to estimate the number of bid participants of re-auction.
In this paper, two different least squares estimation methods
are applied to fuzzy regression model. That is, estimating
method applying substitution after obtaining the estimators of
regression coefficients, and the other method is to estimate
directly from the estimating procedure without substitution.
These methods are provided in application for re-auction data,
and proper performance measure is also provided to compare
the accuracies. The results showed that the estimated values
which are obtained directly performed better than the other
method. This research shows that the number of defaults after
first auction, the number of bid participants in first auction and
the investment value of the real estate can affect the number of
bid participants of re-auction. The number of defaults after first

auction and the increase investment value can positively affect
the number of bid participants of re-auction. However, the
number of bid participants in first auction can negatively affect
the number of bid participants of re-auction. Further research
is needed to apply various methods to analyze re-auction data.
And data collection covering wide scope is also needed to be
considered in our next research.
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