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Abstract. In this paper, we compute the number of distinct centralizers and commu-

tativity degree of a class of finite groups. These computations produce a further class of

examples of groups answering one question raised by Belcastro and Sherman and another

one raised by Lescot.

1. Introduction

Given a group G and x ∈ G, the set C(x) = {y ∈ G : xy = yx} is called
the centralizer of x in G. The set of all centralizers in G is denoted by Cent(G).
A group G is called an n-centralizer group if |Cent(G)| = n. It is easy to see that
one centralizer groups are precisely the abelian groups. It is also not difficult to see
that two and three centralizer groups do not exist. In [3], Belcastro and Sherman
studied n-centralizer groups for some n and asked the following question:

If n is a positive integer other than two or three, does there exist a group with
n centralizers?
By counting the number of distinct centralizers of generalized quarternion groups
(Q4m) presented by 〈a, b : a2m = 1, b2 = am, bab−1 = a−1〉 and dihedral groups
(D2n) presented by 〈a, b : an = b2 = 1, bab−1 = a−1〉, Ashrafi (in [1, 2]) has
answered this question affirmatively.

The commutativity degree of a finite group G, denoted by d(G), is defined by

(1.1) d(G) =
1
|G|2

∑

g∈G

|C(g)|.

In [7], Lescot have computed the commutativity degree of dihedral groups and
quaternion groups (Q2n+1) presented by 〈a, b : a2n

= 1, b2 = a2n−1
, bab−1 = a−1〉,

and showed that
d(D2n) → 1

4
and d(Q2n+1) → 1

4
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as the orders of the groups D2n and Q2n+1 tend to infinity. He then asked,
“whether there are other natural families of groups with the same property”. It may
be mentioned here that many authors have answered this problem by computing
commutativity degree of different classes of groups (see [4],[5],[6]).

In this paper, we compute the number of centralizers and commutativity degree
of a class of metacyclic groups M2m,n presented by 〈a, b : an = b2m = 1, bab−1 =
a−1〉. These computations produce a further class of examples of groups answering
the above mentioned questions.

2. Main Result

In this section, we have the following main result.

Theorem 2.1. For n > 2, Cent(M2m,n) has cardinality n + 2 or n
2 + 2 according

as to whether n is odd or even. In particular, for each positive integer k > 3,
there exists a metacyclic group M2m,n which has exactly k centralizers. Further,
the commutativity degree d(M2m,n) = n+3

4n or n+6
4n according as to whether n is odd

or even. In particular, d(M2m,n) is independent of m and tends to 1
4 as n →∞.

Proof. From bab−1 = a−1, we have

bsatb−s = a(−1)st.

Using this, we have

(aibj)(aubv)(aibj)−1(aubv)−1 =(aibj)(aubv)(b−ja−i)(b−va−u)

=ai(bjaub−j)(bva−ib−v)a−u

=a((−1)(v+1)+1)i+((−1)j−1)u.

Therefore, the centralizer of any element is given by:

C(aubv) = {aibj : ((−1)(v+1) + 1)i + ((−1)j − 1)u ≡ 0 mod n}.
This breaks up into the following cases.
The m elements in 〈b2〉 have C(b2v) = M2m,n and the m elements in b〈b2〉 have
C(b2v−1) = {bj , a

n
2 bj : j ≤ 2m}; the m elements in a

n
2 〈b2〉 have C(a

n
2 b2v) = M2m,n

if n is even; the m elements in au〈b2〉 have

C(aub2v) = {aib2j : i ≤ n, j ≤ m} for each
n

2
6= u < n;

the m elements in aub〈b2〉 have

C(aub2v−1) = {b2j , aub2k−1, a
n
2 b2j , au+ n

2 b2k+1 : j, k ≤ m} for each u < n.

Hence, for odd n, we have

Cent(M2m,n) = {M2m,n, 〈b〉, 〈a〉〈b2〉, ab〈b2〉 ∪ 〈b2〉, a2b〈b2〉 ∪ 〈b2〉, . . . ,
an−1b〈b2〉 ∪ 〈b2〉}.
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This gives |Cent(M2m,n)| = n + 2. Further, we have
∑
u,v

|C(aubv)| = m(2mn) + m(2m) + m(n− 1)mn + m(n− 1)2m = m2n2 + 3m2n.

Similarly, if n is even, then

Cent(M2m,n) = {M2m,n, 〈b〉 ∪ a
n
2 〈b〉, 〈a〉〈b2〉, 〈b2〉 ∪ a

n
2 〈b2〉 ∪ ab〈b2〉 ∪ a1+ n

2 b〈b2〉,
〈b2〉 ∪ a

n
2 〈b2〉 ∪ a2b〈b2〉 ∪ a2+ n

2 b〈b2〉, . . . ,
〈b2〉 ∪ a

n
2 〈b2〉 ∪ a

n
2−1b〈b2〉 ∪ an−1b〈b2〉}.

This gives |Cent(M2m,n)| = n
2 + 2 and

∑
u,v

|C(aubv)| = m(2mn) + m(4m) + m(n− 2)mn + m(4m)(n− 1)

= m2n2 + 6m2n.

Finally, these give the commutativity degree to be n+3
4n or n+6

4n respectively, as n is
odd or even (using (1.1)). This completes the proof of the theorem. 2

Acknowledgement. The author would like to thank the referee for his/her valu-
able suggestions to modify the proof of the main theorem.

References

[1] A. R. Ashrafi, On finite groups with a given number of centralizers, Algebra Collo-
quium, 7(2)(2000), 139–146.

[2] A. R. Ashrafi, Counting the centralizers of some finite groups, Korean J. Comput. &
Appl. Math, 7(1)(2000), 115–124.

[3] S. M. Belcastro and G. J. Sherman, Counting centralizers in finite groups, Math.
Magazine, 67(5)(1994), 366–374.

[4] A. Castelaz, Commutativity degree of finite groups, M. A. thesis, Wake Forest Uni-
versity, (2010) pp: 72–103, pp: 132.

[5] H. Doostie and M. Maghasedi, Certain classes of groups with commutativity degree
d(G) < 1

2
, Ars Combinatoria, 89(2008), 263–270.

[6] I. V. Erovenko and B. Sury, Commutativity degree of wreath products of finite abelian
groups, Bull. Aus. Math. Soc., 77(1)(2008), 31–36.

[7] P. Lescot, Central extensions and commutativity degree, Comm. Algebra,
29(10)(2001), 4451–4460.


