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A7 S 7]hke] vELT 324 2y Yl
GPU ¥¥3 BCDR ¢1g 3

A5 f5 92
Yot A - PAY st B A s

2 o

JsE P HgE Aol AR TEAE w29 AZAE Bt agiZzE yehdith ®
FE Abeld B33 Adde ®Es] Stk aHuE By £, AAS, AEE X3t
o thFst Hofoll AEE T Ut RAF THAAL FRA FH YL nrhzt &l 09 A
I St F WY 2AF 59 S Yl ket FEat AEo PP RE FHE Q)
O R RS B4 980 998 e 245 FAZRSE 7108 CONCORD (convex
correlation selection method) Wl ol 7]&2] BCD (block coordinate descent) ¥3lE]&
< WF XFS &85 AA 723 a2 A A (graphics processing unit)9] HE AMS
gg3te] 1A AE O diste] Eo} €849 BCDR (block coordinate descent with random
permutation) ¢2|Eg AdetGct. F F{] UEHNI 725 L ZAA A Aldee &
1EE9 BEAES THIHAY ALt A vl wste] gelsgitt.

Fagol: 2238 By, 24 el A, AP A, fAFSE, BCD FuelE.

5 chpat ool BAL AbAe 24
| A7H 3 g FAlelTh SAT Hol
HEe) T2z 285 1
L EEELERE
n

54 2§ (graphical model)o] th&to] B-E A7} o] F o1 Ut}
7 graphical model) 2.2 % &

A A7k A $EE g2t 490l H9A 25 d BY (Caussia

= =
1996). AAAE FA37] fl8te] 7FeAI 29 E By T Mg RAR 24 FEA Y
o] Ao u|thzt Y4 (off-diagonal element)7} 00] opbdo] FX| ¢ JA-& &gsto] TR 3
Ho] Agge] 24

To] =2e 2015d% AR (M FxAeR) Aoz adxdTAwe] Ade Bop 599 7z2dT
AH] 9 (NRF-2015R1C1A1A02036312).
L (38541) AASE A4A thete 280, AdThEm A5, 2a
2 WAAAL: (42601) BhF A DA 2
E-mail: dyu3@kmu.ac.kr
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o

e P8 2d

i
=]

&sto] Uehdtt. 2 =2ellA

rlr

matrix) T+ AE P& (precision matrix)e] £
= AH8Sith

z27] AFoM= 2H FEA P (sample covariance matrix) 28 AE PHE AAsle] 2422
Ao gzt 7 AAS 53t UEYIE FAH3= o] M= ot (Drton} Perlman, 2004),
A F2 ASHIL Q e 12 AR (H4Y 7 289 aHo g2 A8)9 A%
ol E PEA WLe) AqLel FIRA BT olF §A%) skl WA WY (penalized
method)ol] 719k of 2] Wb Eo] A|ot= At} (Meinshausen} Biihlmann, 2006; Yuan3} Lin, 2007;
Friedman <5, 2008; Peng 5, 2009; Cai 5, 2011; Witten &, 2011; Khare &, 2015).

71&9] B3} el 7vet VEQ S 4 BYEL 34 7FeE &5 (likelihood function) 7]yt
o] =4 28, 37 Y (regression model) 7|¥re] 7 23 ¢ Z 43} (41 minimization) <] 37}
A2 Y 5 Stk JFsR 5 71Nk 2 REE OhHE Aa R JeE e Y gEe o
Zof 38t 4 =8 (norm) BAS 1832w (Yuan} Lin, 2007; Friedman 5, 2008), 37 23 7]

34 2Ye T sl gt A0 o) ARol 02 A3} T WS F S WIWLET U]
A WAE A9 MR SR 35 Lol thedh 2] A4} 09 o] £ AL olgRT). U
@ o g (o] opd 37 A2 AMS 9)3te] LASSO 3|7 =3 (Tibshirani, 1996)3} 2ol ¢, =& ¥

S 1#3tt}t (Meinshausen} Biihlmann, 2006; Peng 5, 2009). LASSO E o] digt /&7l <
T &5 AU PP A4 Ut 382 Kwon 5 (2013)S ZZ3}7] vieic). npxjgto g Aekzx A

o] 9= 41 H 43} W (constrained 1 minimization)-2 Dantzig A8} 7] (Dantzig selector; Candes®}
Tao, 2007) WA 243} £AE Tefelel ChE 2R WL W, AUASE R RLARE AY
o ZEo tjet 2AsA 44U 2 84 (minimax optimal convergence rate)= A|do] &
RE| U (Cai 5, 2011). ARl Y& £ A4 ol FL IEAA AL Aol LA 3
Ot AA WL Ut ule & Aol ALt A B84 EAE 39 B 79k dhgo] de] AHE
Ha ok 53], FEAAIAS (partial correlation)S F3le] U EHIE F43= SPACE (sparse
partial correlation estimation) BH o] oj2] 3-8 Fofd| 225 3t} (Dong 5, 2010; Tang 5, 2013).
S, F-2ol SPACE 3¥l0] 28] Aol QoiA] 4ol et BAZ AT 5 9%0] M
H 3 o] 5 MAS FAsE (pseudo-likelihood) 7]¥Fe] CONCORD (convex correlation selection
method) B o] A<= it} (Khare 5, 2015).

B =RoAE 7P H 2ol waEglen o7 £XH0 Ao e Rl Hete 954 A
A4 A9 4A& Heol= CONCORD ol tiste] 222 A2 3
GPU)9 g3} A4 g X3 7|uke] A4 FAS ]88 842 BCDR (Block Coordinate
Descent with Random permutation) ¢ 8]|&S A<kt x} sttt B =RoA+= F £/ U EYZ
& 183 2o doA CONCORDY| 7|& 418]E3 GPU W23} BCDR €159 E84& 7
AF A|ZHE Bote] nlaskoitt.

2 =79 A2 o2 2} 280dAM = G AW VENZ 24 ZYPE FTolA s
53} GTAZS ARG B B AKNTA B FATREE /e el o
g3} BCDR €aglgs 380A Agstglon ¢ueEe] T84S Hol7] 93ty 48
UEYZ 72 Pl =271 A4t AIZES Bl th v g o g 5804 & 99
3t A8 A3tk

}%] (graphics processing unit,

r

2. A2 MEYa 24 29 ¥ IuF

=
2 Holxe g4 kel aTistRE HAS WY 71Nk HESNZ £ 2Y 9 gl st
Awstuzt sty RS A7) Yoto], X = (X1, Xa2,...,X,) = (XL X2 .., X" T=nxp 24
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o #EH Am PEs L}Ewni i=1,2,...,pc thated X; = (X}, X7,..., X", k=1,2,...,nl
el X5 = (XE. XK, Xp) eIk, AWHoE B2E e A X+ (k = L2...m)e A
2 Eon Fto] 00]aL o—‘?—’q‘ L Y = (0ij)i<ij<p? LY B2 E WErta 7pgsict =3t
2e5)8 BAold BAE FE Y DL EAANA A% Q = S = (e EANE A
ST 9A Te5d BReIAE Fold AR X2 HEH 0o 242 Fiko] 248 To =
Hol #AE F3to] 2= (graph) G = (V,E)E Sdto] WsE Alole] #AE 23ith of7]A,
V={12,...,p}= =Z (node) FFE £ ={(4,)) | wi; # 0} 2 ZFH AZA (edge) JT= YE}
Wk ASAD 2AnE TS 09 AAHLE dacl Addel BEAE 24 e BUE 2
Z)= (undirected graph)E 7}F43t} (£, (i,5) € E < (j,71) € E).

Vo= g 7Nke] B2 e A" AE7F oA AFEE (multivariate normal distribu-

tion) S Wtk 7FA 3L o] 7]Hksle]

L X, N) = 10gdetQ — ftr SQ) )\Z s | (2.1)
i#]
o] A3} 2 a7s% ¥4 (penalized log-likelihood function)& & stc}y. o 7] A, detA+= P&E A9

@Al (determinant), tr(A)E FH A 2 (trace)S UERH, S = XTX/n= #29 282
Xeo] 2E FEA PP A= v & B (tuning parameter)S YERATE Yuan¥} Lin (2007)
Aol BA (2.1)E FEA FH 2AQ UAHXAA (positive definiteness) S A|FzACZ 31250
MAXDET ¢118]%& (Vandenberghe 5, 1998)2 o]-&3to] 43S ALSAT. A7, MAXDET
L1EEY AL FAAANEL HASA T AL BIE (computational complexity)e] X7} O(p®)el
ssto] p7l 2 wAee) BAlols B4 e Wol Al Bl Stk wed, BT (21)F A
tiglels 2ol 2849 duglEEo] /MEsE ey (Banerjee 5, 2008; Friedman 5, 2008), ©] 5ol
] graphical lasso (glasso) & e|&o] E&Foln g AMF A Ut} (Friedman 5, 2008). 2o

= Ak ‘ﬂiﬂ AAE Fote] Bt E54 07 AT ¢ =5 JfAE Ut (Witten 5, 2011). 7HA
9 glasso ¢ E]E2 7|&0) #xE R 7] A glassod Foto] AlFH L Qi

3 2 Zue] 42 P el WAE NS WS o)1 Guix O' W45 4Y use

83 ofele] 3171 ol A
n 2
> (xE =D 8ux)) (2.2)
k=1 j#i
Biz = 0% 23} wi; = 091 o] A YL o83t 41 =52 o83 HH3} 37 =Y (5, LASSO 3
7 29)

ta

n 2
s (X = muxt) A Is (2.3)
k=1 J#i J#i

2 185t AR 23 =4S —?—78‘3]—93\1‘/} (Meinshausen¥} Biihlmann, 2006). Meinshausen3}
Biithlmann (2006)°] &3] A 2 A= (neighborhood selection) #H-2 zF W 4=of] tjjlo] 3|7
23 (2.3)& 283t p7ie] LASSO 37 23l it & SHAHOR Felt) o] A, By = 0]
™ Bji # 09 AL7F vbE &~ 9omzg REulstTgis G = (V7 )% A3 2y BneE A9E
2% 5 9l Dol Stk ol AN PSR Peng 5 (2000)0] AE SPACE ol k.
SPACE #H 9] Aol Bed A44 A9 idS st R23BAT piy = —wij/Jwuws; =
B V wll/wjj‘/] 7@9’]3}' Pij = pyz?_]. }\ég‘% O]%ﬁ‘}—o:]

bS]
3

o 2
) wi (Xk Zp” w” Xk) + )\Z |pij| subject to: pi; = pji for i < j (2.4)
i=1 k=1 Ve KE)



384 Byungsoo Kim - Donghyeon Yu

BEADAS p = (p12, o130, pip1p) 2 AL A AR wp = (win,waz, ., wpp) TS 1}
o] AT AZIA, wik WA Aol 3 0ee] AFA (weight) S UERIT AL wLe] =
& B4olth. SPACE WMol A : REATSe] B8R 242 9ste] /8 HE 87 (coordinate

descent, CD) €18 Z0] 7]¥13} shooting Y122]Z (Fu, 1998) 7|4 &}te] 00] ofd WlE 3 o] th3l 73
A3} AA v ] 7JAS o] Aaksl= B4 3} shooting (active shooting) 2a18]&2 22331}
(Peng 5, 2009). A% P thA44E wpo] 4L F4d FEFBATE 183t

/A ld
wzz—n/HX ZP’LJ (0 ) i J

2
fori=1,2,...,p, (2.5)
2

A8t SPACE "2 At 4] 2843 7Fe = 3 71Wke] s} vl g o Ao
Aog myol B 7Pl B uiztete] AE Fokd 3-8 Fokll wWeol H85 3tk (Dong 5, 2010;
Tang 5, 2013).

SHAIRE, SPACE W o] A-pol B84 p2t A Fd] thzdE wpe WHEste] 74IstHA
FASS ALEA =Hed 588 (24)€ pot wptsle] & EE 3 (bi-convex function) ojlmg
Ztzto] 1179 sl A= BE Trt Hol £l BAHAW p&t wpE FAl 18 A A
o] A=A k=t wWekA SPACES] A-¢-9F 2ol p&t wpell tete] F4s= 4% +1
7T gl H Ha FH vk (Khare S, 2015).

919 #AE 23] Astol, 2Rl thste] BF Fo] 4L AUH RE SR o] AT
23} = FAFsE (pseudo-likelihood) 7%kl CONCORD o] Khare 5 (2015)°l 2J3l] Aot
Atk CONCORD 2 wpoll et 42 54 42 o83t A3 FH o] o]FofAH, poll tigt
FALZ A EFAA (convexity) 7} HlE S Wkddle] Qo HEE o] &S HHTS

p
L N) = =) nlogwi + %Z (wuX +) wy Jk)Q FAD Jwsl (2.6)
=1 i1=1 k=

J#i 1<j

(o3
>.
® o
RN
ﬁ
8
rr
oM,

=]

2strh. 919 E23 (2.6)E SPACE 9] 2A3 (24)00M w; = w2 ARk “é
; 23 =3 o7 SPACE #8<S 7§48 ¥ eltt. CONCORD #H-2 wp St (wm <

Zyzbo] th3t B2 F& 317 (block coordinate descent, BCD) &12]|&2 2 &3}o]
o2 Axgtt Bk AN Aend, Fold (0, i < j) FAFL /MO wp

o to
ol g

tlo o <

o E
o £ R

N

A
€
N
=
A
IN
s
<

2
-3, id}iq)Ti'-i- > i&)EQ)Ti' + 4nsi;
Gy = Y 7Y \/( 21 ) (2.7)

AbEn, Zo) R g)) o] th3te] @ NE AR 6]—7“,2,1 (coordinate descent, CD) &1 g]&& 53}

0:1
SOft)\(— E §'#£7 LUZ]/T i Zz“;éi (Di’jTii’)
TZ’L + TJ]

(2.8)

A A= JERH, Soft.(z) =
x(0, )& Yehdtt. CONCORD
shel o & A5E Ao o

7] A gconcordZ & 7= o

Wij =

2 P wj7hx] wEste] AT o714 15 XTX (4,45)9
sign(z)(|z| — 7)+ 2 =& YA3} (soft-thresholding), (z)+ = ma
WS AL EEAL glasso FTAET FAI ALA Aol o)
9] A% E3lo] RoJFr} (Khare 5, 2015). CONCORD Wy R
A= 3 Uk

vpRjgto 2 A k2 Ao] = 41 A4 Wbl FEEa e A3} EAle 342 Dantzig A
7] (Dantzig selector) @ &2 A EA|2] e 2 (Candes?} Tao, 2007), = A4 (compressed censing)
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Hopol A wo] AL 9t} (Candes®} Plan, 2011). Cai 5 (2011)2 A|Fxz7Ao] = 41 FHas}
A FAs AD PHEo] FHo| FHL3te] CLIME (constrained ¢;-minimization for inverse matrix
estimation) & A2ttt CLIME 32

min ||| subject to: [|SQ — I]| (2.9)

o A FAE k] Q5 R of7)A S& X 2R FEA Y, [+ pxp AU FH 3
2 (idnetity matrix), ||Aljcc = maxi<; j<p ai|Z FBY loo =52 UeRdTE F9] H 23 BEAZ 2
B A 243 00 = ))&, Q0% dukHow tigA (symmetry) S WE3HA] gtk
0|2 d A7) 93k, Cai 5 (2011)2 HE 23T O = (1)) S

< w]((l))) + w(?)[ﬂw(o) ~ (?)) (2.10)

£ ol8stel AT £ES AE (moment)ol e 74 Aol H4HY HH+EA (minimax
optimal convergence rate)= A|'dS S H3FAC}.

CLIME W ellX+= lefg-_/,:oﬂ O =5THE 23 AR 23 WY EHa' H4a 2 Hog
zZ7Aol27 &3] APAEY (linear programming) 2] Z 23} 74|71 ). o AFAGH
iAol g E|Eel U- %}"/H%Zﬂ UlH3 (primal-dual interior point) ¥ FE+= é}—%i’ﬂ,é (simplex) "
WS 53l S5 22 5 It} (Boyd2} Vandenberghe, 2004). Cai 5 (2011)2 3j=of djst & &5}
FAE p/He SHAY A HAS FAZ fEste] ZEFor Attt shA T AP ALY Y
A8 SYROR pAS B A7) OB prh AD A9 ThE AT 0w u) AL G55} o)

B0l YTk o1 F 325 Asked, Pang 5 (2014)0] Se] AZE T LTAZL AL} &
£ &4 AAeH R 97X fastclime S &2 AlFE 1 At}

k2

3. $A715 % slute] =¥ tl¥ GPU 9Ys} BCDR 4ue)%

& AollMe o vEAA 4 23 FolA A2 A 450l glasso B3 Hr}h Fojun
(Khare %5, 2015), 220 tjgt 7} ¢] 4@ oz §A% GAZEsE 7]6ke] CONCORD el tist
GPU €3} BCDR 21252 Alkstarzt gl GPU W3 BCDR dare]5e] Aol oA 71&
CONCORD 31| <arz]j5= A EH, EHZ-W—‘%Jr Hti 2922 508 745t BCD ¢ae)+
= A8t glon] 2t S50 tig CD ¢are]S-E Algorithm 10 YA nie} o] 7id H=E 44
A= 7§/‘ ke =& Al (cyclic update)& 838k otk dwbH o= 3k BAlS 83 el
£ AR o] o] oA BR ¥E AiE A&l A ol Wl Wt 53], GPUE °|&
Aitel Apole CPU Huop Aoz w2 At Lot vRe|7ke] FAoz st 23]
AFEES Y e S e ATk

StAEE, 2 =2l thRaL 9= CONCORD Rge] 57 ol ot 7id s EHﬁL %
AEE, A (2.7)9] 7 e EF0 tid B B9, A7 @ief Aol Sl 3w
T;i8] BHRE o] 8 B (Gp )k T FFS TA FoBR (@ii)1§i< = FHHeE Yo 7]”— 1’% =3

)i< = ol

o 27 9
e FEol wet 4 (2.

ﬂ O:.

& ek wehA, (Gi)isizp®] AR 7)ll GPU 7]ube] 48 Q442 A g3he]
agAoR AN 4 Ak WE 7 R A4l thste] W Agkel Ago] oA Adria &
S 9ot 3 FU 20l 9ofA o3 p(p— 1)/2749] WEhzt R hete] 23 JAIS A §3

A =FB2 ALt &9 Mol 2] oftt.

H|thZ Aol thete] HE Axbs Bt AL &S STV S8t B =R e oY A4l
(random upate) T3& A-gstuzt strt. WY PA FHL 3 AT 22 AAAA B4 (deter-
ministic update) 7723} tt2 A Z+ Fxo] A= FEE Y8t FE T+ Lipschitz Aol vl 3=
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g2 st AL HxE WA dEste] Balste FAoltk. CD daelEol thet Ay A4l
T2 &E CD (stochastic coordinate descent, SCD) ¥i8]F (Shalev-Shwartz2} Tewari, 2011)
2 2 CD (random coordinate descent, RCD) ¢ 8]& (Nesterov, 2012)o|A &7 = lon 47
Aol st So] o]FojH}t. E35]|, ZA A Al (deterministic upate)d} B dlo] 8 £ % (con-
vergence rate) &} 72 o] 229l AR Fxof tgt o]H-S Adt} (Nesterov, 2012).

E JroAs AF A4 727 CONCORD R3] ujtfzhd 2o tfst 4] (2.8)9] AL o] &3]
Wy ik o]AL A d A FAL AQHst. WA A A (2 8)01] i3 ARE A B, ( J)
Juo] e A4 4 (2.8)

€ 8)2 wij ol A At 3oy @inThis 3oppy WinThs, R (T, Tj5) el B ERE
< AR Q9 ¥, jAS AT YA ol the g A G FA oA Ak 919 8
& Foto] p7h H A Aol A p/274e] HEE SYH O Falo] Thssty p7t 9 Aoll=
lp/2) M) HEE S r AT = A5 &+ Atk A7IA, [z]€ 28 25F o8] ge W
A e HERdTh

2 AollA s BEs) rhsst A Al FAE AWk fst] 1M (1,2,...,p)¢] HEE A
9 X3} (random permutation) 7ol & X33t WE & Jepyz 17 = (IT,15,..., 1], )5) = B3}
ok & AolA 4 (2.8)¢] B WY A FAS A7sto] ofefe] A S skt

(Step 1) Y A& 75 F3sto] "S5 P T}
(Step 2) 48 I"& 7mto g IT5 A3}
(Step 3) 7341 2z o] A fsto] ofefet 2o A% 15 gt

(If,[;,[;,]},...,I[Tp/gj_l,l[‘p/QJ) — I ={(I2j-1,I2j) | I2j—1 < I25,j =1,2,...,|p/2]}
—— —~— —_—
(I1,12) (Is,14) Ip2j—1:1p/2)

e A A FAE A8 A

S Adoh. ol A A3kl 93}
ol /2709 AR §/L']-E
L (p— )W B JE =
20l eisisier.

st AL AL Fotd [p/2] 70 wlthzHdR o] X
dHog Aol 7]"—3PD1 p7H-4 ‘3H7L /“t‘ol WEA o= Filo] 7hasith HE A4k dubRo R &
2] &4 (central processing unit, CPU)Y HE AXS E5}o] ] o-]?ﬂ o _4 ]% 1313_'4 2

2] ZA] (graphics processing unit, GPU)& o]&3f] Bd o
2 ) AW, GPUE= CPU Bt} 7] (core)] 47} wj
£5E AYDZ GPUE o] &3 ¥E date] CPUE ©| &3 t‘é""a & A
ofym uf W2 9] GPU IAE &8 = = 5t ?34‘}% 01?4 L] EH sto] AEshe

[e)

Aol thete] WE Azt o]@dE Adry. B AFolA nEsty e BA A (2.7)F (2.8)
o Ad Fre ¥y Aol 71538 WA (inner product)@ AF2, Rl A3 59 AF
o7 sk Aake g o]F o)A °1°1 GPUE o|-83td aapde] Al ﬂ%f& By AstelA ALt &
£S5 IA E7 N2 F Utk B dAFoaE NVIDIA 7]¥ke] GPUES &-83te] CUDA 7.5 Toolkit

fs

23 CUDA 71%ke] GPU ¥E d4ke Yu$} Lim (2013) 0] 712291 42712} ol A1 7F A A= o] Ut

(https://developer.nvidia. com/cuda—toolklt)% o] g3te] WME AxS AP rh B A oA
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Algorithm 1 Coordinate descent algorithm with cyclic update
Require: X = (x1,...,Xp), 0O = (wg)), A, Otol

1 k=00=09T1T=XTX > initialization
2: repeat

k=k+1

: fori=1,2,...,p—1do
5: for j=i¢+1,...,pdo
6: Wij = SOftA(iZj/#J' QE;iJ%;;Zi/#LwL’JTLL’)
end for
end for

fori=1,2,...,pdo

2
=% GJUTLJ'+\/( i b?lisz'j) +4nT;;
2Ty,

10: Wis =

11: end for

122 6=]0® -
13 QR =0

14: until 6 < 00

Algorithm 2 Parallel coordinate descent algorithm with stochastic update

Require: X = (x1,...,%,),Q® = (wff)), A, Otol

1 k=0,0=0017=X"X > initialization
2: repeat

3: k=k+1

4: fori=1,2,...,p—1do

5 Generate an index vector I” by random permutation m of (1,2,...,p)

6 Define a target set I = {(r,s) | r=13;,_1,s=13;,j =1,2,...,|p/2]}

. Softy (— 1Tk = gt @tos Tk
7 Update all (r,s) € I in parallel, @5 = — AT Dkt “;T';i;f”zk# OnsTrk)

8: end for

J¢7 @i T, +\/ 7¢7 w”T” +4nT7¢7;

9: Upate i = 1,2,...,p in parallel, w;; =
10 6=[0® -

1: - Q® =0

12: until § < 00

4. RoJAY

2 doAe W A 73 7|wke] BCDR ¢g|E9 ALAl 84S Hol7] 93te] CON-
CORDS] BCD <¢wEZ (BCD)# #Hd 9ake #4312 942 BCDR ¢7Z (CPU-BCDR),
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GPUZ o]£3 BCDR &ig= (GPU_BCDR)% Hlastdk. At B&4Y ¥R vaE
CONCORD %49 BCD €18&< R 77]% ¢l geoncord®] C FE=E 7|wto g C 42 A9

I Y dike AEeA ok BCDR due|E3 GPUS o]ﬁs} BCDR ¢18& 2% C 3 2}
/\3,6]—04 AME 2} (command line) & T3t A A3 T AL A S EH3 ARG B €8S
2 Intel Core i7-4790K CPU (4.00 GHz)%} 32 GB RAM /\}%k-J Hl2~3 % PC (desktop PC)olA] 4
=] o] A4 A|Zke] SAE QT B GPU ¥E A4S $13}e] NVIDIAALS] GeForce GTX 970 (1.02
GHz, 4 GB RAM)Z AMg-3l9ith B =F2 CONCORDY BCD &1ug &< th3t ¥d3} BCDR ¢
TEGE AV TAE Ao F40) gof D ALE B A ¥4 2% Al
28 mae) L U SRES BE5E A2 Gug,
H no] AdoEs F UEYIY 2o F AR(2) VEHIL} 2AL= (scale-free) UEHZY]
) P8 BN AR(E) UEATE AT 2YAS) ARE) 2 FU AIE 2
HEHIE A3 7 e 208 548 Ad M EAIRE Aostsien (Figure 4.1 (a) Fx)
ALz UEHYITE =2 A (degree of node) 7} B 2] (power law)

P(k) o« k=

EuEol LA Joernzg B uo A AE a=2327 A 3}o] Barabasi-Albert 23 (Barabasi2}
Albert, 1999)2 7|Wke 2 R 97| #] Q] igraph®] barabasi.game() T+E F3to] EYIE A3}
9T} (Figure 4.1 (b) B%). o714, Pk)= k A48 25 w0 Wge ey ar 454 A2
(preferential attachment) A2 IRPA0Z 2 ~ 39 7& 7= Zloz d#A Qo

vk

e d

’

(a) AR(2) (b) Scale-free

Figure 4.1 Structures of AR(2) and scale-free networks (p = 500)

AR(2) VEY o) thg3h= 3 Y A (true precision matrix) Q47 = (w3) 2 o} e} o]
0.45 fori=1,2,...,p—1, j=i+1
AR AR __
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Step 2: L:)ij = (:Jij/(l.25 Zj;ﬁi (:11']')
Step 3: Q%¢ = (Q+QT)/2
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Figure 4.2 Averages of computation times for AR(2) network.

Vertical lines denote 95% confidence intervals
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Figure 4.3 Averages of computation times for scale-free network.

Vertical lines denote 95% confidence intervals of mean of computations times
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Table 4.1 Averages of computation times, number of iterations, and converged objective function values for AR2
network. Numbers in parenthesis denote standard errors.

A/n n » Computation time(sec.) Iteration L ()
BCD  BCDR(CPU) BCDR(GPU) BCD BCDR(CPU) BCDR(GPU) BCD BCDR(CPU) BCDR(GPU)
500 40.1 73.8 78.35 119 210.9 211 4020.49 4020.01 4020
(0.27) (0.47) (0.62) (0.73) (1.26) (1.69) (36.13) (36.12) (36.16)
1000 598.56 1083.47 545.49 229.4 388.3 387.4 11614.18 11611.37 11611.12
200 (3.28) (4.76) (2.70) (1.26) (1.80) (1.94) (76.15) (76.22) (76.13)
7872.78 13598.8 3629.88 381.7 625.9 627.9 30574.19 30562.92 30563.69
2000
(69.62) (60.07) (11.00) (3.30) (2.61) (1.78) (81.46) (81.70) (81.71)
3000 35309.4 62323.98 10656.02 484 787.2 784.3 52243.07 52218.43 52216.76
01 (1091.73)  (2852.91) (45.62) (2.08) (2.74) (3.48) (170.61) (169.95) (170.17)
500 11.85 23.51 24.95 34.3 66.9 66.5 1938.35 1938.32 1938.31
(0.09) (0.26) (0.21) (0.21) (0.74) (0.58) (9.96) (9.96) (9.97)
1000 124.24 248.89 128.56 46.6 88.2 89.7 4687.09 4686.89 4686.97
500 (0.88) (1.62) (0.91) (0.34) (0.53) (0.65) (14.48) (14.48) (14.46)
1496.95 2907.65 767.51 71.6 132.8 131.9 12203.35 12202.57 12202.63
2000
(8.19) (17.21) (3.58) (0.37) (0.81) (0.59) (36.82) (36.76) (36.77)
3000 7064.28 13688.18 2293.19 91.4 168.7 168 21556.79 21554.57 21554.89
(27.16) (64.88) (10.15) (0.34) (0.76) (0.75) (40.92) (40.67) (40.76)
500 9.25 18.88 19.9 26.6 53.3 52.9 1275.94 1275.93 1275.93
(0.10) (0.13) (0.24) (0.31) (0.37) (0.66) (4.15) (4.15) (4.15)
1000 83.07 172.03 88.03 30.9 60.7 61.7 2701.55 2701.51 2701.52
200 (0.48) (2.03) (1.10) (0.18) (0.70) (0.73) (10.61) (10.62) (10.62)
2000 786.43 1564.38 418.19 37.2 71.1 71.5 5781.81 5781.71 5781.7
(10.50) (9.53) (3.48) (0.51) (0.43) (0.58) (8.32) (8.32) (8.33)
3000 3184.96 6432.07 1084.23 41.4 79.8 78.9 9052.17 9052.05 9051.99
o8 (127.90) (303.68) (10.22) (0.27) (0.55) 0.77) (21.77) (21.77) (21.77)
500 7.66 15.7 17.37 21.7 44.3 46 1220.74 1220.72 1220.73
(0.08) (0.13) (0.22) (0.21) (0.45) (0.58) (2.53) (2.53) (2.53)
1000 60.78 135.94 67.74 22.2 47.5 46.8 2451.93 2451.92 2451.93
500 (0.34) (1.46) (0.57) (0.13) (0.54) (0.42) (3.03) (3.03) (3.03)
2000 496.07 1096.56 291.19 23 49.4 49.4 4941.36 4941.34 4941.34
(3.13) (8.31) (3.23) (0.15) (0.37) (0.56) (6.14) (6.14) (6.14)
3000 1853.09 4062.15 691.82 23.2 49.3 50 7459.55 7459.56 7459.56
(11.08) (22.69) (6.07) (0.13) (0.26) (0.45) (7.12) (7.12) (7.12)

Table 4.2 Averages of computation times, number of iterations, and converged objective function values for
scale-free network. Numbers in parenthesis denote standard errors.

N Computation time(sec.) Tteration L(Q)
n.noPr BCD BCDR(CPU) BCDR(GPU) BCD BCDR(CPU) BCDR(GPU) BCD BCDR(CPU) BCDR(GPU)
oo 132.63 249.51 264.63 399.5 717.3 712.5 1212.57 1212.53 1212.53
° (4.56) (9.18) (7.50) (13.58)  (26.20) (20.20) (24.19) (24.19) (24.18)
1000 42659 942.28 177.16 163.5 337.4 338.3 3712.19 3712.2 3712.18
200 (9.60) (23.40) (12.58) (3.75) (8.44) (8.95) (37.42) (37.42) (37.42)
20048.82  31479.29 8593.72 964.2 1450.6 1493.6 10053.1  10052.42 10052.61
2000
(741.36)  (1107.25) (337.35)  (33.69)  (50.37) (58.41) (54.73) (54.75) (54.76)
10764.97  87073.98 11853.47  494.6 879.7 572.8 17663.94  17663.48 17663.41
3000
o1 (942.09)  (2155.78) (114.90)  (11.43)  (12.44) (8.16) (127.74)  (127.65) (127.76)
: s00 5541 102.59 108.34 175.4 292.8 290.9 159.31 159.3 159.3
(1.91) (4.79) (4.94) (5.77) (13.70) (13.32) (3.67) (3.67) (3.67)
000 13752 273.54 137.71 51.9 97.2 96.7 122439 122439 122439
500 (2.74) (6.07) (3.40) (1.08) (2.17) (2.41) (11.69) (11.69) (11.69)
O
2000 621197 11529.5 2868.9 272.7 473.9 1944 3178.78 3178.73 3178.76
(256.07)  (520.89) (130.81)  (11.05)  (21.95) (22.50) (13.20) (13.22) (13.19)
8592.14  20379.28 3241.93 109.3 244.3 237.7 5678.32 5678.28 5678.28
3000
(260.56)  (737.45) (86.24) (3.39) (4.09) (6.36) (19.87) (19.86) (19.86)
oo 439 73.91 30.54 131.7 211.7 216.1 105.08 105.08 405.08
15
(1.48) (3.42) (4.54) (4.54) (9.80) (12.25) (2.09) (2.09) (2.09)
000 5882 170.21 87.08 33.2 60.1 60.9 920.6 920.6 920.6
200 (3.58) (9.36) (5.17) (1.38) (3.39) (3.66) (2.32) (2.32) (2.32)
3425.34  6454.55 1712.53 163.8 292.4 297.2 1984.61 1984.59 1984.59
2000
(147.29)  (342.92) (49.79) (6.13) (13.38) (8.88) (4.27) (4.27) (4.27)
s00p 515294 1052556 1730.45 63.5 121 126.5 3236.67  3236.67 3236.67
o5 (233.07)  (495.10) (87.32) (2.72) (5.54) (6.44) (7.68) (7.68) (7.68)
: soo 358 64.23 70.43 105.3 183.4 188.8 357.62 357.62 357.62
° (1.06) (3.78) (3.34) (3.22) (10.80) (9.00) (0.47) (0.47) (0.47)
100y 6667 138.77 66.53 24.5 18.7 16.2 759.76 759.76 759.76
500 (1.83) (7.76) (3.40) (0.70) (2.80) (2.42) (0.60) (0.60) (0.60)
2650.19  5533.49 1282.82 116.4 226.3 220.5 1479.17 1479.17 1479.17
2000
(87.57) (334.24) (82.05) (4.05) (13.60) (14.20) (1.45) (1.45) (1.45)
s00p 360458 708531 1092.35 113 511 79.4 2258.53 2258.53 2258.53

(156.65) (459.26) (46.02) (1.63) (3.02) (3.38) (1.47) (1.47) (1.47)
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Abstract

Graphical model represents conditional dependencies between variables as a graph
with nodes and edges. It is widely used in various fields including physics, economics,
and biology to describe complex association. Conditional dependencies can be esti-
mated from a inverse covariance matrix, where zero off-diagonal elements denote con-
ditional independence of corresponding variables. This paper proposes a efficient BCDR
(block coordinate descent with random permutation) algorithm using graphics process-
ing units and random permutation for the CONCORD (convex correlation selection
method) based on the BCD (block coordinate descent) algorithm, which estimates a
inverse covariance matrix based on pseudo-likelihood. We conduct numerical studies
for two network structures to demonstrate the efficiency of the proposed algorithm for
the CONCORD in terms of computation times.

Keywords: BCD algorithm, graphical model, graphics processing unit, pseudo-likelihood,

random permutation.
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