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ABSTRACT. In this paper we study the oscillation criteria for the second order nonlinear
differential equation with delay and advanced arguments of the form
([2(t) + a(O)z(t — 01) + b(H)a(t + 02)]")" + q(O)2” (¢ — 1) + p(t)2” (t + 72) = 0, t > to

where o1, 02, 71 and 72 are nonnegative constants and «, [ and v are the ratios of odd
positive integers. Examples are provided to illustrate the main results.

1. Introduction

In this paper, we consider the following second order nonlinear differential equa-
tion with delay and advanced arguments of the form

(1.1) ([e(t) + a(t)e(t —o1) + b(t)x(t + 02)]")" +a(t)a” (t —71) +p(t)2" (t+72) = 0
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for all t > tg, subject to the following conditions:

(A1) a(t) and b(t) are non negative and twice continuously differentiable functions
on [tg,00) and there exist constants a and b such that a(t) < a < oo and
b(t) < b < o0;

(A2) ¢(t) and p(t) are nonnegative continuous functions on [ty,00) and are not
identically zero for infinitely many values of t;

(A3) o1, 09, 71 and T are nonnegative constants and «, [ and v are the ratios of
odd positive integers.

By a solution of equation (1.1), we mean a function z(t) € C[T}, c0) defined
for all t >ty — max(o1,71) and satisfying the equation (1.1) for all ¢ > T, > tg. A
nontrivial solution of equation (1.1) is said to be oscillatory if it has infinitely many
zeros on [tg, 00), otherwise it is said to be nonoscillatory. Equation (1.1) is said to
be oscillatory if all its nontrivial solutions are oscillatory.

In recent years, many results have been obtained on the oscillation of solutions
of different types of differential equations, see [2, 3, 7, 8, 9, 14, 17, 18, 19, 22] .

In 1987 the authors in [15] and in 1992 the authors in [9] obtained some oscil-
lation criteria for the second order nonlinear differential equation of the form

(1.2)
(r(®|((@(t) + pO27(®)) (@) + p()27(1))) + q(t)a(o () 2 (o (t)) = 0.

In 2003 the authors in [7] found some sufficient conditions for the oscillation of the
second order half-linear differential equation of the form

(1.3) (r(®)]2' ()2 (1) + (&) 2 (r (D)) a(r () = 0, t 2 £

by using Riccatti transformation.
In [3, 8, 18] the authors obtained some oscillation criteria for the following
differential equation with mixed arguments

(1.4) (z(t) + pt)x(t — 1) + q®)z(t + )" = () x(t—01)+q2(t)z(t+02), t > to.

In [12, 23], the authors established some oscillation results for the following higher
order neutral functional differential equation of the form

(1.5)  (x(t) +ax(t—h) + Ca(t+ H)™ + qu(t — g) + Qu(t + G) =0, t > 0

where ¢ and @) are nonnegative real constants.

In [21], the authors studied the oscillation of equation (1.1) for the case 0 < v =
f<l,y=p=1,1<~y=p>a, 1 <y=0<a. Motivated by this we study the
oscillation of equation (1.1) for the cases 0 < <1,y >land 8 >1, 0<y <1
and different values of a and b.

In the sequel when we write a functional inequality without specifying its domain
of validity, we assume that it holds for all sufficiently large values of t.
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2. Oscillation Theorems

In this section, we establish some sufficient conditions for the oscillation of
all the solutions of equation (1.1). For simplicity, we use the following notations
throughout this paper without further mention.

z2(t) = [z(t) +a®)z(t —o1) +b)x(t + 02)]%;
Q(t) = min(q(t),q(t — 01),q(t + 02));
and
P(t) = min(p(t),p(t — o1),p(t + 02)).

We begin with the following lemmas, which will be useful in proving our main
theorems.

Lemma 2.1. [fA >0, B>0 and 0 > 1, then

1

(2.1) A+ B> s

(A+B)°.

Lemma 2.2. [fA>0, B>0and0< 0 <1, then
(2.2) A%+ B > (A+ B).
The proofs of above two lemmas can be found in [14].

Lemma 2.3. If z(t) is a positive solution of equation (1.1), then z(t) > 0,2'(t) >0
and 2" (t) <0 eventually.

Lemma 2.4. Ify(t) >0, 4 (t) >0 and y (t) <0 forallt > to theny(t) > Ly (¢).
forallt >t > tg

The proofs of last two lemmas are elementary and hence omitted.

Lemma 2.5. If

then the differential inequality
Y () +Qt)y(t — o) <0 for all t >ty

has no positive solution.
Proof. The proof can be found in [13]. O
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Theorem 2.6. Assume that 3 >1,0<~v<1,a<1, b<1 and (>« >~. If the
differential inequality

2047 )M g (1 + a7 +7)

(2.3) lim inf / P (s)QM (s)(s — 7 — 09)ds >

t—o0 e
t—T—09
a—y B—a ‘
where 11 = 3 , M2 = and T = max(11, 7o) holds, then every solution of

equation (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.1). Without loss of
generality we may assume that x(t) is a positive solution. Then there exists a
t1 > to such that z(t) > 0, z(t — ) > 0 and (¢t — o1) > 0 for all £ > ;. Then
z(t) > 0 for all t > ¢;.

Define a function y(t) by

y(t) =z(t) +az(t —o1) + b7 2(t + 02)
for all ¢t > ¢;. Now
0 = y'(t) +a®)2"(t — 1) + p(t)a” (t +72) + a7q(t — 01)2"(t — 01 —71)
+a7p(t — O'l)l'w(t — 01 —+ 7—2) —+ bvq(t + Jg)l’ﬁ(t + g9 — Tl)
+07p(t + o2)27 (t + 02 + T2)

Y (t) + Q(t) [xﬂ(t )4 a2t -0y — 1)+ 2Pt + o0 — )] +
Pt)[z"(t+7m)+a"2"(t —o1 +72) + 0727 (t + 09 + 72)] for all t > ¢t;.

Y

Using the fact a <1, b<1, > 1 and 0 < v < 1, the last inequality becomes

LB
0 > y'()+Q) |2°(t—1) +d®P(t —oy — 1) + Pt+os—1)| +

= 261
Pt)[27(t+ 1) +a"2"(t —o1 4+ 72) + 727 (t + 02 + 72)] for all ¢ > ¢;.
Now using the Lemma 2.2 and Lemma 2.1 twice on the first and second part of the

right hand side of the last inequality, respectively, we have

t
(2.4) 0>9y"(t)+ ﬁ,{i 2Pt — 1) + P(£)2Y*(t + 1) for all t > t;.

From Lemma 2.3, we have z(t) > 0 and 2/'(t) > 0 and therefore y(t) > 0 and
y'(t) > 0. Now using the monotonicity of z(t) in (2.4), we obtain

(2.5) 0>y"(t) + fﬁ(ﬁ Pt — 1)+ P(t)2(t - 7)

for all t > ¢;.
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Q)
48-1

geometric mean inequality

28/t — 1) and ugny = P(t)2"/%(t — 7). Using the arithmetic-

Ut Yot > (ug’lugz)mi”2 , the last inequality be-
m -+ 02

t m
(2.6) 0>vy"(t)+ (fﬁ(z) ny " P™(t)n, " 2(t — 7) for all t > ;.

Let uyn =

comes

From the definition of y(t), we have

(2.7) yit) = z(t)+az(t—o1)+07z(t + 02)
(2.8) < (14a”+b7)z(t + o9) for all t > t;.

Using (2.8) in (2.6), we see that

(2.9) 0>y"(t)+ (ﬁ;@) 1 Pﬁ?gﬁ;gﬁ;

y(t — 7 — o9) for all t > ;.

Using Lemma 2.4, the last inequality becomes

210) 0y (G) TR EEETER 0y

for all ¢ > t;. By taking w(t) =y (), we see that w(t) is a positive solution of the
inequality
(2.11)

0>w/t)—|—<

M P (£~ M2 (o
Q(t)) PR(m "y = (=7 02)w(t—7—02)forallt2t1.

4681 (I4+aY+bd7) 2
Then by Lemma 2.5, we see that the last inequality has no positive solution. This
contradiction completes the proof. O

Theorem 2.7. Assume thaty > 1, 0< <1, a>1, b>1and~vy>a>g. If
the differential inequality

(2.12) lim inf / P (s)Q™(s)(s—7—02)ds >

t—oo

247~ ) ng* (1 + af +0%)
e

t—T—02

where 1 = . ﬂ, No = y-o and t = max(7y,72) holds, then every solution of

equation (1.1) is oscillatory.

Proof. Let z(t) be a positive solution of equation (1.1) (since the proof of other case
x(t) negative is similar). Then there exists a t; > to such that 2(¢) > 0, z(t—71) >0
and z(t —oq1) > 0 for all ¢ > ¢;. Then z(¢t) > 0 and from equation (1.1), we have
Z'(t) > 0 for all ¢ > ;. Define a function y(t) by

(2.13) y(t) = 2(t) + d®z(t — 1) + bP2(t + 02)
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for all t > ¢;. Then y(¢t) > 0 and ¥'(¢t) > 0 for all ¢ > t;. Now

0 = y'(t) +a()z’(t =) + pt)a? (t+72) + a’q(t — 1)2’(t — o1 — 1) +
aPp(t — 1)z (t — o1 + 1) + 0Pt + 00)aP (t + 09 — 1) + VPP (t + 00 + )
y'(t)+ Q) [2°(t — 1) + dP2P (t — 7 —01) + V2P (t — 7 4+ 00)] +

P(t) [27(t+ 72) + P (t+ 19 —01) + VP2 (t+ o + 02)]

Y

forall t > t;. Sincea > 1, b>1, f <1, and v > 1 the last inequality becomes

0 > y'(t)+ Q) [xﬁ(t—ﬁ)—kaﬁxﬁ(t—ﬁ—gl)
+bﬁxﬂ(t—ﬁ—01)—|—bﬁxﬁ(t—ﬁ—|—02)]
v

(2.14) +P(t) (27 (t+ 1)+ a2 (t+ 72— 01) + 7=

727 (t + T2 + 02)

for all t > ¢1. Now using the Lemmas 2.1 and 2.2 twice on the first and second part
of right hand side of the last inequality, respectively, we have

(2.15) 0>y"(t)+ Q)2 *(t — 1) + fT(_tiz'Y/o‘(t—&—Tg).

Since z(t) is nondecreasing the inequality (2.15) becomes

LilV)

o2t =)

(2.16) 0>y"(t)+ Q)P *(t —7) +

for all t > t;.
Let ugno = Q(t)2°%/*(t —7) and uymy =

and geometric mean inequality

P(t)

1 27/@(t — 7). Then using arithmetic

UM + U2M2 M. nay ——
I ey

m+ 12
the last inequality becomes
" P(t) " -1, —"N2
(2.17) 0>y"(t)+Q™(t) 1) e z(t—71) for all t > t;

Now from the monotonicity of z(t), we have
(2.18) y(t) = 2(t) +aPz(t—o1) + 0P 2(t+00) < (140 +b°)2(t+03) for all t > t;.
Using the inequality (2.18) in the inequality (2.17), we see that

P)\™ Q™ (t)n M ny ™
4r—1 (1+a®+0%)

(2.19) 0>y"(t)+ ( y(t — 7 — og) for all t > ¢;.
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Using Lemma 2.4, the inequality (2.19) becomes

e ozy+(P9)" STy

for all ¢ > t;. By taking w(t) = y (), we see that w(t) is a positive solution of the
inequality

221) 0>wi)+ (P(t) )’“ QE(t)n My ™ (t— T — 02)

t_ .
AT (1+af +bP) ; wlt=r—o)

for all ¢ > ¢;. But by Lemma 2.5, we see that the inequality (2.21) has no positive
solution. This contradiction completes the proof. O

Theorem 2.8. Assume that 3> 1,0<~vy<1l,a>1, b<1 and > a > ~. If the
differential inequality

t

B—=1Y\,,11 712 B ¥y
(2.22) lim inf / P (s)Q™M(s)(s — T — 09)ds > 2047 i mg” (1 + a7 +b7)

t—oo (&
t—T—02
where 1, = g:’y, Mo = g:?; and 7 = max(11,72) holds, then every solution of

equation (1.1) is oscillatory.
Theorem 2.9. Assume that 3>1,0<~v<1l,a<1, b>1and 3> a>".

t

B—1Y,,11 .72 ¥ B
(2.23) lim inf / P ()™ (5)(5 — 7 — og)ds > 2yt (L +ar )

t—o0 e
t—T—09
a—v f—a :
where 11 = , My = 3 and 7 = max(71,72) holds , then every solution of
-7 -7

equation (1.1) is oscillatory.

The proofs of Theorem 2.8 and Theorem 2.9 are similar to that of Theorem 2.6,
and hence the details are omitted.

Theorem 2.10. Assume thatv>1,0<8<1l,a<1, b>1and B> a > 1.

t

Y—=1\ 1,112 B ¥
(2.24) lim inf / P ()™ (5)(5 — 7 — og)ds > b Jm (Lt a4 7)

t—oo e
t—T—02
B—a a— :
where 11 = , M2 = 3 and T = max(11,72) holds, then every solution of
— _

equation (1.1) is oscillatory.
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Theorem 2.11. Assume thaty>1,0< 8 <1l,a>1, b<land 8> a>~.If
the differential inequality

t

(2.25) lim inf / P (s)Q™ (s)(s — 7 — 03)ds > 2(4%1) m nz(l L +b[’)

e

t—o0
t—T—02

=@

B::, No = g:z and T = max(11, 7o) holds, then every solution of

equation (1.1) is oscillatory.

where 171 =

The proofs of Theorem 2.10 and Theorem 2.11 are similar to that of Theorem
2.7, and hence the details are omitted.

Example 2.12. Consider the differential equation

1 " q 3 p 1/3
(x(t) + ﬁz(t—1)+x(t+2)) —|—gz (t—2)—|—¥x (t+1)=0, forall t > 2

1
where ¢ and p are positive constants. Here a = —, b = 1, ¢q(t) = k! p(t) = p,

27’ t’ t
aflﬁf&ygé, =1,00=27 =2and m» = 1.
-7 1 B—a 3
Then 7, = -, My = = — and 7 = max(711,72) = 2,
-y 4 -y 4 ( )

¢ 4 q q
t = =
Q) mm(tt 1%+2> t+2

p P p _ D
min , =
t't—1"t+2 t+2

e
—

~
=

Il

By Theorem 2.9 if

t
B—1Y,,711,,72 ¥ 8
(2.26) lim int / P ()™ (5)(5 — 7 — oa)ds > 24t (L a £b7)

t—o0 e

t—T—o02

: 14
then every solution of equation (2.27) is oscillatory. That is, if 3ipigi > —, then
e
every solution of equation (1.1) is oscillatory.

Example 2.13. Consider the differential equation

]. 1 1
(a(t) + w(t = 1) + za(t +2)) +% 5(t—2)+];x(t+1) =0, forall t > 2,
. B 1 _q _p
where ¢ and p are positive constants. Here a = 1, b = 77 q(t) = . p(t) = T

1
a=1,0=-

37723,01 =1l,00=2,71 =2 and 7, = 1.
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a—0 1 vy -«
en oy R M2 51 and 7 = max(7y,2) = 2,
. qa 4 q q
t = - =
Q) mm(t’t—l’t+2) t+2
P(t) = min 2, P , i =_P
t't—1"t+2 t+2

By Theorem 2.11 if

t
Y=1\, 1,112 24 16]
(2.27) limtinf / P (s)Q™(s)(s — T — 02)ds > 2047 i (1 a7 4D ),

e

t—T—02

14
then every solution of equation (1.1) is oscillatory. That is, if Bipiq% > —, then
e
every solution of equation (1.1) is oscillatory.
Acknowledgement. The authors are thankful to the referee for the careful read-
ing and helpful suggestions which improve the content of the paper. The author
E.Thandapani thanks the University Grants Commission of India for awarding

Emeritus Fellowship [N0.F.6-6/2013-14/EMERITUS-2013-14-GEN-2747/SA-II] to
complete this research.

References
[1] R. P. Agarwal, S. L. Shieh, and C. C. Yeh, Oscillation criteria for second-order
retarded differential equations, Math.Comput. Modelling, 26(4)(1997), 1-11.

[2] B. Baculikova, Oscillation criteria for second order nonlinear differential equations,
Arch. Math., 42(2)(2006), 141-149.

[3] J. G. Dong, Oscillation behavior of second order nonlinear neutral differential equa-
tions with deviating arguments, Comput. Math. Appl., 59(12)(2010), 3710-3717.

[4] J. Dzurina, On the second order functional differential equations with advanced and
retarded arguments, Nonlinear Times Digest, 1(1994), 179-187.

[5] J. Dzurina and S. Kulasar, Oscillation criteria for second order neutral functional
differential equations, Publ. Math. Debrecen., 59(1-2)(2001), 25-33.

[6] J.Dzurina, J. Busa and E. A. Airyan, Oscillation criteria for second-order differential
equations of neutral type with mized arguments, Differ. Equ., 38(2002), 137-140.

[7] J. Dzurina and I. P. Stavouralakis, Oscillation criteria for second-order delay differ-
ential equations, Appl. Math. Comput., 140(2-3)(2003), 445-453.

[8] J. Dzurina and D. Hudakova, Oscillation of second order neutral delay differential
equations, Mathematica Bohemica, 134 (1)(2009), 31-38.



146

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]

(19]

(20]

(21]
(22]

23]

E. Thandapani, S. Selvarangam, M. Vijaya and R. Rama

L. H. Erbe and Q. Kong, Oscillation results for second order neutral differential
equations, Funkcial. Ekvac., 35(3)(1992), 545-555.

S. R. Grace, Oscillation criteria for n-th order neutral functional differential equa-
tions, J. Math, Anal. Appl., 184(1994), 44-55.

S. R. Grace, On the oscillations of mized neutral equations, J. Math. Anal. Appl.,
194(2)(1995), 377-388.

S. R. Grace, Oscillations of mized neurtal functional-differential equations, Appl.
Math. Comput., 68(1)(1995), 1-13.

I. Gyori and G. Ladas, Theory of Delay Differential Equations with Applications,
Clarendon Press, Oxford, 1991.

Z. Han, T. Li, S. Sun, and W. Chen, On the oscillation of second-order neutral delay
differential equations, Adv. Difference Equ., 2010, Article ID 289340, 8 pages, 2010.

G. S. Ladde, V. Lakshimikantham and B. G. Zhang, Oscillation Theory of Differential
Equations with Deviating Arguments, 110 , Marcel Dekker, New York, 1987.

L. Liu and Y. Bai, New oscillation criteria for second-order nonlinear neutral delay
differential equations, J. Comput. Appl. Math., 231(2)(2009), 657-663.

Ch. G. Philos, Oscillation theorems for linear differential equations of second order,
Archiv der Mathematik, 53(5)(1989), 482-492.

S. H. Saker, Oscillation of second order neutral delay differential equations of Emden-
Fowler type, Acta Math. Hungar, 100(1-2)(2003), 37—62.

S. Sun, T. Li, Z. Han, and Y. sun, Oscillation of second-order neutral functional
differential equations with mixed nonlinearities, Abstract and Applied Analysis, 2011,
Article ID 927690, 15 pages, 2011.

Shuhong Tang, Cunchen Gao, E. Thandapani, and Tongxing Li, Oscillation theorem
for second order netural differential equations of mized type, Far East J. Math. Sci.,
2011.

E. Thandapani and R. Rama, Comparision and oscillation theorems for second oredr
nonlinear netural differential equation, Serdica Math. J., 39(2013), 1-16.

R. Xu and F. Meng, Oscillation criteria for second order quasi-linear neutral delay
differential equations, Appl. Math.Comput.,192(1)(2007), 216-222.

J. R. Yan, Oscillation of higher order neutral differential equations of mized type,
Isreal J. Math., 115(2000), 125-136.



