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ON THE RATIO OF RELATIVE CONGRUENCE ZETA
FUNCTIONS OF CYCLOTOMIC FUNCTION FIELDS

JAEHYUN AHN*

ABSTRACT. In this paper we give a determinant formula for the
ratio of relative congruence zeta functions of cyclotomic function
fields.

1. Introduction

Let k = F(T) be the rational function field over the finite field [,
and A = F,[T]. Write AT = {1 # M € A : M is monic} and A] =
{P € AT : P is irreducible} for simplicity. For any M € AT, we denote
by Kjs for the Mth cyclotomic function field and KAZ for the maximal
real subfield of K.

It is known that there exists a polynomial Py, (X) € Z[X] such that
Prey (a77)

(1—g)(1—-¢'=)

where ((s, Kps) is the congruence zeta function of Kj; and Pk, (1)

C(S’ KM) =

is equal to the divisor class number hg,, of Kj;. Let C(*)(S,KM) =
C(s, Knr)/¢(s, Kyp), called the relative congruence zeta function of K.

Then we have () (s, Kyr) = P\ (%), where P ) (X) = Py, (X)/ Py (X).

In 2010, Shiomi has expressed the polynomial PI((_J; (X) as the deter-
minant of matrix up to some polynomial [5]. Recently, author and Ka

gave another determinant fomula for Pf(fjxi (X) [1]. In 2007, author and
Jung give determinant formulas for the ratio of class numbers of cyclo-
tomic function fields [3]. The aim of this paper is to give an elementary

determinant formula for ratio PI(;AZ (X)/PI((;) (X) with M, N € At N|M.
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2. Preliminaries

Let F be a finite extension of k which is contained in some cyclotomic
extension Kj;. Let N € AT be the conductor of F, that is, Ky is
the smallest cyclotomic function field containing F'. Let ((s, F') be the
congruence zeta function of F' given by

o) =TT (1= 55)
p

where p runs over all primes of F. It is well known that there exists a
polynomial Pp(X) € Z[X] of degree 2g, where g is the genus of F, such
that

Pp(q?)
(s F) (L—g*)(1—g'=*)
Moreover, the polynomial Pr(X) satisfies Pr(0) = 1 and Pp(1) = hp,
where hp is the divisor class number of F.
Let X be the group of primitive Dirichlet characters of A associated

to F. For x € Xp, let L(s,x) be the L-function associated to y given
by

L(s,x) = [ (1= x(P)gsds?)™".

PeAt

irr

For any x € Xp, let Fx € AT be the conductor of x and X = x o my,
where m, : (A/NA)* — (A/F,A)* is the canonical homomorphism. Let
¢ (s, F) = ((s,F)/¢(s, Ft) be the relative congruence zeta function

of F and PS)(X) = Pp(X)/Pp+ (X). Then
(21) II 260 =P (@ )75 (@),

xGX;

where X, = Xp\Xp+ and

=11 II (-x(@x*9).

+
XEXr QeEA], QIN

To find a determinant formula for the ratio of relative congruence zeta
functions, we need a variation of group determinant formula. Let G be a
finite abelian group and let L?(G) be the vector space of complex-valued
functions on G. Let G be the character group of G with values in C. For
any subgroup H of G, we define G¥ = {xy € G : x(¢) = 1 for all o € H}
and let R/ be any system of representatives of G/H. When Rq,y is
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fixed, we define a function ry : G — G such that ry(0)H = oH with
r(0) € Rg/ g for each o € G.

LEMMA 2.1. [3, Theorem 2.4] For any two subgroups H,H' of G,
suppose that Rg/r, Ra/u and R g satisfy the condition that ry o
rgr = rgrorg = rgy as functions from G to G. Then, for any f €
L?*(G), we have

I > xi

xgGHUGH' 0€G
= det (flor™") = floru(r)™") — florm (1)) + f(U?“HH'(T)_l))M,
where o, 7 run through G\(Rg ;g U Rq/m)-

It is easy to see that Lemma 2.1 also holds when f is a function from

G to Z[X].

3. Ratio of the relative congruence zeta functions

From now on, we fix M, N € AT with N|M. Let G); = Gal(K/k),
Gy = Gal(Kn/k), J = Gal(Ky/K;;) and H = Gal(Kp/Kn). It is
well-known that Gy = (A/MA)*, Gy = (A/NA)* and J = F;. For the
cyclotomic theory of function fields, we refer to [4, Chapter 12]. Under
the above isomorphisms, we may identify Xg,, (X Kt and X, resp.)
with Gar (G, and G, resp.) Let My = {A € A : A # 0,deg A <
deg M,gcd(A, M) = 1}. For a € (A/MA)*, let A, be an element of
My, which corresponds to « (that is, A, + MA = «). And let sgn,,(«)

be the leading coefficient of A, and deg,,;(a) = deg A,. Now, we define
a function f : (A/MA)* — Z[X] by

Xdegnr (@) if som (o) =1
0, otherwise.

Under the isomorphism G = (A/MA)*, we also view f as a func-
tion from G to Z[X]. Let My, v = {A € My : (A)n € M}, where
(A) is the element of My which satisfy A = (A)y (mod N). Note that
M3 v My and M} become systems of representatives of G/ J, Gy /H
and Gps/JH repectively, under the map My, < (A/MA)* = G)s. Fi-
nally, we define the matrix

E](\/;,)N(X) — (XdegM(ABfl) _ xdegn (A(B/sgny(B))™)

_XdEgM(A(B)Xrl) + XdegM(A((B)N/SgnN(B))fl))A B,
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where A, B run over M/\(Mj, y UMy) and B~! denote the unique
element of M, which satisfy BB~ =1 (mod M).

THEOREM 3.1. For any M, N € A" with N|M, we have

Piey (X) T (X)
Py (X) Jic)(X)

det E§ \(X) =

Proof. For x € Xy, asin the proof of [5, Theorem 3.1] or (2, Lemma
3], we have

L(s,x) = > X(0r)q~ degm(@)s
a€(A/MA)* sgn ) (a)=1

= > X@)f(@)lx=g

ac(A/MA)*

From Lemma 2.1, we have

1T L(s, X)

XEXr (X3 UXK )

II 3 ) f(@)

XEX K \(Xjk, UX i) @€ (A/MA)

X=q~*

= det (f(or™") — flory(T)™) = florg(r)™h) + f(arJH(T)*l))mJX:q,s,

where o, 7 run through Gy \(Rg,, 7 U Rg,,/u) and we view f as a
function on Gjs. Thus, from (2.1), we have

det (f(o77") = flors()™) = flora()™) + flormm() ™),
Aﬁga>K¢X)
Ten () Ji(X)

Considering the map My, +» (A/MA)* = G); and the definition of f,
we get the result. O

REMARK 3.2. The polynomial J](\Z)(X ) can be easily computed and

J](V;)(X ) = 1 when M is a power of an irreducible polynomial [5, Propo-
sition 3.1].
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