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ABSTRACT. In view of ideas for semigroups, fractional calculus, resolvent operator and Ba-
nach contraction principle, this manuscript is generally included with existence and control-
lability (EaC) results for fractional neutral integro-differential systems (FNIDS) with state-
dependent delay (SDD) in Banach spaces. Finally, an examples are also provided to illustrate
the theoretical results.

1. INTRODUCTION

The notion of fractional differential equation (FDE) is increasing as a basic scope of re-
search because of the reality it is better in problems in connection with relating hypothesis of
conventional differential equations. Fractional order models are often observed to be more ad-
equate than integer order models in some real world problems as fractional derivatives supply
an extraordinary application for the depiction of memory and hereditary properties of various
materials and procedures. These days, it has been shown that the differential models includ-
ing derivatives of fractional order occur in lots of engineering and scientific professions as the
mathematical modeling of systems and strategies in numerous domains, for case in point, basic
sciences, navigation, feed back amplifiers, and neuron modelling so on. For crucial confirma-
tions about fractional frameworks, one can make reference to the treatises [1, 2], and the papers
[3-9], and the references cited therein. FDE with delay characteristics happen in a number of
domains such as medical and physical with SDD or non-constant delay. Presently, existence
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and controllability results of mild solutions for such problems turned quite interesting and nu-
merous researchers working on it. Just lately, number of papers have been released on the
fractional order problems with SDD, see for instance [10-19].

On the other side, the thought of controllability has accepted a central part all through the
historical backdrop of cutting edge control theory. This is the qualitative property of control
frameworks and is of specific significance in control theory. A lot of dynamical systems are
such that the control does not affect the complete state of the dynamical system yet just a part
of it. Then again, frequently in real industrial procedures it is conceivable to notice just a spe-
cific piece of the complete state of the dynamical framework. Along these lines, it is essential
to figure out if or not control of the complete state of the dynamical framework is conceiv-
able. In this way, here the thought of complete controllability and approximate controllability
exists. Generally discussing, controllability usually indicates that it is conceivable to steer dy-
namical framework from a arbitrary beginning state to the coveted last state utilizing the set of
acceptable controls.

The existence, controllability and other qualitative and quantitative attributes of FDE are the
most advancing area of pursuit, in particular, see [20-29]. These days, Santos et al. [16, 23, 24]
reviewed the existence of solutions for FIDE with unbounded or SDD delay in Banach spaces.
Shu et al. [25] examined the existence outcomes for FDE with nonlocal conditions of order
a € (1,2). In [26, 27], the writers present sufficient circumstances for the existence and
approximate controllability of fractional order neutral differential and stochastic differential
system with infinite delay. Kexue et al. [28] analyzed the controllability of nonlocal FDE
of order € (1,2]. Sakthivel et al. [29] acknowledged the approximate controllability of
fractional dynamical system by making use of appropriate fixed point theorem. Lately, in
[17-19], the authors outlined the approximate controllability results for FNIDS with SDD by
applying the acceptable fixed point theorem. However, EaC results for FNIDS with SDD in
Py, phase space adages have not yet been completely examined.

Inspired by the effort of the previously stated papers [14—16], the principle inspiration driv-
ing this manuscript is to research the EaC of mild solutions for FNIDS with SDD of the models

Dy

t t
z(t)+ 9 <t,x9(t7mt),/0 e1(t, s, xg(s,ms))d(s) ] = x(t) +/0 Bt — s)x(s)ds

t
+ F <t7$g(t,xt)v/ €2(t,8,.%'g(87x5))d8>
0

t
+ <t, .%'Q(t@t),/ eg(t,S,JEQ(S@S))dS) , teg = [O,T], (1.1)
0
xo=¢(t) € By, 2'(0)=0,te (00,0, (1.2)

and the corresponding controllability structure

Dy

t ¢
z(t) +¥ (t’x@(twt)?/o e1(t, s, xg(syxs))ds) ] = x(t) —i—/o Bt — s)x(s)ds
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t t
+ F <t, xg(t,rt)y / 62(t7 S, xg(s,ms))d5> + H <t, Jjg(t,:pt)a / 63(ta S, xg(s,zs))ds)
0 0

+ (Cu)(t), te s =10,T], (1.3)
o =¢(t) € By, 2'(0)=0,t€ (—00,0], (1.4)
where the unknown z(-) needs values in the Banach space X having norm |||, .# = [0, 7] is an
operational interval, Df* is the Caputo fractional derivative of order a € (1,2), &7, (A(t))t>0
are closed linear operators described on a regular domain which is dense in (X,|| - ||) and

Do (t) symbolize the Caputo derivative of & > 0 characterized by

mn

ds™ 7

DEo(t) = [ Fumalt = 5) 50 (s)ds,

where n > o and fi5(t) = %,t > 0,8 > 0. Further, ¢, %, 7 : 9 x B), x X = X, ¢; :
DxBp, —-X,i1=1,23,2={(t,s) € IxI :0<s<t<T}, 0: IXBy — (—00,T)
are apposite functions, C is a bounded linear operator from a Banach space U into X; the control
function u(-) € L?*(.#,U), a Banach space of admissible control functions, and %y, is a phase
space characterized in Preliminaries.

For almost any continuous function z characterized on (—oo, T and any ¢ > 0, we designate
by z; the part of %), characterized by z4(0) = x(t + 0) for § < 0. Now z(-) speaks to the
historical backdrop of the state from every 6 € (—oo, 0] likely the current time ¢.

We push ahead as takes after. Section 2 is focused on call to mind of some crucial perspec-
tives that will be utilized in this work to accomplish our primary results. In Section 3 and 4,
we declare and present the EaC results about by proposes of Banach fixed point theorem. In
Section 5, as a last point, an appropriate cases are equipped to replicate the efficiency of the
conceptual idea.

To the best of our insight, there is no work gave an account of the EaC results for FNIDS
with SDD, which is communicated in the structures (1.1)—(1.2) and (1.3)—(1.4). To pack this
gap, in this manuscript, we contemplate this fascinating model.

2. PRELIMINARIES

In this section, we present some primary components which are required to confirm the
principal outcomes. Let .2 (X) symbolizes the Banach space of all bounded linear operators
from X into X endowed with the uniform operator topology, having its norm recognized as
||l #(x)- Let C(#, X) symbolize the space of all continuous functions from .# into X, having
its norm recognized as || - [|¢(.s x). Moreover, B;(z,X) symbolizes the closed ball in X with
the middle at x and the distance 7. It needs to be outlined that, once the delay is infinite, then
we should talk about the theoretical phase space %}, in a beneficial way. In this manuscript, we
deliberate phase spaces %, which are same as described in [30]. So, we bypass the details.
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We expect that the phase space (%, || - ||,) is a semi-normed linear space of functions
mapping (—oo, 0] into X, and fulfilling the subsequent elementary adages as a result of Hale
and Kato ( see case in point in [31, 32]).

If 2 : (—o00,T] — X, T > 0, is continuous on .# and zy € By, then for every ¢ € .7 the
accompanying conditions hold:

(P)) x;isin %y,

(P) |z(@®)|lx < Hllzel 2,3

(P3) ||zl z, < Zi(t)sup{]|z(s)||x : 0 < s < t} + Pa(t)||x0|l,, where H > 0is a

constant and %4 (-) : [0, +00) — [0, 4+00) is continuous, Z(-) : [0, +00) — [0, 4+00)
is locally bounded, and %, %> are independent of z(-).
(Py) The function t — ¢ is well described and continuous from the set

R(Q_) = {Q(Sag) : (8,§) € [OvT] X %h},

into %), and there is a continuous and bounded function J° : R(p~) — (0,00) to
ensure that |||z, < J°(t)||s||, foreveryt € R(o™).

Recognize the space
PBr ={x:(—00,T] - X : x| s is continuous and xy € B}, },

where x| s is the constraint of x to the real compact interval on .. The function | - ||,
to be a seminorm in Ay, it is described by

2l 27 = llsllz, + sup{llz(s)llx : s € [0, TT}, = € Br.

Lemma 2.1. [33, Lemma 2.1] Let = : (—o0, T — X be a function in a way that xo = s, and
if (P4) hold, then

23], < (Z5 + J°)llsllz, + 21 sup{[|z(0)[x : 0 € [0,max{0,s}]}, se€R(e )V,

where J* = sup J*(t), 27 = sup Zi(s), Z5 = sup Z(s).
teR(0™) s€[0,T] s€[0,T

To be able to acquire our outcomes, we believe that the subsequent FIDS
t
Dfx(t) = dx(t) + / Bt — s)x(s)ds, (2.1)
0
z(0)=ceX, 2'(0)=0, (2.2)

has an associated a-resolvent operator of bounded linear operators (R (t))¢>0 on X.

Definition 2.1. /23, Definition 2.1] A one parameter family of bounded linear operators (Rq(t))t>0

on X is called a a-resolvent operator of (2.1)-(2.2) if the subsequent conditions are fulfilled.
(a) The function R,(+) : [0,00) = Z(X) is strongly continuous and R (0)x = x for all
x € Xanda € (1,2).
(b) Forz € D(), Ro(-)x € C([0,0), [D(=)]) N C((0,0),X), and

t
DiRy(t)r = dRa(t)x + / B(t — s)Ra(s)xds, (2.3)
0
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t
DR, (t)x = Ro(t) x + / Rao(t — s)B(s)xds, (2.4)
0

foreveryt > 0.

The existence of a a-resolvent operator for the model (2.1)-(2.2) was analyzed in [20]. T
be able to research our model, we need to consider the conditions (P1) — (P3) which are same
as stated in [23], consequently we preclude it. In view of the conditions (P1) — (P3), in the
sequel, for 7 > 0 and 6 € (3,7),

Yo = {)‘ EC:AZ0, A >, |arg(M)] < ‘9}7

for Frvg,f‘fnﬁ,i = 1,2, 3, are the paths 1“71479 = {te? : t > r},f‘%ﬁ = {re’ : -9 <¢<
9},I‘§,9 = {te® :¢t>r},and I,y = Offn’e oriented counterclockwise. Furthermore,
pa(Gq) are the sets -

Pa(Ga) = {A € C: Ga(N) = AT (N — o7 — B(N) ' € Z(X)}.

Presently, we determine the operator family (R4 (t)):>0 by

Z}r/ eMGo(N)dA, t>0,
Ra(t) = T (2.5)

1, t=0.
Now, we are in a position to present some conventional outcomes from current works.

Theorem 2.1 ([20, Theorem 2.1] ). Assume that conditions (P1)—(P3) are fulfilled. Then there
exists a unique a-resolvent operator for problem (2.1)-(2.2).

Theorem 2.2 ([20, Lemma 2.5] ). The function R, : [0,00) — Z(X) is strongly continuous
and Ry, : (0,00) — Z(X) is uniformly continuous.

Hereafter, we expect that the conditions (P1) — (P3) are fulfilled. Further, we need to talk
about the mild solution for the model (1.1)-(1.2). For this intent, it is necessary to discuss the
subsequent non-homogeneous model

Dox(t) = of ‘/@tﬂ s+ F(t), te.s, 2.6)
2(0) = 29, 2'(0) =0, 2.7

where o € (1,2) and ¥ € L(.7, X). In the follow up, R (+) is the operator function charac-
terized by (2.5). Now, we start by presenting the subsequent concept of classical solution.

Definition 2.2 ([23, Definition 2.5]). A function v : ¥ — X, 0 < T, is called a classical
solution of (2.6)-(2.7) on . ifx € C(I,[D())NC (I, X), fin—a*z € CH(F,X),n = 1,2,
the condition (2.7) holds and the equation (2.6) is verified on .¥ .
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Definition 2.3 ([23, Definition 2.6]). Let o € (1, 2), we describe the family (S (t))e>0 by

t
So(t)z == / fa—1(t — s)Ra(s)xds,
0
foreacht > 0.
Now, just as before, we need to present some additional conventional outcomes from [20].

Lemma 2.2 ([20, Lemma 3.9]). If the function R,(-) is exponentially bounded in £ (X), then
Sa(+) is exponentially bounded in £ (X).

Lemma 2.3 ([20, Lemma 3.10]). Ifthe function R, (+) is exponentially bounded in £ ([ D (<)),
then S,(-) is exponentially bounded in £ ([D(<)]).

Theorem 2.3 ([20, Theorem 3.2]). Let z € D(<7). Assume that F € C(¥,X) and x(-) is a
classical solution of (2.6)-(2.7) on .#. Then
t
(1) = Ra(1)2 +/ Sult — 8)F(s)ds, te.7. 2.8)
0
It is obvious from the earlier definition that R (-)z is a solution of problem (2.1)-(2.2) on
(0,00) for z € D().
Definition 2.4 ([23, Definition 2.10]). Let F € L*(.#,X). A function x € C(.#,X) is called
a mild solution of (2.6)-(2.7) if
t
() = Ru(t)> +/ Sult — ) F(s)ds, te ..
0
Theorem 2.4 ([20, Theorem 3.3]). Let 2 € D(/) and F € C(7,X). If # € L(7,[D(<)])
then the mild solution of (2.6)-(2.7) is a classical solution.

Theorem 2.5 ([20, Theorem 3.4]). Let z € D(</) and F € C(I,X). If F € Whi(7,X),
then the mild solution of (2.6)-(2.7) is a classical solution.

In the subsequent result, we signify by (—.a7)” the fractional power of the operator —.o7,
(see [34] for details).

Lemma 2.4 ([23, Lemma 3.1]). Suppose that the conditions (P1) — (P3) are satisfied. Let
a € (1,2)and ¥ € (0,1) such that ) € (0, 1), then there exists positive number C' such that

(=) Ra(t)]| < Ce™t=, 2.9)
[(—27)"Sa(t)|| < Ceme>=71) (2.10)
forallt > 0.

Remark 2.1. The verifications of the above results are excessively standard, subsequently we
overlook here. For additional data about this idea, we propose the peruser to allude [20, 23].
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Definition 2.5. Let x7(s;u) be the state value of the model (1.3)-(1.4) at terminal time T
corresponding to the control w and the initial value ¢ € y,. Present the set Z(T,s) =
{27(s;u)(0) : u(-) € L?(F,U)}, which is known as the reachable set of model (1.3)-(1.4) at
terminal time T.

Definition 2.6. The model (1.3)-(1.4) is said to be exactly controllable on % if #(T,s) = X.
Assume that the fractional differential control model
D%%(t) = dx(t) + (Cu)(t), te .7, (2.11)
g =S € By, (2.12)

is exactly controllable. It is practical at this position to present the controllability operator
linked with (2.11)-(2.12) as

T
T - / Su(T — $)CC*S2(T — 8)ds,
0
where C* and S} (t) denotes the adjoints of C and S, (t), accordingly. It is simple that the
operator Fg is a linear bounded operator [35, Theorem 3.2].

Lemma 2.5. [f the linear fractional model (2.11)-(2.12) is exactly controllable if and only then
for some vy > 0 such that (T z,z) > ~||z||% for all x € X and as a result ||(TF) 7| < %

Remark 2.2. Further, we assume that the linear fractional control system (2.11)-(2.12) is
exactly controllable.

3. EXISTENCE RESULTS

In this section, we exhibit and demonstrate the existence of solutions for the structure (1.1)-
(1.2) under Banach fixed point theorem. In the first place, we present the mild solution for the
model (1.1)—(1.2).

Definition 3.1. A function x : (—oo,T| — X, is called a mild solution of (1.1)-(1.2) on [0, T, if
zo = <; x| € C([0,T] : X); the function s — o/ Sp(t—5)9 <87xg(s,x5)>/ e1(s, T,.QZ'Q(T@T))CZT)
0

and s — / B(s — 7)Su(t — )9 (T,wQ(T’xT),/ el(T,g,xQ(&I&))df) dr is integrable on
0 0
[0,t) forall t € (0,T) and fort € [0,T],

l‘(t) = R ( )[ ( )+£¢(O §( ) 0)] —g <t,$9(t7xt),/0 (t s,xg(s :ps))ds>

/JZ{S t—S (, g(sxs)a/ 61(87’1:( ))dT)dS
0

_ / B(s —1)Sa(t — )9 <T, a:g(mcf),/ 61(7,5,969(57%))6[5) drds (3.1)
0 Jo 0
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t s
+/ Suo(t —s)F (s,xg(ms),/ ea(s, 7, J:Q(ﬂ%))dT) ds
0 0
t s
+/ Solt —s)H <s,mg(s7xs),/ es(s, T, .’L'g(.,.’x_r))d’]') ds.
0 0

Presently, we itemizing the subsequent suppositions:
(H1) The operator families R (t) and S, (¢) are compact for all ¢ > 0, and there exists a
constant M in a way that || R (t)|| #(x) < M and [[Sa(t)[ #x) < M foreveryt € .7

and
(=) Sa(t)|lx < MteI=D=1 0 <t <T.

(H2) The subsequent conditions are fulfilled.
(@) B()x € C(F,X) forevery x € [D((—2/ ) =")].
(b) There is a function u(-) € L'(.#;R"), to ensure that

18()Sa ()l 2((D((—eryoy ) < Mu()t*™!, 0<s <t <T.
(H3) (i) The function % I X By x X — X is continuous and we can find positive
constants Lz, Lz > 0 and L7 > 0 in ways that
||§Z(t,¢1,x) - y(ta¢27?/)”X < ng”lﬁl - ¢2H5é’h + E»@Hﬂﬂ - yHX7 te s, myeX
and
L = F(t,0,0)]x.
7 = max|[|.F(¢,0,0)x
(i) The function jif : I X B, x X — X is continuous and we can find positive
constants Ly, L » > 0 and L%, > 0 in ways that
H%(tawlax)_%(tvw%y)nx SLwal_d}Q”@h+E%ﬂ”l’_y||xﬂ te f’ $7y€X7
and
L, = F(t,0,0)|x.
v =max || 7(t,0,0)]x
(H4) e; : 2 x %), — Xis continuous and we can find constants L., > 0, Lg, > 0 to ensure
that
ei(t,s,¢) —ei(t.s,9) |l < Lells = vllm,,  (ts) €2, (s¢) € By, i=1,2.3
and

L = (t,s,0)lx, i=1,2,3.
ma ei(t,5,0) |z, i

€

(HS5) The function %(-) is (—.7)"-valued, 4 : .# x By x X — [D((—2/)~?)] is continuous
and there exist positive constants Ly, Ly > 0 and Lg, > 0 such that for all (¢,¢;) €
I X Br,j=1,2;

I(=)°% (t,51,2) = (=) "G (t,2,9)l|x < Lylls1 — 2], + Lyllz — yllx, @,y € X,
I(~27)"9(t.<,0)Ix < Lyll<ll5, + L,
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where
L}, = max —Mﬂ%t,0,0 .
% te%ﬁ I( )" ( )Ix

(H6) The following inequalities holds:
(1) Let
MToa? T .
MM [Lylls|lz, + L] + {Mo = <1 +/ u(T)dr)} (L;; + LgTLZl)
0

+ MT{(L5 + L) + T(Ls Li, + Lo L2,) |

+ (2{r + cn) | MT ((ng + L)+ T(E{,@»Le2 + Z%L63)>

{Mo LM ;ﬂ (1 + /OTM(T)dT> } (Lg + ngLel)

for some r > 0.
(ii) Let

<r,

A= @ik MT ((Lﬂ + Lﬁf) + T(szez + z,}fLes)>

{Mo M ;ﬂ (1 + /OT u(ﬂm)} (Lg n EgTLel)

besuchthat 0 < A < 1.

<1

Theorem 3.1. Assume that the conditions (HI)-(H6) hold. Then the structure (1.1)-(1.2) has a
unique mild solution on .#.

Proof. We will transmute the structure (1.1)-(1.2) into a fixed-point problem. Recognize the
operator Y : Br — PBr specified by

Ralt)[(0) + 9(0,5(0),0)] - (t i | b5 )i )
/ Aot — )9 <s,xg oy | er(s.7, mQ(T’xT))dT) ds

(Ta)(t) = / / Bls — 1)Su(t — 5)9 <T,xg(m,), /0 ’ 61(7,5,%(5@5))@) drds

/ Salt —8)F | 8,7, ws),/s €2(8, Ty Ty(r, ))d7'> ds

+/O Sa(t — 8)H <s,xg (s,25) 3(5,7,$Q(T,x7))d7'> ds, te /.
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It is evident that the fixed points of the operator Y are mild solutions of the model (1.1)-(1.2).
We express the function y(+) : (—o0,T] — X by

by

- 0, t <0;
A = {z(t), te.s.

If () fulfills (3.1), we are able to split it as z(¢) = y(t) + 2(t), t € #, which suggests
x¢ = Yt + 24, for each t € .# and also the function z(-) fulfills

z(t) = Ra(t)¥(0,¢,0)
t
- (ta Zo(t,za+ye) T Yolt.zaotue) /0 e1(t; 8, Zp(sz+ye) T ye(s,zs+ys))d5)
t
—/ I Sa(t — s)
0
(x)¥9 <37 Zo(s,zstys) T yg(S,szrys)?/O €18, T Zg(r,zrtyr) + yQ(T,zTerT))dT) ds

—/Ot/os,%(s—T)Sa(t—s)

(x)¥ (T’ Zo(rzr+yr) T y@(ﬂzrﬂ/f)?/o €1(7: &, Zg(,ze+ye) T yy(é%ﬁys))df) drds

—i—/OtSa(t—s)

S
() F <S’Zg(s,zs+ys) F Yols,z0us)> /0 €2(8, 7, Zp(r,zr+y,) + l/g(r,z#yT))dT) ds

—l—/OtSa(t—s)

S
(X)% (57 Zo(s,25+ys) + yg(s,zs—i-ys)’/o 63(8, Ts Zo(T,27+yr) + yg(r,zT—&—yT))dT) ds.
Let % = {2z € $%: 20 =0€ By}. Let || - H%% be the seminorm in %Y. described by

121l 0. = sup [2(®)llx + llz0ll, = supllz()x, =€ B,
tes tes
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as aresult (B2, || - || 20 ) is a Banach space. We delimit the operator T : %% — %% by

(T2)(1)
Ra(1)4(0,5,0)

t
-9 (ﬂ Zo(t,ze+ye) T Yolt,ze+ye) /0 e1(t, s, Zo(s,z0tys) T yg(s,zs+ys>)d3>
t
—/ Sy (t — 5)
0

(X)g <S> Zo(s,25+Ys) + yg(s,z5+y5)7/0 61(57 T Zo(T,2r+yr) + yQ(T,zT+yT))dT> ds

—/Ot/OS@(S—T)Sa(t—s)

(X )g (7-7 Zo(r,zr+yr) T Yo(r 2 +yr) /0 61(7—7 3 Zo(&,ze+ye) + yg(ﬁ,zg—&-yg))dg) drds

+/0t8a(t—s)

s
(X )ﬂ\ <87 Zo(s,25+ys) + Yo(s,zs+ys)» A 62(8, Ty Zo(t,204+yr) + yQ(T,ZT+y7—))dT> ds

+/0t5a(t—s)

(x)H <37 Zo(s,zstys) T yQ(S,zsﬂ/s)’/o es(s, T, Zo(r,zrtyr) T yQ(T,zTﬂJT))dT) ds.

It is vindicated that the operator Y has a fixed point if and only if T has a fixed point.

Remark 3.1. Let B, = {z € X : ||z|| < r} for some r > 0. From the above discussion, we
have the subsequent estimates:

(1)
Hzg(s,zs-i-ys) T Yo(s,zs+ys) 8

< HZQ(S,ZS-&-ys)H%h + Hy,Q(S,Zs"r’ys)”ggh
<9 S 12(T)llx + (%5 + J*) |20l , + Z11y(s)| + (%2 + J*) w0l ,
STSS

<21 sup [|2(7)llx + ZiRa(®)ll 2x)ls(0)] + (25 + J*) <],

0<7<s
<9 S 12(T)lx + ZiMH |[<||5, + (22 + T°)|s]|,
<7<s

< i sup (o)l + (FIMH + 5 + T)sl,.

TSS
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In the event that ||z||x < r, 7 > 0, then

1Z0(s,254s) T Yp(s,zetys) |20 < DiT + Cns
where ¢, = (2 MH + Z5 + J°)|[s|| %,
(i) From suppositions (HI) and (H5), we sustain
IRa(t)] )]0, <, 0)llx < MMo[Lylls|lz, + L],

where ||(—4a7)_19|| = M,.
(i)

t
Hg <t7 Zo(t,ztye) T yg(mzﬁyt)v/o e1(ts 55 Zg(s,z0ys) + y@(s,zs+ys))d8> .

< =)~ [H(—m% (t,zgu,zﬁyt) + Yotz

t
[ et s + yg<s,zs+ys>>ds) ~ (=)’9(8,0,0)| + l(~)"9(8,0, 0)||X]

- t
< MO [Lg”zp(t,zt-&-yt) + yp(tvzt"!‘yt) H%’h + Lg /() el(t’ 3, Z.Q(S,Zs"‘ys) + y@(sazs+ys))ds
X

+ Ly

" t
S MOL%(‘@;(T + Cn) + MOL% / [ Hel(t7 S, ZQ(S,Zerys) + yQ(szzs+ys)) - el(t’ S, 0) HX
0

+ Hel(t, S,O)HX ds + M()L;;

< MoLy (257 + ¢n) + MoLyy + MoLyT [Le, 2ot 20 44) + Yottt 2 + Li)
< MoLy(Zir + ¢n) + MoLl; + MoLyTLe, (51 + ) + MoLyTL?

er’

and

¢
|§¢ <t’ Zo(t,ze4ye) T y@(t7zt+yt)7/0 e1(t, s, 2g(s z0+ys) T y@(s,zs+ys))ds>

t
-9 <ta Zo(t,ze+ye) T Yo(tze+ye)s /0 e1(t, 8, Zg(s,zo4ys) T ye(s,zsws))dS)
X

< |l(=2) 7|

|(—42{)19{§ (tv Zo(t,ze+yt) + Yo(t,ze+ye)
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¢
/0 e1(t, s, Zo(s,zetys) y@(s,zsﬂ/s))d‘s)

t
— (—2)'9 (t’zg(t,zz+yt) + yg(t,2t+yt)7/0 e1(t; 8, Zo(s zstys) T yg(s,zs+ys))d5>
X

< Mo [L%H%a,zﬁm) = Zo(tzry) |2, T Lo T Le, | Zo(t,20+40) — Zolt,zi+u1) H%h}

< Mo Ly + Ly TLe, || — Zllag

since
||Zg(s,zs+ys) = Zo(s,Zs+ys) Hﬁh
< D112(s)| + (%25 + J*)lz0ll 2, — Z112(s)| = (2 + J°)[[Z0| 2,
< Z112(s) — z(s)Ix
< iz =2l a4,
(iv)

t
H /(; %Sa(t - S)g <37 Z,Q(s,z5+ys) + y.g(s,zs+ys)a

/ 61(37 T, ZQ(T7ZT+yT) + yQ(7—7ZT+yT))dT> ds

0 X

t
< /0 (=)' " Salt — 9)llx [H(—W)ﬁg <37 Zo(s,25+ys) T Yols,26+ys)
/0 61(87 Ty Zo(T,2r4+yr) + yg(T,zT+yT))dT> - (_"(Z{)ﬂg(& 07 O)HX

+[[(—)"%(s,0,0)|1x | ds

t
S /0 M(t - 5)0“9_1 [LgHzQ(szs'i'ys) + y@(syzs-i-ys) H@h
+ Z% /0 [”61(37 Ty Zo(T,224yr) + yg(r,z-rer-r)) - 81(37 T, O)HX + Hel(sv T, O)HX} dr

+ Ly |ds

M Ton?
(6%

Lg(P;r + cn) + LgTLe, (57 + ¢3) + LyTL:, + L

63
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MT*? = MTe? MT?
< * *
< (P + ) {Lg + LgTLel} + LTI, +

L*
ad Y

and

H /Ot A St — )G <s, Zo(s,zatws) T Yols,zatya)»
/Os e1(8, Ty Zo(r 20 4yr) T yg(TszerT))dT) ds
_ /Ot A St —s)9 (s,zg(s,zﬁys) + Yo(s Zetys)>
/Os e1(8, T, Zp(r 20 4y,) T yg(mfﬂh))dr) ds”X

< Ot [(—a?)1=0S,(t — s)||x [H(—Q/)ﬁg <5, Zo(s,59+ys) T Yo(s,25+1s)

/OS €18, T Zg(r,zrtyr) T yQ(T,ZT+yT))dT>

)’y (s,zg<s,zs+ys> Yot
/O e1(8, 7, Zo(r 2, +y,) T ya(nzf+y7>>d7> Hx] s
t J—1
< 0 M(t - 3)a B Lg”zg(S,zs-&-ys) - zQ(S7Es+y5)Hﬂh

+ LgTLel Hzg(s,zs-i-ys) B EQ(SyES'*‘ys) ”%FL] ds

it
< MT

Dt | Ly + Lo TLe, |2 = 2l g
(v)

|

t S
/0 /0 PB(s —T)Sa(t — 5)9 (7’, Zo(ryzrtyr) T Yo(r,zr+yr)s

/ 61(7-7 67 Zg(f,z5+y§) + yg(57zg+y£))d§> drds

X

0
t S
< [ [ s =m0
0 0

(x) [|(_Q/)ﬂg <Tv Zo(ryzrtyr) T y@(m#yT)v/O e1(7, &, Zo(€,zetye) T y@(&Zerys))dg)



EXISTENCE AND CONTROLLABILITY RESULTS 65

~(=)"%(7,0,0)lxx + II(—%)W(ﬂO,O)Hx] drds

< <Maj;m9 /OT u(T)dT)

ot
+ Lg /0 |:”61(t7 S, Zg(s,z5+ys) + yg(syszrys))

Lg ||ZQ(Tsz+y‘r) + yQ(T,ZT—l-y-,-) ||<@h

—e1(t, 5,0)|x + |lex(t, 5,0)||X} ds + L,

<

)

MTaﬁ
at

T ~ ~
/ M(T)d7> [(@fr +cn){Ly + LyTLe,} + LyTLY + L
0

t s
- /0 /0 ‘@(S - T)Sa(t - S)g <T’ z@(T’ET-i—yr) + yQ(Tva‘i‘yT)’

and

t S
/0 /0 PB(s —T)Sua(t — 5)9 <T, Zo(ryzr4yr) T Yo(r,2r+yr)s

/0 61(7—7 3 Zo(€,2¢+ye) + yQ(§7z5+y5))d£> drds

/0 €1 (7_7 57 zQ(f,Zg—‘,—yg) + yg(g,zﬁyg))df) drds
X
0

< t /OS pls = TIM(t — 5)* ! [H(—mf)ﬁg (7‘, Zo(ryzr+yr) T Yo(r,zrtyr)s
/OT e1(T, & 26,z ye) T yQ(&Zg—l-yg))df)

— (—o)’y <T, Zo(rzetys) T+ YolrZrtur):

/OT e1(m: & Zofezetue) T y@(ﬁ,zg+yg))d5> ||X] drds

MTaﬂ T -
<< at /0 M(T)dT) [Lgnzg(t’zt-&-yt)_ZQ(t:Zt-i‘yt)”@h

+ LgTLe, | Zo(t,c0t40) — Zoltzutwe) ||~@h]
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MT T . - B
< < o u(r)ch) 2 [Ly + LyTLa |12 = 2 .
(vi)
t

' /0 Salt —5)F <37 Zo(s,zs+ys) T Yo(s,zs+ys)

/() ea(s, T, Zo(r,zrtyr) T yg('r,zf—i-yf))dT) ds

X
t

o A P [ CE .

/0 62(37 T Zo(1,2:4+yr) + yQ(T,ZT+yT))dT) - 9(57 0, O)HX + Hﬂ(sv 0, O)HX] ds

t
S M/O L?HZg(s,szrys) + yQ(S,Zs‘i’ys)H'%h
+ ffﬁ /0 |:||62(57 Ty Zo(T,2r4+yr) + yg(T,zT—Q—yT)) - 62(87 T, O)HX + H62(S’ T, O)HX} dr
+ L% | ds
< MT|(Zir+e){Ls + LTLey | + LsTLL, + Lz |
a

nd
t s
/0 Sa (t - S)y (57 Zg(s,zs—l-ys) + yg(s,zs—l-ys)y /0 62(8, T, ZQ(T,z.,——I—yT) + yQ(T,z7—+y7—))dT> ds

t s
- /0 Soz (t - 5)<g <Syzg(s,zs+ys) + yg(s,ES—O—ys)a /0 62(57 T, ZQ(T,ET—Fyq—) + yg(T,zT—l—yT))dT) ds
X

Lz 2g(s,20tys) — Zo(s,z5+ys) 180

t
< /0 1St — )20

+ LgTLe,2g(s 24 +ys) — Zo(s,zs+ys) ||%h] ds

< MT@f{Ly + Eg;TLeQ}Hz 20
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(vii)

t s
H / Salt — 3)'%&<37 Zo(s,2s+ys) T y.g(s,zs+ys)=/0 €3(5, T, Zg(r,zr+yr) T yg(T,zTﬂtT))dT) ds

X

/ ||S t—S Hﬁ [”%( o(s,25+Yys) +yg(s Z2s+Ys)?

/0 63(83 Ts Zo(T,27+yr) + yQ(T,zT+y7))d7—> - %(87 0, O)HX + ”‘%ﬂ(sa 07 O)HX] ds

t
i
0

. S
4 Lor [ [lea(s: 72t ) + Wotror ) = ealo 7OV + a7 0) | dr
0

Lo \Zg(s zatys) T Yo(s,zetys) |20

+ L% |ds

< MT (2 + cn){Lﬁa + E%TLBS} + Ly TL: + LYy

a(t - 3)’%&<37 Zg(s,zs—&-ys) + yg(s,zs—&-yb)a/o 63 §,T, 2 o(T,zr+yr) + yQ(T zT+yT))dT> ds

t
_/0 Sa(t_s)‘%ﬂ< 8, Zo(s.Zs+ys) T Yols,Zs+ys) / €3(8, T, Zo(rz +ur) +3~/g<m7+yT)>dT>dS

0
/ 1Sa(t - 9)ll 20

+ LT Les || 2g(s,25+ys) — Zo(s,Zs+ys) H%’h] ds

X

Lyf”Z (s,2s+ys) — (s Zs+Ys) Hﬁh

< MT@{{L% + E%TLeg}Hz — 2|l 9.

Now, we enter the main proof of this theorem. Initially, we demonstrate that T maps B, (0, %%)
into B,(0, #%). For any z(-) € %%, by employing Remark 3.1, we sustain

1(C2) (1) 1

Toa? T _
MM, [LchHggh + L;;] + {Mo + Mom? (1 +/ u(r)dr> } (L; + LgTL;)
0
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* * T * T *
+ MT{(L5 + L3y) + T(Lr Li, + L L) §

+ (.@f?“ + Cn) MT ((Lg =+ Ljf) + T(Eg;LeQ + nyfLe:;))

om9 T .
{Mo -+ MT <1 + / M(T)dT) } (Lg + LgTLel)
v 0

Therefore, T maps the ball B, (0, %) into itself. Finally, we show that T is a contraction on
B, (0, %%.). For this, let us consider 2,% € B,.(0, %9), then from Remark 3.1, we sustain

1C2)(t) = (T2)(1) I

<9

<r.

MT ((Lﬂ + L) +T(LyLe, + E%?Leg)>

Tod T ~
o+ X5 (14 [ utoar) | (2o + Lot
@ :

< Allz — 2] g

2 — =0

From the assumption (H6) and in the perspective of the contraction mapping principle, we
understand that Y includes a unique fixed point z € 93% which is a mild solution of the model
(1.1)-(1.2) on (—o0, T']. The proof is now completed. O

4. CONTROLLABILITY RESULTS

In this section, we present and prove the controllability of FNIDS with SDD of the structure
(1.3)-(1.4) under Banach fixed point theorem. First, we present the mild solution for the model
(1.3)-(1.4).

Definition 4.1. A function x : (—oo,T| — X, is called a mild solution of (1.3)-(1.4) on [0, T, if
ro = <; x| € C([0,T] : X); the function s — o/ Sp(t—5)9 (s,xg(s )5 / e1(s, T,%'Q(T’IT))C[T>
0
and s — / B(s — 17)Sa(t — 5)9 (T,.TQ(T’ZT),/ 61(7’,&,1‘9(5733&))02) dr is integrable on
0 0
[0,¢) forall t € (0,T) and fort € [0,T) and v € L*(.#,U),

x(t) = Ralt )[ (0) +%(0,5(0), O)} -9 <t,x9(t’zt),/0 el(t,s,xg(s,xs))d(s)

/JZ%S t—S <, g(sxs) / 61(8,7‘,.739(.,.’17))617') ds
0
//%S—T t—S)g<, Q(T:L"T)/ 61(7’,5,.739(5@5))6%) drds (4.1)
0
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t s
+/ So(t —5).F <37%(s,xs)a/ ea(s, T, .’EQ(T’IT))dT> ds
0 0
t s t
+/ So(t — ) (s,xg(s,xs),/ 63(3,7’,339(7.@7))6[7') ds +/ Sa(t — s)Cu(s)ds.
0 0 0

For the study of the structure (1.3)-(1.4), we report the further right after hypothesis:

(H6)* The following inequalities holds:
(i) Let

1 1
(VMQ/\/@T) |zr| + <1 + 7MZM§T>

MTOL’I9 T . " .
+ {Mo + = (1 +/0 M(T)dT)} (Lg + LgTLel)

+ MT{(L5 + L) + T(Ls Lt + L L) |

MMo [Lgugugh +L;>]

+ (757 + ea) |[MT (L + Log) + T(LyLey + LorLey))

MTozﬁ T "
+ {Mo + = (1 +/O M(T)df)} (Lg + LgTLel>

<r

)

for some r > 0.
(i) Let

MT ((Lz + L) + T(LyLey + LorLey) )

MTaﬁ T _
+ {Mo + (1 n / ,LL(T)dT) } (Lg n LgTLel)
Oé'l9 0

1
A= (1 + 7MW%T) %

<1

besuchthat 0 < A < 1.

Theorem 4.1. Assume that the conditions (HI)-(HS5) and (H6)* hold. Then the control system
(1.3)-(1.4) is exactly controllable on .#.
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Proof. Utilizing the hypothesis, for an arbitrary function z(-), choose the feedback control
function as follows:

C*Sa(T - t)(ToT)lle — Ra(T)[s(0) +4(0,¢(0),0)]

QT, To(Twr)s / e1(T,s,x, ))ds)
0
A S (T — 5)9 <S,$Q Sms), 61(8,7', x@(ﬂ%))dr> ds

Uy (t) = //935—7 (T — s) 4.2)

(T To(rar)s Jo €1(T: €2 gzg))dg) drds

_/ So(T — 8)F <s,azg(s,xs),/ 62(8,7’,1}@(77357_))(17') ds

0 0
T s

_/ So(T — 5)7 <s,xg(s’xs),/ es(s, T, QZQ(TIT))dT> ds].
0 0

Presently, we determine the operator Y1 : Br — HBr by

t
(Tlx)(w Ra ( )[ ( )_}'g(o §( ) O)] -9 (tvxg(t,:nt)v/o (t 8, Ly(s, a:s))d‘S)

/ Aot — ) < s, Q(S@S),/Osel(s T\ Zo(ra ))d7> ds
/ / B(s — 7)Salt — 5) < VT (o) /OT el(r,g,xgmg))cg) drds
/ Salt — 5)F (s,xg(%),/o eas, T,xQ(TxT))dT> ds

+/0 So(t —s)H <s,xg(s,xs)a/os e3(8, T To(ra ))d7-> ds

t
+/ Sa(t — 8)Cuy(s)ds, te .f.
0

Observe that the control (4.2) transfers the system (1.3)-(1.4) from the initial state ¢ to the final
state x7 provided that the operator Y1 has a fixed point. To confirm the exact controllability
outcome, it is adequate to demonstrate that the operator T has a fixed point in Zr.

We express the function y(+) : (—o0,T] — X by
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then yo = <. For every function z € C'(.#,R) with z(0) = 0, we allocate as Z is characterized
by

- 0, t <0
A = {z(t), te s

If x(-) fulfills (4.1), we are able to split it as z(t) = y(t) + 2(t), t € .#, which suggests
xt = Yt + 2, for each t € .7 and also the function z(-) fulfills

Ra(t)¥4(0,5,0) — <t Zo(t,ze+ye) T Yolt,ze+ye)s

t

/ (t,s,2 o(s,2s+ys) T Yols, zs+yg))d3>
0
t

,52780[ t— 8 {4 5, Zp(s,25+ys) + Yo(s,2s+ys)>

e1(8, T, 2o(r, 20 4y-) —|—yg(7.z_r+y_r))d7'> ds —/ / PB(s —1)Su(t — s)

T

c\o

2(t) =9 XG\ T Zp(rzr4yr) T Yolr,zr+yr)» /0 el(vang(s,Zg+yg)+ya<s,z§+yg>)d€> drds

h
/ Sa(t = s) <57 Zo(s,zs4ys) T Yo(s,zs+ys)s

S ) Ty Z@(T ZT+yT) + yQ(T ZT+yT) )d7-> dS

+

%

&+

+ SO‘ t— 8 jf 8% (5 Zs+y5) + y@(s Zs+y8)

c\o

(8,7, Zo(r,204yr) +y9(7’z.r+y7.))d7—> ds +/ Sa(t — 5)Cuziy(s)ds,

where

sy (t) = C* ST = )(T) ™" |27 = Ra(T)¥(0,¢,0)

T
7 <T7 Zo(Ter-tyr) T yQ(T’ZTﬂ/T)’/Q (T s, Zo(s,zs+ys) T yQ(S,Zs+ys))ds)
T
+ /0 IS (T — )9 <s, Zo(s,2e+ys) T Yo(s,2e-+ys)s
/o e1(8, T, Zo(r,zr+yr) T yQ(T,ZTerT))dT) ds

T rs
+ /0 /0 HB(s —1)Sa(T — s)¥ <7'7 Zo(r,ze+yr) T Yo(r,zr+yr)s
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/0 e1(7, &5 26,z ye) T yg(g,zﬁyg))df) drds

T
_ /0 Sa(T — S)ﬁ(& Zo(s,zs+ys) T Yols,zs+ys)
/O 62(5; T, ZQ(7'7ZT+Z/7—) + yQ(7-7ZT+yT))dT> ds

T
- /0 SOZ(T - S)‘%a (S’ 29(57Zs+ys) + y9(5725+98)’

/0 63(8’ i ZQ(T’ZT—HUT) + y9(7—727'+y7'))d7—) ds] .

Let 8% = {2z € $%: 20 =0¢€ B} Let || - H%} be the seminorm in %Y. described by
Izl = supll2()1x + llz0ll, = sup |=(t)|x, =€ 2p,
tes tes
as a result (Z7. || - || 4o ) is a Banach space. We delimit the operator Y1 : 7. — %7 by
(le)(t) = Ra (t)g(oa S5 O) -9 (t’ Zo(t,zt4yt) + Yo(t,ze+yt)>
t
/ €1 (ta Sy Zo(s,25+ys) + yg(s,zs—i-ys))d‘g)
0
¢
- / A So(t = 5)9 <57 Zo(s,z5+ys) T Yols,ze+ys)
0
S
/ 61(87 T, ZQ(T7ZT+yT) + yQ(Tva+y‘r))dT> dS
0
t s
[ [ #6899 (Rt + ot
-
/0 e1(7, &, Zo(e,ze-tue) T y@(&zﬁyg))dg) drds
t
+ /0 Sat = 3)9’(37 Zo(s,zs+ys) T Yols,zs+ys)
S
/0 62(57 Ts Zo(T,274+yr) + y@(T,zT—s—yT))dT) ds

t
+ /0 Sa(t - S)%<S7 Z@(s,zs-H/s) + y@(57z3+ys)’

t
/0 €3(8, T, Zo(r 20 +y,) T y@(T,zT—&-yT))dT) ds + /0 Sa(t — 5)Cuzyy(s)ds.
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Remark 4.1. In addition to Remark 3.1, we have the subsequent estimates:

6]
1
thﬂﬁHS<yMW@>

MTaﬁ T i _ .
+ {Mo + = (1 +/0 u(r)dr)} (Lg + LgTLel>

+ MT{(L + L3y) + T(Lr Lty + L L) }

|zr|| + MMo[Lyls|| 2, + L]

+ (Z5r+cpn)

MT ((Lﬂ" + L%) + T(ZfLBQ + E%L63)>

MTaﬂ T "
+ {Mo I (1 +/0 u(7)d7>} (Lg n LgTLel>

Y

and

[Cuzy(s) = Cuziy (s)]

1
< (7/\4/\/1%) 74

MT* 4 =
+ {Mo + (1 + / M(T)df)} (Lg + LgTLq)
04'19 0

Therefore, we have

— /1
01=:<7AA%N@T>|uTm

MT ((LJC 4 Ly) + T(LyLe, + ’L@LQ)

Iz =l ..

< C) + s,

t
/ Salt — 5)Cuziy(s)ds
0 X

where

—~ 1
@=<¢M%ﬁﬂ MMo[Ly|ls| s, + Liy]

MT(M? T i} " .
+ {Mo + o0 <1 + /0 ,u(T)dT> } (Lg + ngTLel)

+ MT{(L5 + L) + T(L5 L2, + L L) |

+(Zir +¢ca)

MT ((ng 4 Ly) 4+ T(LyLe, + EfLeg))
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MToa9 T _
+ {Mo + <1 +/0 u(T)dr)} (Lg n LgTLel)

|

and

‘ /ot Salt = 9) [Cuzﬂl(s) - CUery(s)} ds

X

1 - -
< (2MART) 7 |MT (L + L)+ T(Es Ly + L L)

)

+ {Mo + Maz (1 - /OTM(T)dT>} (Ly + ZgTLm)

Now, we enter the main proof of this theorem. Initially, we demonstrate that Y| maps
B, (0, %%) into B,.(0, %%). For any z(-) € %%, by employing Remark 3.1 and Remark 4.1,
we sustain

I — 2 0.

1(T12)(t)|lx < C1 + Cs
<,

where
— 1o o
03 = 1 + ;M McT

MTm? T i} N .
+ {Mo + o0 <1 + /0 ,u(T)dT> } (Lg + ngTLﬂ)

+ MT{(L5 + L) + T(Lr Ly + Lo L) }

MMo[Lg ||z, + L]

+(Zir +cn)

+ {Mo + Mff <1 + /OT,LL(T)dT> } (Lg n EgTLel) ] .

Therefore, Y1 maps the ball B,.(0, 93%) into itself. Finally, we show that Y1 is a contraction
on B,.(0, #%). For this, let us consider z,z € B,(0, %%), then from Remark 3.1 and Remark
4.1, we sustain

[(T12)(t) — (T12) (1) lIx

MT ((L_g: + Ly)+T(LyLe, + E%L%))

1
< (1 - 7A/P/\A(%T) 74

MT ((Lz + L) + T(LyLey + LorLey) )
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MTaﬁ T .
+ {Mo + = (1 +/0 M(r)d7>} (Lg + LgTLq)

< Al —Zl|gg..

From the assumption (H6)* and in the perspective of the contraction mapping principle,
we understand that Y'; includes a unique fixed point z € %’%. Thus, the model (1.3)-(1.4) is
exactly controllable on .#. The proof is now completed. (]

5. APPLICATIONS

Example 5.1:
To exemplify our theoretical outcomes, first we treat the FNIDS with SDD of the model

t
a a(s—t) us — e1(s)ea(l|u(s)|), x)
D{ | u(t, x)—i—/ooe 29 ds
t _ 2
Ampﬂ/emmfm%ﬂmw%mkiﬂm
+ /t (5 —7 (t—s) 8822 (S,.T)ds + /t e2(5—t) U(S — 91(8)992(”71’(8)“)73;) ds
0 —00
N Y LT LT L P
. 25
+/t (s— t)us_91< )QQ(HU(S)H)7$)
. 64
t s
sy [ ot = a0 .
0 —oo
u(t,0) =0 =wu(t,7), te]0,T], (5.2)
u(t,x) =c¢(t,z), t<0, xzel0,n], (5.3)

where Dy is Caputo’s fractional derivative of order o € (1,2),§ and 7 are positive numbers
and ¢ € %;,. We consider X = L2[0, ] having the norm \ |12 and determine the operator
o : D(&/) C X — X by &/w = w” with the domain

D(#) ={w € X :w,w’ are absolutely continuous, w” € X, w(0) = w(r) = 0}.
Then
e}
dw = Zn2<w,wn>wn, w € D(&),

n=1

in which wy,(s) = \/gsin(ns), n =1,2,...,.is the orthogonal set of eigenvectors of <. It
is long familiar that o7 is the infinitesimal generator of an analytic semigroup (7(t))¢>0 in X
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and is provided by
oo

w—Ze wwn wy, forall weX, andevery ¢ > 0.

Hence (H1) is fulfilled. If we fix ¢ = %, then the operator (—./ )% is given by

o0

(~)2w =" n{w,wy)w,, we (D(~)
n=1

NI

);

in which (D(—&%)%) =qw() eX: Z n{w, wp)wy, € X » and ||(—o/ )_%H = 1. Therefore,

=1
&/ is sectorial of type and the propertles (P1) hold. We also take into account the operator
B(t): D(F) CX — X, t >0, B(t)r = toe o/z for x € D(o/). In addition, it is simple
to see that conditions (P2)-(P3)[for more details, refer [23]] are fulfilled with b(t) = et
and D = C§°([0, 71]), where C§°([0, 7]) is the space of infinitely differentiable functions that

vanish at x = 0 and x = mw. From the Lemma 2.4, it is simple to see that condition (H2) is
0

1
fulfills. For the phase space, we choose h = €%, s < 0,thenl = / h(s)ds = 3 < oo, for
t < 0 and determine -

0
l<lls, = / h(s) sup [<(0)||2ds.

—o0 0€[s,0]

Hence, for (¢,<) € [0,T] x %y, where <(0)(z) = (0, z), (0,z) € (—o0,0] x [0, 7]. Set
u(t)(x) = u(t,z), elt,;s) = er(t)ea(lls(0)])),

we have
0
G(t,c, ) / = ds+ (775) @),
o
F (s, 7 (x :/ 200 ds + () (a),
0
At s, T / Seds + () (@),
where
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then using these configurations, the system (5.1)-(5.3) is usually written in the theoretical form
of design (1.1)-(1.2).

To treat this system we assume that g; : [0, 00) — [0,00), ¢ = 1, 2 are continuous. Now, we
can see that for ¢ € [0,7],¢,5 € %y, we have

[(—)29(t, s, 75)|x
1

2
= 2e) _ 2(7)
B </0 (/ ’49Hd3+/ | sin(t — s H/ ‘des) d;c>
(L L (7 ) AL
< A _ S
< /0 <49/_ sup|§|ds+36/ Sup’ngs> dx

VT

N3
< _— |77 —_— |77
< Yo liclln, + L5 sl
< Ly||<|lz, + Lyll<ll 2,
T 85T
where Ly + Ly = =61, and

[(—)2 % (t,, Hs) — (— )79 (1,5, 75) |1x

T 0 t 0 2 2
< / < / e2®) =l ds + / | sin(t — )] / () de3> dx

0 —00 0 —c0

™/1 (0 1 [0 2 >
< /0 <49/ sup||§—ng8+% 2<S>supug—g||ds) dz

Jun

S

36

VT _ VT _
< Yo —2llg + Y|lc -2,

< Lylls =<z, + Ly lls — 3|2,

Similarly, we conclude

| (t, <, H5)| 12

T 0 < t 0 ¢ 2 2
< / (/ ) |12 ’ds +/ || sin(t — 3)||/ e || = ‘deS) dz
0 —0o0 0 —00
9 1
< /TF 1/0 2(s) H Hd + = 1 /0 2(5) || ||d d ’
~ . 9 _Ooe sup |[S||as o5 sup |[S|jas X

NG

ST
< — 9 —_— 9

=

< Lz[<llz, + Lz (<2,
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where Lz + f{,@ = %, and

-

IN

c\\

S

25

| (t,s, 75) — F(t,5,75)|| 12
2 3
des) dx)

(/ ( - \ = Sas+ [ [ e
<< (L *

0 2 2
0 sup i~ slds + o [ sup s~ clas) dx>

VT AT
< ? —§H%h+gu§—§”%h
< Lgz|ls —<|@, + Lzlls —3||2,-

Correspondingly, we have

A5, H5)| 2

0
( s [ s [ 20 ) )
1[0 1 [0 2 \?
< /0<64/ supHngs—i—E 2<S>supuq|ds> dx

f
1 <l +

[NIES

s
Ll

< L%IKH% + L|sll 2,

where L 5 + E]f = 81%\2/1, and

§

5, Hs) — H (1,5, 77)|| 12
1

™ 0 t 0 2 2
</ %) — || ds + / || sin(t — s)|| / () des) dx
0 —o0 0 —c0

™71 (0 1 [0 2 >
<64/ (s su]p||<—guds+E 2<S>supug—g||ds) dz

S

16

<

S—

IN
N -~/
o\

VI VA
< —_— - G - - 77
< Lylls —3ll@, + Lrlls =3 2,-
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Therefore the conditions (H3) and (HS5) are all fulfilled. Furthermore, we assume that 7} =

1
LMy=1,M=1T=1a=3L¢, =1,Le, =1,L¢, = 1and/ u(7)dr = 1. Then
0

D | MT ((L@ + L) +T(LgLe, + Enyeg))

Toa? T "
{MO + M <1 + / u(7’)d’7’) } (Lg + LgTLq)
o 0

Thus the condition (H6) holds. Hence by Theorem 3.1, we realize that the system (5.1)—(5.3)
has a unique mild solution on [0, 1].

~ 0.71941 < 1.

Example 5.2:
In this section, as an application of Theorem 4.1, we treat the FNIDS with SDD of the model

(t2) + / ooy uls —ai)ea(lus), @)

D{ |u 7006 9
Y e LGP P R
0 36 8562 ’
t 2 t _
+/ s)0e 0= 8)8i2u(s,x)ds+u(t,x)+/ 62(5_t)u(8 Ql(s)gg(uu<s)”)’x)ds
0 —00
o R S HET L E TP
0 —0 25
o[ proste el s,
e 64
t s
. o(r—s) W(T — 01(T) 02([[u(7)]]), )
+/0 sin(t — s) /ooe 16 drds, (5.4)

with the conditions (5.2)-(5.3), Df*, o, d and 7 are same as defined in Example 5.1. Further,
we define the operator C : U — X by Cu(t,z) = v(t,x),0 < x < w,u € U, where v :
[0,1] x [0,7] — [0,7]. In perspective of Example 5.1 and using these configurations, the
system (5.4) with the conditions (5.2)-(5.3) is usually written in the theoretical form of design
(1.3)-(1.4).

Furthermore, we assume that 77 = %,Mo =1 M=1Mc=1y=1,T =1,a =

1
3. Ley, =1,Le, =1,Le, =1 and/ p(T)dT = 1. Then
0

1 ~ ~
(1 + 7M2M2T> D7 | MT <(Lgr +Ly)+T(LgLe, + L%)LBS))
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it

+ {Mo + Majq; <1 + /OT M(T)d7'> } (Lg + ngLel)

Thus the condition (H6)* holds. Hence by Theorem 4.1, we realize that the system (5.4)
with the conditions (5.2)—(5.3) has a unique mild solution on [0, 1].

~ 0.71941 < 1.

ACKNOWLEDGMENTS

The authors are deeply grateful to the anonymous referees for their kind comments, cor-
recting errors and improving written language, which have been very useful for improving the
quality of this paper. The third author would like to dedicate this paper, with love and respect,
to his doctoral supervisor Professor A. Anguraj, P.S.G. College of Arts & Science, Coimbatore
641014, India, on the occasion of his 54th birthday.

REFERENCES

[1] D.Baleanu, J.A.T. Machado, and A.C.J. Luo, Fractional Dynamics and Control, Springer,
New York, USA, (2012).

[2] A.A. Kilbas, H.M. Srivastava, and J.J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier, Amesterdam, (2006).

[3] G. Bonanno, R. Rodriguez-Lopez, and S. Tersian, Existence of solutions to boundary
value problem for impulsive fractional differential equations, Fractional Calculus and Ap-
plied Analysis, 17(3) (2014), 717-744.

[4] R. Rodriguez-Lopez and S. Tersian, Multiple solutions to boundary value problem for im-
pulsive fractional differential equations, Fractional Calculus and Applied Analysis, 17(4)
(2014), 1016-1038.

[5] R.P. Agarwal, V. Lupulescu, D. O’Regan, and G. Rahman, Fractional calculus and frac-
tional differential equations in nonreflexive Banach spaces, Communications in Nonlinear
Science and Numerical Simulation, 20(1) (2015), 59-73.

[6] E. Keshavarz, Y. Ordokhani, and M. Razzaghi, Bernoulli wavelet operational matrix of
fractional order integration and its applications in solving the fractional order differential
equations, Applied Mathematical Modelling, 38 (2014), 6038-6051.

[7] Z. Lv and B. Chen, Existence and uniqueness of positive solutions for a fractional
switched system, Abstract and Applied Analysis, 2014 (2014), Article ID 828721, 7
pages.

[8] Y. Wang, L. Liu, and Y. Wu, Positive solutions for a class of higher-order singular semi-
positone fractional differential systems with coupled integral boundary conditions and
parameters, Advances in Difference Equations, 2014(268), 1-24.

[9] B. Ahmad, S.K. Ntouyas, and A. Alsaed, Existence of solutions for fractional g-integro-
difference inclusions with fractional g-integral boundary conditions, Advances in Differ-
ence Equations, 2014(257), 1-18.

[10] R.P. Agarwal and B.D. Andrade, On fractional integro-differential equations with state-
dependent delay, Comp. Math. App., 62 (2011), 1143—-1149.



EXISTENCE AND CONTROLLABILITY RESULTS 81

[11] M. Benchohra and F. Berhoun, Impulsive fractional differential equations with state-
dependent delay, Commun. Appl. Anal., 14(2) (2010), 213-224.

[12] K. Aissani and M. Benchohra, Fractional integro-differential equations with state-
dependent delay, Advances in Dynamical Systems and Applications, 9(1) (2014), 17-30.

[13] J. Dabas and G.R. Gautam, Impulsive neutral fractional integro-differential equation with
state-dependent delay and integral boundary condition, Electronic Journal of Differential
Equations, 2013(273) (2013), 1-13.

[14] S. Suganya, M. Mallika Arjunan, and J.J. Trujillo, Existence results for an impulsive
fractional integro-differential equation with state-dependent delay, Applied Mathematics
and Computation, 266 (2015), 54-69.

[15] J.P.C. Dos Santos, C. Cuevas, and B. de Andrade, Existence results for a fractional equa-
tions with state-dependent delay, Advances in Difference Equations, (2011), 1-15.

[16] J.P.C. Dos Santos, M. Mallika Arjunan, and C. Cuevas, Existence results for fractional
neutral integrodifferential equations with state-dependent delay, Comput. Math. Appl.,
62 (2011), 1275-1283.

[17] Z. Yan, Approximate controllability of fractional neutral integro-differential inclusions
with state-dependent delay in Hilbert spaces, IMA Journal of Mathematical Control and
Information, 30 (2013), 443-462.

[18] Z. Yan and X. Jia, Approximate controllability of partial fractional neutral stochastic
functional integro-differential inclusions with state-dependent delay, Collect. Math., 66
(2015), 93-124.

[19] V. Vijayakumar, C. Ravichandran, and R. Murugesu, Approximate controllability for a
class of fractional neutral integro-differential inclusions with state-dependent delay, Non-
linear Studies, 20(4) (2013), 513-532.

[20] R.P. Agarwal, J.P.C. Dos Santos, and C. Cuevas, Analytic resolvent operator and ex-
istence results for fractional integro-differential equations, J. Abstr. Differ. Equ. Appl.,
2(2) (2012), 26-47.

[21] V. Vijayakumar, A. Selvakumar, and R. Murugesu, Controllability for a class of fractional
neutral integro-differential equations with unbounded delay, Applied Mathematics and
Computation, 232 (2014), 303-312.

[22] C.Rajivganthi, P. Muthukumar, and B. Ganesh Priya, Approximate controllability of frac-
tional stochastic integro-differential equations with infinite delay of order 1 < a < 2,
IMA Journal of Mathematical Control and Information, (2015), 1-15, Available Online.

[23] B.D. Andrade and J.P.C. Dos Santos, Existence of solutions for a fractional neutral
integro-differential equation with unbounded delay, Electronic Journal of Differential
Equations, 2012(90) (2012), 1-13.

[24] J.P.C. Dos Santos, V. Vijayakumar, and R. Murugesu, Existence of mild solutions for non-
local Cauchy problem for fractional neutral integro-differential equation with unbounded
delay, Communications in Mathematical Analysis, X (2011), 1-13.

[25] X. Shu and Q. Wang, The existence and uniqueness of mild solutions for fractional differ-
ential equations with nonlocal conditions of order 1 < a < 2, Comput. Math. Appl., 64
(2012), 2100-2110.



82 S. KAILASAVALLL S. SUGANYA, AND MANI MALLIKA ARJUNAN

[26] Z. Yan and X. Jia, Impulsive problems for fractional partial neutral functional integro-
differential inclusions with infinite delay and analytic resolvent operators, Mediterr.
Math., 11 (2014), 393-428.

[27] Z. Yan and F. Lu, On approximate controllability of fractional stochastic neutral integro-
differential inclusions with infinite delay, Applicable Analysis, (2014), 1235-1258.

[28] L. Kexue, P. Jigen, and G. Jinghuai, Controllability of nonlocal fractional differential
systems of order o € (1, 2] in Banach spaces, Rep. Math. Phys., 71 (2013), 33-43.

[29] R. Sakthivel, R. Ganesh, Y. Ren, and S. Marshal Anthoni, Approximate controllability
of nonlinear fractional dynamical systems, Commun. Nonlinear Sci. Numer. Simulat., 18
(2013), 3498-3508.

[30] J. Dabas, A. Chauhan, and M. Kumar, Existence of the mild solutions for impulsive frac-
tional equations with infinite delay, International Journal of Differential Equations, 2011,
Article ID 793023, 20 pages.

[31] J. Hale and J. Kato, Phase space for retarded equations with infinite delay, Funkcial.
Ekvac., 21 (1978), 11-41.

[32] Y. Hino, S. Murakami, and T. Naito, Functional Differential Equations with Unbounded
Delay, Springer-Verlag, Berlin, (1991).

[33] X. Fuand R. Huang, Existence of solutions for neutral integro-differential equations with
state-dependent delay, Appl. Math. Comp., 224 (2013), 743-759.

[34] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions, Springer-Verlag, New York, (1983).

[35] N.I. Mahmudov and A. Denker, On controllability of linear stochastic systems, Int. J.
Control, 73 (2000), 144-151.





