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ABSTRACT. There are many concepts around classical theta functions, theta vectors and
quantum theta functions. Manin clarified the relation among these concepts with the sym-
metry of functional equations. We extend his results to the super torus.

1. Introduction

Theta functions are the functions on complex spaces, more precisely the sec-
tions of line bundles on complex torus. Noncommutative versions of theta functions
appeared recently[8]. However, the concept of noncommutative torus was already
developed in terms of Heisenberg group and Schrodinger representation[6]. Non-
commutative tori are used in physics in the toroidal compactification by Connes,
Douglas and Schwarz[1]. Later the concept of theta vectors was introduced by
Schwarz[9]. Lastly Manin studied operator version of theta functions, called quan-
tum theta functions[5]. Classically theta functions play the role of observables and
states. However, in quantum mechanics, the roles of observables and states are
seperated. Theta vectors are the vacuum states in the Hilbert space and quantum
theta functions are observables.

A classical theta function of z € C™ is

St St
G(Z, T) — Z e-rrzl Tl+2mil z’

lezn

where T is a symmetric complex matrix of size n with Im 7' > 0. Then this function
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satisfies
0(z+k T)=0(zT)
0(z+ Tk, T) = e ™H Th=2mik'z g (, T)
for all £ € Z™, and
O(T 12, —T71) = (det(T/i))ze™' T '20(z, ).

Then the corresponding theta vectors are defined as fr(z) = ¢™ 7% with the same
T which is considered as a vacuum vector L?(R). A quantum theta function is a
noncommutative algebra C'°°(D, o) which consists of ), . , anep,a(h) over a lattice
D in R*" where ep ,(h)’s are generators satisfying

ep,a(h)epa(g) = alh,g)epo(h + g)

and a;, € C satisfies the Schwarz condition.

Two questions were raised by Schwarz[9]. The first one is the connection be-
tween quantum theta functions and theta vectors, and the second one is the exis-
tence of a quantum analogue of the classical functional equation for thetas. Manin
answered these two types of questions affirmatively[4]. We extend his result to the
super torus.

2. Quantum Theta Vectors and Quantum Theta Functions

We define a Heisenberg group, Heis(R?",1)). As a set Heis(R?",v) is R x
R2". For t,t' € R, and (z,y),(2’,y") € R?", we define the multiplication of
(t,z,y),(t',2',y') € Heis(R?, 1)) by

(tz,y) - (t,2'y) = (t+t' +d(z,y; 2" y), 2+ 2",y +y),
where 1 : R?" x R?" — R, satisfies the cocycle condition
P(z,y; o'y ) Hp(ata’ y+y's 2" y") = Pz, g o' +2" Y +y" ) Hoal, s 2"y,

which is a necessary and sufficient condition for the multiplication to be associative.
Then there is an exact sequence

0— R 5 Heis(R2",4) L R?™ — 0,
called a central extension, with the inclusion i(¢) = (¢,0,0) and the projection

j(t,z,y) = (z,y), where i(R) is the center in Heis(R?" ).
Let ¢ be a skew symmetric form

1
Y(z,y) = §(ﬂf1ty2 — yim).
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Then it satisfies the cocycle condition. We define the unitary representation 7 of
this Heisenberg group on L?*(R") as follows.

7T(t, z, y)f(s) — 627ri(t+s".y)+7ri(zt.y)f(s + Z)
Then

m(t, 21, Y1) (b2, 22, 32) = €m(m;y2_x2tyl)ﬂ(t1 + to, 11 + T2, Y1 + Y2),

so that
ot
(b, 21, 1) (te, 22, Y2) = e?mi(mv2 x"'yl)ﬁ(fz,xbyz)ﬂ(thwh Y1)

Let D be a lattice in R?™ and we consider C°°(D, a) of smooth functions consisting
of infinite series > nep nep,a(h), where ep o(h)-ep a(g) = a(h, g)ep o(h+g) with
a(h, g) = e?™("9) and a;, € C satisfies the condition of Schwarz space.

For f,g € L?>(R™), we define an inner product {(f,g)) € C>(D,qa) as

(f.9) = _(f.mng)en.alh),

heD

where (f, 7, g) is the inner product in L?(R"). For T, a complex matrix of size n
with 7% = T and Im T > 0, we consider fr(s) = ™' 75 Let

where h = Thy + hy and * is the complex conjugate. Then there is a theorem by
Manin[4].

Theorem. We have

1 — T H(h,h)
, = E e 27\ en (h).
(o) V2n detImTheD p.alh)

Moreover,

Op = Z eng(ﬁ,ﬁ) 6D,a(h)

heD

is a quantum theta function in the ring C*® (D, ) satisfying the following functional
equations:
Vg €D, cgeD,a(g)5;<@D) = @D7

where
Cqg = 6_%H(272)a 5;(6D,a(h)) = e_ﬂ-H(g’ﬁ) eD’a(h)'

Also he showed that

E e—wH(ﬂvﬂ)—ﬂH(évb)ZE e~ ™H(g:9)—mH(s,9)
heD geD!
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as functions of variable s, where D' = {z € R?" | 2¢(z,y) = z{ys — yian € Z}.

3. Quantum Super Thetas

Now, we consider the extension of the work in the previous section to the
super case. As in the bosonic case, we define the super Heisenberg group,
sHeis(R?™2™ 4)), as follows. For t,t' € R, and (z,a),(y,B),(z',&),(y',0) €
R™™ we define the multiplication of (¢, z,y,a, 8), (t',2',y’, &/, 3') € sHeis
(RQ"‘Qm,l/J) by

(t7 T, y7aaﬁ) . (t/’xla y/70/7ﬁ/)
= (t + t' + w(xv yvav/g; xlv ylvalaﬁl)ax + xlv Y+ ylaa + O/vﬁ + ﬂ/)a

where ¢ : R2"12m « R2712m _, R satisfies the cocycle condition

1/}('1.7 y’ a?ﬁ; :L.IJ y/ﬂ al?ﬂ/) +1/J(x + x/ﬂ y + y/7a+al7ﬂ+/8/; ml/Vy//ﬂ al/?/B//)
= w(x’ y7a7 /87 ‘T/ + zll? yl Jr y,/’a/ + a//’ﬁl Jr 5”) + fl/)($17 y’? al?/gl; x“? y//’ Oé/l?/B//)?

a necessary and sufficient for the associative multiplication. Then there is an exact
sequence

0—-R% sHeis(R2™2™ 1)) I, g2nlzm 0,

a central extension, with the inclusion i(¢) = (¢,0), the projection j(t,z) = #, for
z € R?"12m where i(R) is the center in sHeis(R?™?™ ). As in the bosonic case,
we can introduce the unitary representation of the super Heisenberg group.

Let L*(R™™) = L2(R™)®A®(R™), which is the completion of the Schwarz space
S(R™) @ A*(R™). Here A*(R™) is the Grassmann algebra spanned by {m A --- A
m | mi € R™ 1 < m}. Here we use a modified Berezin integral [ V27 dn; = 1
compatible to the bosonic case. Let

1
¢($, y7a76; 33,7 y/70/7ﬂ/) = §($ty' - -T/ty — Oltﬁl + O[,tﬁ).

Then 1 satisfies the cocycle condition. Note that o/t = —3%a’ since o and 3 are
odd elements. We define

(W(t,m,y,a,ﬁ)f)(sv ,'7) — eQﬂi(t—i-sly_ntﬁ)—i-ﬂi(z‘y_atﬂ) . f(s n o i a)_
Then

T(t1,m1,y1,01,81) T (t2,32,y2,02,82)
ot t t t
_ (T Y2 —zyy1 —a) Potasf1)
=€ Tty 42,214 22,y1+y2,00+ 02,81 +62)

so that

T(ty,21,y1,00,61) T (t2,22,y2,02,82)

_ 2mi(z{ya—zgy1—af Ba+abB1)
=e T (ta,22,y2,002,02) T (t1,21,91,01,581) *
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Let D be a lattice in R?"1?™, As in the bosonic case, we define C*(D,a) of

infinite series
Z Q(h,5) €D,a(h75)a
(h,6)€D
where
ep,a(h;0)ep.alg, ) = a(h,6), (g, 1)) ep.a(h + g, + p),
where
a((h,6), (g, p)) = €m0 90,

First we deal with only the odd case and later we combine both the even part and
the odd part. Let D be alattice in R2™, and gr(n) = e~ 1 where R(= Ry+iR5)
is skew symmetric and Rs is positive of full rank m. So, we assume that m is an
even integer. For § = (01,d2) € D C R?™,

(gr(n), ms9r (1))
= / gr(m)msgr(n) dn

e—ﬂ'iﬂtR”] ewi(n+61)i§(n+61)627ri17t62 671'1'5;62 dn

= [ e2r(nRa(587)) Re(n By (387)) o~ 3O Ry '8 g

?

_ /627r(n+R51(%é*))LRz(n+R§l(%é*))e—QW(R{l(%é*))LRﬁEl(%Q*)e”iéi(é*) dn

where § = R, + o, §° = Ry + 62. Denote éthlﬁ* by K(J, ). Then

K(évﬁ) = (Ré1 + 52>tR51(§M1 +M2)
= (R161 + 62 + iR261)' Ry M (Ry oy + tho — iR 1)
= K(p,0)"
We have
Im(K (8, 1)) = —(R161 + 62)" Ry ' Ry iy +(Ra01)" Ry ' (Ra iy + 1)
= (65 + 01 Ry) 1y —01(Ry 1y + pu)
= =05 11y =07 iy

—et (% ) ()
= 2¢(6, ),
and
Re(K (8, 1)) = (R181 + 82)" Ry " (Ru g1y + p1p) + (Rob1)" Ry ' (Ro p1y)
= (05 + 01 R{) Ry (Ry iy + pg) + 01 RS 11y
= (65 + 01 RY) Ry " (Ry puy + 1) — 81 Ro py -
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If we use [ V2w, dn; = 1,
/ ™' Ran dn = Pf(Ra),

where the Pfaffian of Ry, Pf(Rs) is defined by using only upper half part of skew
symmetric Rg, such that (Pf(Rz))? = det(Rz). Then for D, a lattice in R?™,

(gr(m), gr()) = Y _(gr(1), 7s59r (1)) €D 0 ()

seD
— Z 2% Pf(RQ)e_%K(é’é) eD,a(é)'
deD
Let
Op =) e FVep ().
6€D
Then
e 3 KWp) CD,Q(N) Z e~ 3 K(8.8) g—mK(1d) eD,a(5)
seD
= Z e*%K(g,ﬁ)ng(é,é)ﬂrRe(K(g,é))eﬂi{&u}eD’a(u)eD’a(a)
deD
= 3 T EREHI o (54 ).
deD
That is
¢uen,a(i)n,(©p) = Op,
where
¢u= e FRWI e o (8) = e K WD ey (5).

Here we used
eD,a (I‘L) 6D7oz (6) = e—ﬂz{u,é} eD,oc (5 + M)?

where —{p, 0} = 2¢(u, 9).
Now we combine both the even and odd parts. Let F'p g(s,n) = fr(s)gr(n) =

emi(s"Ts=n'Bn) and D be a lattice in R2"2™ Then we have
Theorem.

(Fr.r(s,n),mhsFr Rr(s,M))

_ 2% Pf(ImR) S EHRDIK@D) g, (h,5).

27 det(Im T) (ho)eD
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Let
Op= 3 e FHGDIKCD e (1, 5).
(h,8)€D
Then V(g,p) € D,
¢(g,u) €D, (9, 1)(8:1)(g,)OD = O,
where

—Z(H(g,9)+K (p,
Clg ) = ¢ EFH (@D FE (@)

(5:0){ g D0 (h,8) = e THETEWD) e, (1 5).

Pf(Im R)

Remark. Here ——
det(Im T)

is just
1
ImT 0 7
\/ sdet < 0 Im R)

where sdet <61 g) is the super determinant defined by det(A)(det B)~!. Then

22 Pf(ImR) 1
V2" det(Tm T) m7T 0 )
sdet 2
< 0 Im R)

We can also show the extended version
Z e~ T (H(h:h)+K(8,8))—m(H(s,h)+ K (1,9))
(h,6)€D
_ Z 6*W(H(g»g)+K(ﬁ’ﬁ))*W((H(EQ)JFK(@E)))’

(9,n)€D"

as functions of variables (s,7). The proof is just the extended version of Manin, by
using Fourier transform of

Fy(hy ) = e~ mH B HK0.0)—(H (s h)+K (1,0))

and checking that

f;s (g, 1) = o™ (H(g,9)+ K (p.p))—w(H(s,9)+ K (n,1))

and using Poisson summation formular.

Remark. Here we assumed that R is complex anti-symmetric. We want to find
what is the natural candidate for R and its interpretation.
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