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ABSTRACT. The purpose of this paper is to introduce sufficient conditions for (Gaussian)
hypergeometric functions to be in various subclasses of analytic functions. Also, we inves-
tigate several mapping properties involving these subclasses.

1. Introduction

Let A denote the class of functions f(z) of the form
(1.1) f(2) :z—l—Zanz",
n=2

which are analytic in the open unit disc U= {z: z € C and |z| < 1}, and let § be
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the subclass of all functions in A, which are univalent. For g(z) € A of the form
(1.2) o) =2+ gus,
n=2

the Hadamard product (or convolution) of the two power series f(z) and g(z) is
given by (see [4]):

(1.3) (f*9)(2) =2+ ) angaz" = (g% f)(2).

and the integral convolution is defined by (see [4]):

29

= (9@ f)(2).

(1.4) (f®g)(z) =2+ Z
n=2

We recall some definitions which will be used in our paper.

Definition 1.1. For two functions f(z) and g¢(z), analytic in U, we say that
the function f(z) is subordinate to g(z) in U, written f(z) < g(z), if there exists a
Schwarz function w(z), analytic in U with w(0) = 0 and |w(z)| < 1 such that f(z) =
g(w(z)) (# € U). Furthermore, if the function g(z) is univalent in U, then we have
the following equivalence (see [13]):

f(2) < g(z) & f(0) = g(0) and f(U) C g(U).

Definition 1.2. A function f(z) € 8 is called starlike of order «, denoted by
8*(av), if f(z) satisfies the following condition:

(1.5) %{Z}fgij)}>a(0§a<l;zeU).

Also, a function f(z) € 8 is called convex of order «, denoted by X(a), if f(z)
satisfies the following condition:

2f"(2)
f'(2)

The classes 8*(a) and K(«) were studied by MacGregor [12], Schild [17], Pinchuk
[14] and others. From (1.5) and (1.6) we can see that

(1.6) éR{H— }>a(0§a<1;zeU).

(1.7) f(2) € K(a) <= zf'(2) € 8*(a).

We denote by 8* = 8*(0) and K = K(0), the classes of starlike and convex functions,
respectively, (see Robertson [15]).
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Definition 1.3.([7]) For 0 < o < 1, 8 >0, -1 < B < A <1, -1 <
B < 0 and g(z) is given by (1.2), we denote by 8(f,g; A, B;«,3) the subclass
of 8 consisting of functions of the form (1.1) and satisfying the analytic criterion:

W0V | *0)()
(18) F 0 90

In other words, f(z) € 8(f,9;A,B;a,() if and only if there exists function
w(z) satisfying w(0) = 0 and |w(z)| < 1 (z € U) such that

1+ Az
1+ Bz

—1‘<(1—a)

2(fx9)(2)  ,l2(f*x9)(z) |
L) o ﬂ)(f*g)(Z) s -
()G |20 I
5|y | e - p-)
We note that:
(i) 8(f,9; A, B;a,0) = 8(f,g; A, B; @)
Af*9)'(x)
_ . (f*9)(2) ,
=< f(z)€8: (f*g)’(z) BB 1(z€U) p;
(f*g)(Z)
(ii) 8(f, 957, =7, 0) = 8(f, g;7, )
2(f*9)'(z)
_ 1 (Frok) .
=< f(z) €s: (f*g)()+1_2a <v(0<~vy<1; z€l)
(fxg)(2)

Definition 1.4.([9]) For § < 1 and |n| < g, we define the class R, (6) which

consists of functions g(z) of the form (1.2) and satisfying the analytic criterion
(1.10) R[e"(g'(z) —8)] >0 (2 € ).

Clearly, we have R, () C 8 (0 < § < 1). Furthermore, if the function g(z) of the
form (1.2) belongs to the class R, (d), then

2(1 =) cosn
n

(1.11) lgn| < (n>2).

The class R, () was studied by Kanas and Srivastava [9].
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Let o Fi(a, b; c; z) be the (Gaussian) hypergeometric function defined by

(@n(O)n_n

7(0)71(1)“2 (z €U),

2Fi(a,byc;2) = Z

n=0

where ¢ # 0, —1,—2, ... and

1 if n =0,
(N)n = { AA+FDA+2)...A+n—1) if neN={1,2,..}.

We note that 2 (a, b; ¢; 1) converges for R(c —a —b) > 0 and is related to Gamma
functions by
T(e)T(c—a—0b)

(1.12) 2F1(a,b;¢1) = Te—al(c—b)

We consider the functions

DN DN - (a@)n-1(b)n—1 n

(1.13) e(a,b;c;2) = z oFy(a,b;¢;2) = 2z + T; mz ,
and

(1.14) hu(a,biez) = (1= p)(ela bse;2)) + pz (e(a, b ¢ 2))

_ = (@)n-1(0)n—1 ,

The mapping properties of a function h,(a, b; ¢; z) was studied by Shukla and Shukla
[18].

Using the Gaussian hypergeometric function o F (a, b; ¢; z) given by (1.13), Hohlov
[8] introduced a convolution operator I, ;. as

(1.15) Hapefl(z) = [z2Fi(a,b;¢;2)] * f(2)

I R .
- F(b)l“(c—b)o/tb (1—t)? it

(1—z)

The operator I, . contains as a special case most of the known linear integral
and differential operators. For b = 1 in (1.15), the operator I, reduces to
Carlson-Shaffer operator [3]. Also, it is a generalization of Bernardi operator [2]
and Ruscheweyh operator [16].



Sufficiency Conditions for Hypergeometric Functions 239

Furthermore, Hohlov operator is a very specialized case of Dziok-Srivastava linear
operator which introduced and studied by Dziok and Srivastava (see [5] and [6])
and consequently, Srivastava-Wright operator (see [11] and [19]).

On the other hand, Aouf et al. [1] introduced and studied the operator

(1.16) Mopcfl(z) = [22Fi(a,b;c;2)] @ f(2)

1
t
_ Fc_ /tbl _ cblf(z)dt® o
0

(1—2)*

In this paper, we define the linear operator I, .(f * g) : A — A by the convo-
lution as:
(1.17)

Tapel + 9 (2) = [Py (@, bics2)] ()2 —z+2j (et g,

and the linear operator Mg o(f * g) : A — A by the integral convolution as:
(1.18) [Map.o(f *9)] (2) [ZzFl(a bic; Z)] [(f = 9)(2)]

= +Z Jn 1a7;;qnz"

n 1

The operator I, p . was introduced by Hohlov [8] when g(z) =

Mgy, was introduced by Aouf et al. [1] when g(z) = .

z
1—=

Also, we define the linear operator L,(f * g) : A — A by the convolution as:

(1.19) [Lu(f*9)](2) = hula,bye;2) = [(f * g)(2)]
N oy @@
= + ; [1 + M( 1)} (C)n—l(l)n—l ndn )

and the linear operator N,(f *g) : A — A by the integral convolution as:
(1.20) [N (fx 9] (2) = hula,bic;z) ®[(f * g)(2)]
= 2+ [1+un-1) E -

n=2

Q
=
3
H
—~

(=
~
3
H

Q
3
)
3
3

The operator L, was introduced by Kim and Shon [10] when g(z) = 1% and the
operator N, was introduced by Aouf et al. [1] when g(z) = £

11—z
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The main objective in this paper is to introduce sufficient conditions for (Gaus-
sian) hypergeometric functions to be in various subclasses of analytic functions.
Also, we investigate several mapping properties involving these subclasses.

2. Main Results

Unless otherwise mentioned, we assume throughout this paper that 0 < a <
1,8>0,0<1, -1<B<A<1,-1<B<0,|n <%, C*=C\{0}, e(a,b;c;2)is

<3
given by (1.13) and hy(a,b; c; z) is given by (1.14).

To establish our results, we need the following lemma.

Lemma 2.1.([7, Theorem 1]) A sufficient condition for f(z) defined by (1.1) to be
in the class 8(f,g; A, By, 3) is

o0

(21) Y [1=B)(1+B)(n—1)+ (A= B)(1-a)|anga| < (A= B)(1-a).

n=2
By using Lemma 2.1, we get the following results.
Theorem 2.1. Let a,b € C* (Ja] # 1; |b] # 1) and c be a real number such that
¢ >max {0,|a| + |b| — 1}. If g(2) € R, () and the inequality

D)l (e~ Jal = pl) - a1
R e [~ B+ 8 +{(A=B)(1 —a) = (1= B)(1+ A)}.

(—lal=B) | - 4 By1—a) |14+t

(2.2)

(la] = 1)(Jb = 1) 2(1 = 4)cosn
LA=B)(A—a) - (1= B)(A+H)(c—1)
(la] = 1)(Jo] = 1) ’

satisfied, then e(a,b;c; z) is in the class 8(e, g; A, B; «v, 3).

Proof. Let g(z) of the form (1.2) belong to the class R, (J). According to Lemma
2.1, we need only to show that

(2.3)
Y 1=B)(A+p)(n—1)+ (A= B)(1-a) Ezzn_i((fgz_ign <(A-B)(1-a)

Taking into account the sufficient condition (1.11) and

(2.4) [(d)n] < (ld]),, ,

then, the left hand side of (2.3) is less than or equal to

oo

D [(1=B)1+8)(n—1)+ (A= B)(l-a)

n=2

(Jal)n—1(]6])n—12(1 — J) cosn
(@)n-1(1)n-1 n

=Ty
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Now
['(e)I'(c —[a] — |b])
To = 2(1-0)(1—B)(1+p)cosn T(e—[alTc= o) _ 1}
L2 -9)[(A-B)A—a) — (1= B)(L+p)[(c—1)cosy
(la] = 1)([o] = 1)
Ple—Dl(c—Ja| — o] +1) | (a] = 1)(Jb] — 1)}
I(c —lal)T'(c — [b]) (=1
L'(e)I'(c — [a] — |b])
= 2(1-9) O 1 e — [alT (e = b)) ([((A=B)(1-a)—(1-B)(1+p).
(¢ — lal — [b])
m +1-B)(1+8)|—-2(1-6)(A-B)(1 —a)cosn
2(1=0)[(A=B)(1-a)=(1=B)(1+F)](c—=1)cosn
(la] = 1)([o] = 1) ’
and this last expression is bounded above by (A — B)(1 — ) if (2.2) holds. This
completes the proof of Theorem 2.1. |

Theorem 2.2. Let a,b € C* (la| #1; |b| # 1) and ¢ be a real number such that
c>|a|+1b| + 1. If g(2) € R,(0) and the inequality
I'(c)l(c — |a] — |b])

(2.5) T(c — |a|)T(c — [b])

{(A=B)1 —a)+ (1 -p)(1-B)(1+0)}
|abd|

(c—la| =[] = 1)

(1=p[(A=B)(1—a)=(1=B)1+75)|(c—lal - [b])

+u(1 = B)(1+p)

* (al — (Bl — 1)
LO=mlA=-B)(1-a)—(1-B)(+H](c—1)
(al = D(Bl— 1) ’

holds, then hy,(a,b;c; z) is in the class 8(h,, g; A, B; o, 3).
Proof. Let g(z) of the form (1.2) belong to the class R, (). According to Lemma

2.1, it suffices to show that
(2.6)

[(1=B)1+8)(n—=1)+ (A= B)1—a)][1 + u(n—1)]

n=2

<(A-B)(1-a).

Using (2.4) and the sufficient condition (1.11), the left hand side of (2.6) is less than
or equal to
2(1 —6) cosn.
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o0

Y 1=B)1+8)(n—1)+ (A= B)(1—a)] [l + p(n—1)] W =T

and

T = 2(1—4)cosn u(l—B)(Hﬁ)ZW
n=2 n-l n?

HHA=B)(1 =) + (1= w1 - B+ ) Y Lt o

n=2

)
+H1=-p)[(A-B)(1-a)- )(1+ B)] ZI;M

= 2(1=9d)cosn[{u(A-B)(1 —a)+ (1—p)(1-B)(1+0)}

T(c)T(c— |a| —|b]) B B |ab| T(c+ 1)I(c—|a| — |b]| — 1)
<r<c [alTe — o) 1) Tl = BB e et e — o)
L= [(A=B)(1—a) ~ (1= B)(1+ ) o)

CEDCED
e— Dle—la|— B +1) . (= 1D(o— 1)
* ( Tle—|a)T(c— ) ' 1) ﬂ

= 20 - 9oosn O (4 - B)(L-a) + (1= (1 - B+ )

(L= B)(1+ B)((ab])
(= Jal = o[~ 1)

LA=w[A=-B)A—a) = 1= B)(L+ ) (c—|al - Ibl)}

(la] = 1)(Jo] — 1)
1-— A—-B)(1—-—a)—(1-B)(1 -1
A=A B)1—0) - -B)ALBle=D) o
(la] = 1)([o] = 1)
But this last expression is bounded above by (A — B)(1 — «) if (2.5) holds. Thus
the proof of Theorem 2.2 is completed. O

Theorem 2.3. Let a,b € C* and ¢ be a real number such that ¢ > |a| + |b] + 2. If
the following inequality

DOD(e —Jal ~ b) [} oy oo (L= BYL+ ) (laD), (b,
@D e japre—py |4 PO T T el - 2),

LA B)(A - o) +2( - B)(1 + )] (labl)
(¢ —laf = [bo] = 1)

is true, then [Iqp.c(f * g)] (2) maps (f xg) € 8 (or 8%) to 8(f,g; A, B; o, ).

< 2(A - B)(l - OZ),
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Proof. We need only to prove that
(2.8)

o0

S 1= B+ A1) + (A= B - a)] [, | < (4-B)1-a),

Using (2.4) and the fact that |a,g,| < n for (f xg) € 8 (or 8*), the left hand side
of (2.8) is less than or equal to

> n[(1-B)1+p)(n—1)+ (A= B)(1-a) Oy = Ty.
and
B B (lal), (1)), T(c+2)I'(c — |a] — |b] — 2)
Too= =B T e — [alT(c = o)
+[(A=B)(1 —a)+2(1 - B)(1+8)] @F(C }L(f(ﬁlﬁr&': :Z:)_ 2
o [T~ o] — )
Ha-Ba >{r<c|a|>r<c|b|> 1}
_ T(e)T(c—|a] —|b]) B W (1= B)(1+8)(lal), (6]),
= (e [aDT(c— ) {(‘4 B =)+ = - 2),
(A-B)Q-a)+2(1 =B)A+8)|(lad)]| ,, .
* e~ Jal— 5~ 1) } (4= B)1 =)
Thus, from (2.7), we obtain the required result. o

Theorem 2.4. Let a,b € C* and ¢ be a real number such that ¢ > |a| + |b| + 1. If
the following inequality

I(c)l(c — |a] — [b])
(e = |a[)T'(c — [b])

(A—B)(l—a)+(

(¢—lal =[] = 1)
<2(A-B)(1-a),

satisfied, then (i) (Tug,e(f % 9)] (2) maps (f  g) € K 1o 8(/,g: A, B, B),

(ii) [Ma,p.c(f * 9)] (2) maps (f +g) €8 (or 87) to 8(f,g; A, B, ).

Proof. (i) It suffices to prove that

(2.10)

SO [(1=B)(1+B)(n—1)+ (A B)(1 - a)] Mg < (A-B)(1-a).
n=2 n- n-

The left hand side of (2.10), by (2.4) and the fact that |ang,| < 1 for (f xg) € K,
is less than or equal to

S 10— B)A+ 8)(n— 1) + (A - B)(1 - a)] W

n=2

=Ty
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Now

Iabl F(C+1)F( - Ia\ b - 1)

= 0= B0+ A =T e = o)

D(OT(c — |a] — [b])

HA=B){l—a) {wc— [alT (e 1) 1}
D@l ) [,y ey s (L= B+ A)(Jab)
" Tl ) [“1 Bl —a)+ <c—|a|—b|—1>}

~(A-B)(1-a).

But this last expression is bounded above by (A — B)(1 —«) if (2.9) holds. The rest
of the proof of (ii) is the same as in the proof of (i), so, we omit it. This ends the
proof of Theorem 2.4. O

Theorem 2.5. Let a,b € C* (Ja] # 1, |b] # 1) and c be a real number such that
¢ > max {0, |a| + |b] — 1}. If the following inequality

L(o)L (¢ — |af — [])

(2.11) T(c—|a))T(c — |b])

(1-B)(1+0)+ [(A=B)(1—a) = (1= B)(1+p)](c— |a| — |b])

CEDCED
i [(A-B ) - (B A1)
SAA-BA-a)t (Tl ~ DB~ 1 ’

satisfied, then [Mypo(f * g)] () maps (f *g) € K to 8(f,9; A, By, ).
Proof. 1t is enough to show that

(2.12)
>0 = B)1L+8)(n— 1)+ (A= B)(1 - a)] (G20 20| < (4o )(1-a),
n—>2 n—1 n—-1 1

The left hand side of (2.12) is less than or equal to

S = B) 1+ 8)n— 1)+ (4= B)(1 — o) Lo Phucy

n=2

—
N
S
|
J
—
—
—
3
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and

n—> n—1 n—1

+[(A-B)(1-a)- )1+ @)Y AL |“|
n=2 n7

o L()L (e~ la] — J8])
-« B><1+ﬁ>[ Rt =P ]

(A= B)(1—a)— (1— B)(1+B)]

) (c=1) I'(c—1)I(c— |a] —[b] +1)

(Ja] =1)(]o] =1)  T(c—[a])T(c—|b])
—[(A=B)1—a)= (1= B)(1+ ) (1+(<C—”)

[~ D[~ 1)
DN (c~la] = bl) e
R e [0~ B+ D +{(A=B)(1 —a) = (1= B)(1+ )}

n

(c—la[=1o) ] _ [(A=B)(1-a)=(1=B)(1+pH)(-1)
(lal = 1)(Jp - 1) (la[ = 1)(lo[ = 1)
—(A-B)(1-a).
The proof now follows by (2.11). a

Theorem 2.6. Let a,b € C* and ¢ be a real number such that ¢ > |a| + |b| + 3. If
the following inequality

(2.13) L'(c)l'(c— |a] — [b]) [(1420)(A—B)(1—a)+2(1+u)(1—B) (1+8)](|ab])
L(c— [a[)T'(c — |b]) (e=l al=lel=1)
+ [1(A=B)(1—a)+(1+4p)(1-B) (1+8)](|a]), (|b]),
(c—la[—=[0]-2)2

+ed (B)(|1J|r6\)b(|‘a% 2D 14— B)(1 - Oé)} <2(A-B)(1-a),

satisfied, then [L,(f * g)] (z) maps (f x g) € 8 (or 8*) to 8(f,g; A, B; o, 5).
Proof. Tt is enough to prove that
(2.14)

S (1= B)(1+ B)(n— 1) + (A~ B)(1—a)][1 + pu(n— 1) E Z

n=2

<(A-B)(1-a).
The left hand side of (2.14) is less than or equal to
- (la))n-1(6Dn-1 _

(= B)(L+ B)(n = 1)+ (A= B = a)l[L+puln — 1)) o=t
n=2 " o
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and

Ts = [u(A—B)(1—a) + (1 +4u)(1 — B)(1+ B)] Z3M

(&n-1(1)n—3

+[1+2u)(A-B)(1—a)+2(1+p)(1 - B)(1+5)] i %

(1 — ><1+m2% (A- B)(l—a)Z%
= WA B)(1— )+ (144 (1 - B)(1+ )
(lal)y (D3 T(e + 2T(e — o] — b] — 2)
@2 T(e—lahT(c— b))
(14 20)(A— BY(1 — ) + 21+ w)(1 - BY(1+ B)]
Jab| T'(c+ 1)I'(c —[a[ — [b] = 1)
¢ T(e—[a)T(c— o]
) (lal); (b5 T(c + 3)T(c — Ja] — o] - 3)
Tl = B+ ) T e — [T (e = b))
P(OT(c — Ja| — o)
S >[r<c—|a|>r<c—|b> 1}
()T(c— |a] — [B]) [(1+2u)(A—B)(1—a)+2(1+u)(1—B)(1+ﬂ)](abl)
(
[

+

¢ |a|) (e —o]) (¢ —laf = [bo] = 1)
A= B)(A —a)+ (1 +4p)(1 = B)(A + B)] (lal), (16]),
(¢ —la] = [b] = 2)2

L= B)(A + B) (Jal)s (1b])s
(c—laf = [b] = 3)s
It is easy to see that this last expression is bounded above by (A — B)(1 — «) if
(2.13) holds. O

Theorem 2.7. Let a,b € C* and ¢ be a real number such that ¢ > |a| + |b] + 2. If

the following inequality

(2.15) L(e)T(c —fa] = o)) [[(1 +p)(1 = B)(A + ) + u(A = B)(1 = @)] (|ab])
I'(c — la[)T'(c — |bl) (=1 al—=1]o]=1)
L= B)(A + B) (Jal), (1b]),

(¢ —la| = [b] = 2)2

<2(A-B)(1-a),

satisfied, then (i) [L,(f * g)] (z) maps (f *g) € X to 8(f,9; A, B; o, ),

(i) [Nu(f * 9)] (2) maps (f * g) € 8 (or 8) to 8(f,g; A, B; a, §).

Proof. Tt suffices for (i) and (ii) to show that

r
r
+

+(A-B)(1- a)} —(A—B)(1—a).

+(A-B)(1-a)

(o}

S 1=B)(1+B)(n—1)+ (A= B)(1—a)l[1+ pu(n—1)] W
n=2 - "
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<(A-B)1-a).

and
> [0 = B+ 50— 1)+ (4~ B3~ ] 1 + o - 1)) (et
n=2 n—1 n—1

— 1+ 0)(1— B)(1+ )+ u(A - B)(1 - >]C‘“F(C§(i)f(zgr|?lil;:)_l)

(Ja])a (6D (e + 2)T(c  a] — 6] - 2
= B+ B T DT e o)

[P~ Ja ~ )

A [cm Tc— o) 1}

[Hmu— B)(1+ 8) + u(A - B)(1 - )] (Jab)
(c—Jal—P[— 1)

+(4

_ T(e)T(c  |a] — [b])
F(c — Jal)T(c — o)

Mt

Now, this last expression is bounded above by (A — B)(1 — «) if (2.15) holds. O

Using similar arguments to those in the proof of the above theorems, we obtain the
following theorem.

Theorem 2.8. Let a,b € C* (Ja] # 1; [b] # 1) and ¢ be a real number such that
¢ >max {0, |a| + |b| — 1}. If the following inequality
[(c)T(c — |a| — [b])
['(e = |a[)T'(c —[b])

|ad|

+u(1 _B)(H'ﬁ)(c— |a| — [b] — 1)

LE=m[(A=-B)A-a) -1 =B)Ad+B)(c—|al - [b])

(la] = 1)(Jp[ - 1)

1-w[A=-B)(1-a)-(1-B)A+)](c-1)
(la] = 1)(Jo - 1) ’

satisfied, then [N, (f * g)] (2) maps (f *g) € X to 8(f,g; A, B; o, ).

Remark. By specializing A, B and (3 in the above theorems, we will obtain new
results for the classes 8(f, g; A, B; ) and $(f, g; v, @) mentioned in the introduction.

(2.16) {u(A=B)A —a)+ (1 —p)(1-B)(1+p5)}

2(A— B)(1—a)+
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