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GENERALIZED QUADRATIC FUNCTIONAL
EQUATION WITH SEVERAL VARIABLES AND ITS
HYERS-ULAM STABILITY

HARK-MAHN KiM* AND HoNG MEI LiaANG**

ABSTRACT. In this paper, we introduce a generalized quadratic
functional equation with several variables and then investigate its
generalized Hyers-Ulam stability in normed spaces.

1. Introduction

In 1940, S. M. Ulam [14] suggested the following question associated
with the stability of group homomorphisms: Let G be a group and let
G’ be a metric group with the metric d(-, -). Given £ > 0, does there
exist a 0 > 0 such that if a mapping f : G — G’ satisfies the inequality

d(f(zy), f(x)f(y)) <6

for all z,y € G, then there exists a homomorphism F : G — G’ with
d(f(z),F(x)) < e forall z € G?

The question of Ulam was first solved by D. H. Hyers [5] for approxi-
mate additive mappings between Banach spaces. In 1978 T. M. Rassias
[9] and in 1991 Z. Gajda [3] provided a generalized Hyers—Ulam stability
for the unbounded Cauchy difference controlled by a sum of unbounded
function || f(z +y) — f(x) = f ()|l < e(l|]|” + [|ly[|*), while 0 < p <1 and
p > 1, respectively. In 1984, J. M. Rassias [10] gave a similar stability for
the unbounded Cauchy difference controlled by a product of unbounded
function ||f(z +y) — f(@) — f)]| < ellz|Plyllt.p + g # 1. In 1994,
Gavruta [4] established a generalized Hyers—Ulam stability by replacing
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the bound of Cauchy difference controlled by a general control function

. ) 00 20,2
like (2 + ) — £(2) — F)] < e, ) with 3252, ZE220) o0
The following functional equation

flx+y)+ flz—y) =2[f(x) + f(y)]

is called a quadratic functional equation which may be originated from
the important parallelogram equality

lz +ylI? + llz = ylI* = 2[l|= ] + [ly]1?]

in inner product spaces. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping.

In 1983, The Hyers—Ulam stability problem for the quadratic func-
tional equation was first proved by F. Skof [13] for a mapping f : X — Y,
where X is a normed space and Y is a Banach space. In 1992, S. Czerwik
[2] demonstrated the Hyers—Ulam stability of the quadratic functional
equation with the sum of powers of norms in the sense of T. M. Ras-
sias approach using direct method. In the same year, J. M. Rassias [11]
certified the Hyers—Ulam stability of the quadratic functional equation
with the product of powers of norms using direct method. In 1995, C.
Borelli and G. L. Forti [1] have verified the generalized Hyers-Ulam sta-
bility theorem of the quadratic functional equation. In 2003, Radu [12]
proposed a new method, the fixed point method which is based on the
fixed point alternative theorem to investigate the stability of functional
equation. In 2008, S. -M. Jung and Z. -H. Lee [7] solved the stability of
quadratic functional equation by using the fixed point approach.

Recently, A. Zivari-Kazempour and M. Eshaghi Gordji [15] have de-
termined the general solution of the quadratic functional equation

flx+2y) + f(y+22) + f(z + 22)
=2f(x+y+2)+3[f(@)+ fy) + f()].

and then have investigated its generalized Hyers—Ulam stability. Moti-
vated from this quadratic functional equation, we consider a generalized
functional equation

(1.1)

n n—k

> ikt X )
i=1 1< <-<in<n =1y

n n

=p—2Chp1 X (n+k— 1)f(§ xz) +n—2 Cp_g—1 X nkn(k_—kl) ; f(zi),
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where n, k are fixed positive integers with n >3 and 2 < k <n — 1.

In this article, we establish generalized Hyers—Ulam stability of the
functional equation (1.1) by using the direct method and the fixed point
method in normed spaces.

2. The generalized Hyers-Ulam stability of equation (1.1)

We begin with the general solution of the functional equation (1.1).

LEMMA 2.1. Let X and Y be vector spaces and let k be a fixed positive
integer with k > 2. If a mapping f : X — Y satisfies the functional
equation

(2.1) flka+y)+ fx+ky) = 2kf(z +y) + (k= 1?[f () + f(y)]

if and only if it satisfies the quadratic functional equation

(2.2) fl@+y)+ flz—y)=2f(2) +2f(y)
for all x,y € X.

THEOREM 2.2. Let X and Y be vector spaces. If f is any solution
of the functional equation (1.1), then f satisfies the functional equation
(2.2). In other words, the general solution of the functional equation
(1.1) is a quadratic mapping.

Proof. We note that the functional equation (1.1) reduces to the func-
tional equation (2.2) by putting z; :==z,29:=yand z3=--- =2, :=0
in (1.1). O

Now, we study the generalized Hyers—Ulam stability of the functional
equation (1.1) by using direct method. As a matter of convenience, we
use the following notation:

n n—k
Df(xy,--- ,xy) ::Z Z f(ka:i—i— Z a:ij)
=1 1<i1 <--<in<n =1, #i

n

—n—2Ch_k—1 X (n+k— 1)f<z zl)

i=1
nk(k —1) <
_n—2Cnfk71 X ﬁ ;f(xl)

for all z1,--- , 2, € X.
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THEOREM 2.3. Suppose X is a vector space and Y is a Banach space.
Let ¢ : X™ — [0,00) be a function satisfying
< (s, wi)

(2.3) Dy (z1, -+ ,my) = Z oy < 00

J=0

for all x1,--+ ,xn, € X. If a mapping f : X — Y satisfies the functional
equation

(2'4) ”Df(xh 73771)” S(P(l'l,"' 7‘7371)
for all x1,--- ,x, € X, then there exists a unique quadratic mapping
Q1 : X — Y such that
M
for all x € X, where M := n—k

7L72Cn7k:71><[k(k71)] ’
Proof. Letting 1 = -++ = x,, := z in (2.4), we obtain
1f(na) = n*f(2)|| < My(a,--- )
for all z € X. Dividing the above inequality by n?, one has

||f(l‘) - n2 ﬁ@(l‘a ,SL’)
for all z € X. Replacing z by n'z and dividing by n?, we get
f(n'z)  f(n't'a) M l l
H n2l - n2(l+1) H —= nQ(H_l) QO(TL Ty, .’E)

for all z € X and all I € NU{0}. Thus, for any p € N, one deduces that

A et <
f(n'z) ( D) p(n n'z)
o) L Ly < Z
for all z € X and all [ € NU{0}. In view of (2.6), it is easily checked that

l
the sequence {LQZI)} is Cauchy in Y. Since Y is complete, the sequence
. . n .
is convergent in Y. Hence, we may define a mapping @1 : X — Y by

l
lim f(n2l:v)
l—woco N

(2.7) Qui(x) =

for all z € X. Moreover, if we take [ = 0 and p — oo in (2.6), we arrive
at the approximation (2.5). By the definition of @, we gain from (2.4)
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and (2.7) that

Df(nlxy, - nlzy,)
D . =i
IDQi(ar, o)l = Jim || 2L o)
Loy oo pl
< lim pnzy, - Wan) =0
T l—oo n2l
for all z1,--- ,x, € X. Hence @Q); satisfies the functional equation (1.1),

and so it is quadratic.
To show that the uniqueness of ()1, we suppose that there exists
another quadratic mapping Qll : X — Y which satisfies the inequality

(23) 7@) ~ Q@) < gi(a, - )

for all x € X, however Q1(y) # Qll (y) for some y € X. Then there is a
positive constant € > 0 such that

0<e< Qi) -

For such given € > 0, it follows from the assumption (2.3) that there is
a positive integer |y € N such that

2M <~ p(nPy, - nfy)
= n2k <&

k=lp

Since ()1 and Qll are quadratic mappings, we see from (2.5) and (2.8)
that

e <1Q1) ~ Q)] = 5 1Q1 (o) ~ @) (nloy)]
< %[H@l(n’(’y) — Fy) |+ £ () — Q)]

Zeo y)_ﬂis@(n’“y,---,nky)
= n2(l0+1) =2 n2k

k=lo
<e,

Z+l0 . ni—‘rlo

which leads a contradiction. Hence (1 is a unique quadratic mapping
satisfying (2.5). O

THEOREM 2.4. Let X be a vector space and Y a Banach space. Sup-
pose there exists a function ¢ : X" — [0, 00) satisfying

X
@Q(xla"" Znhtp 17 ) n)<oo
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for all xq,--- ,xy € X. If a mapping f : X — Y satisfies the functional
inequality (2.4), then there exists a unique quadratic mapping Q2 : X —
Y such that

17@) ~ Qaa)]| < Sgo(a, - )
for all x € X.
Proof. We see from (2.4) that
1 (n2) — n2f (@) < Mp(z,- -+ )
for all x € X. Thus, it follows that

1£(@) = n? F()l < Zﬁwlwwg

nl

for all x € X and all [ € N. Applying the same argument as in the proof
of Theorem 2.3, we get the desired results. O

Next, we recall one of the fundamental result of fixed point theory
from [8].

PROPOSITION 2.5. Let (X, d) be a generalized complete metric space
and let J : X — X be a strictly contractive mapping with Lipschitz
constant 0 < L < 1. Then for each given element x € X, either

d(J"z, J" ) = oo

for all nonnegative integers n, or there exists a positive integer ng such
that

(1) d(J"z, J" z) < oo for all n > no;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the set

Y ={y € X|d(J™z,y) < oo};
(4) d(y,y*) < 2d(y, Jy) forally € Y.

Now, we will apply the fixed point method to investigate the gener-
alized Hyers—Ulam stability of the functional equation (1.1).

THEOREM 2.6. Let X be a vector space and Y a Banach space. Sup-
pose there exists a positive number L1 with 0 < L1 < 1 for which a
function ¢ : X™ — [0, 00) satisfies

(29) @(nxl, e 7nx7l) S nZngp(xla e 7x7l)
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for all x1,--- ,xn € X. If a mapping f : X — Y satisfies the functional
inequality (2.4), then there exists a unique quadratic mapping Q1 : X —
Y such that

(2.10) 1 f(z) — Q1(2)]| <
forallz € X.

M
m(p(gj’... )

Proof. First, we denote a set of mappings from X to Y by
Y¥ :={g: X =Y a mapping},
and define a generalized metric d on YX as follows:
d(g,h) :=inf{a € [0,00] : ||g(x) — h(z)| < ap(z,---,z), Vo € X}.

Then we may show that (YX,d) is a complete generalized metric space
(see the proof of Theorem 2.1 of [6]). Now, we define a operator J; :
YX =YX by

hg(a) = 20

for all g € S and all z € X. For any « with d(g,h) < «, we can write

g(nz)  h(nz)

I hg(e) — Sinte)] = | L) PO
1

< Sop(na, - ne) < Liog(a, ),

which yields d(J1g, J1h) < Ly and so d(J1g, J1h) < L1d(g, h) by letting
a — d(g,h)T. So Ji is a strictly contractive operator with Lipschitz
constant L; on Y.

Second, if we set ;1 = --- = x, := x in the hypothesis (2.4) and
divide both sides by n?, then we have

() — {00

n2
for all x € X, which implies

M

a(f, if) < % < oo.

Thus according to Proposition 2.5, there exists a mapping Q1 : X — Y,
which is a fixed point of J;. Hence

Q1(x) = J1Q1(x) = Qilnz)

n2

and it satisfies
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k
(211)  Jim d(F£.Qu) = 0.0r lim BT — gy

for all x € X. Using Proposition 2.5 once more, one also has

M
d < d < -
(f’Ql) = 1*L1 (f’Jlf) = le(lle)’
and the mapping @)1 is a unique fixed point of J; in the set
A={geY*:d(Jif g) < oo}
This implies that @)1 is a unique mapping satisfying
M
_ < =
I£@) = Q@ < el )

for all z € X.
Finally, we prove that the mapping ()1 is quadratic. It is follows from
(2.4) and (2.11) that

. 1
HDQl(xh e ,.Tn)” = khﬁnc}o W”Df(nkxh T ’nkxn)H
. 1 k k
< lim —spo(ntey, - nten)
< lim L]fgp(acl, e xy) =0
k—o0
for all z1,---,x, € X. Hence @ satisfies the functional equation (1.1)
and so the mapping @1 : X — Y is quadratic, as desired. O

THEOREM 2.7. Let X be a vector space and Y a Banach space. As-
sume that ¢ : X" — [0,00) is a function satisfying

X Tn LQ
. )< =
SO(?’L’ ’ n)_ ng@(xla axn)
for some real number Ly with 0 < Lo < 1 and all x1,--- ,xz, € X. If a

mapping [ : X — Y satisfies the functional inequality (2.4), then there
exists a unique quadratic mapping Q2 : X — Y such that

1f(2) = Qa(2)] <

for all x € X.

mﬂﬁf" ,E)

Proof. Let
Y¥ :={g: X =Y a mapping},
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and define a generalized metric d on YX by
. x T
d(g,h) :=inf{a € [0,00] : [|g(z) — h(z)|| < anp(ﬁ, . ’ﬁ)’ Vo e X}.

Then (YX ,d) is a complete generalized metric space. On the space yX,
we define a operator Jy : YX — VX by
x
J: =n2g(=
29(a) = g()
for all g € Y and all # € X, then we see from (2.4) that
9, x x
_ N < Mo(=Z.... 2
I7(@) =2 < Mg(E, -, )

for all x € X, which induces d(f, Jof) < M by definition.
The rest of proof follows from the similar argument to the correspond-
ing part of Theorem 2.6. 0

COROLLARY 2.8. Let X be a normed space and Y a Banach space.
If a mapping f : X — Y satisfies the functional inequality

IDf (w1, szl < 0 ")
=1

for all xy,--- ,x, € X, where 0 < r # 2, then there exists a unique
quadratic mapping @) : X — Y such that
T
1f(z) = Qz)] < |n2 ‘H x|
forallx € X.

COROLLARY 2.9. Let X be a normed space and Y a Banach space,
and let r1,--- ,ry be real numbers with 0 < Y i r; == 1 # 2. If a
mapping f : X — Y satisfies the functional inequality

IDf(x1, -zl < 9(H i)

for all x1,--- ,x, € X, then there exists a unique quadratic mapping
Q : X — Y such that

1/ () = Q)] < =] )"

|
for all x € X.
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COROLLARY 2.10. Let X be a vector space and Y a Banach space.
Let € > 0 be any given real number. Suppose that a mapping f : X —Y
satisfies the functional inequality

HDf(xl, 7$n>H <e

for all x1,--- ,z, € X. Then there exists a unique quadratic mapping
Q@ : X — Y such that

for all x € X.
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