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SOME IDENTITIES OF DEGENERATE GENOCCHI
POLYNOMIALS

DoNGKYU LiMm

ABSTRACT. L. Carlitz introduced higher order degenerate Euler polyno-
mials in [4, 5] and studied a degenerate Staudt-Clausen theorem in [4]. D.
S. Kim and T. Kim gave some formulas and identities of degenerate Euler
polynomials which are derived from the fermionic p-adic integrals on Zj,
(see [9]). In this paper, we introduce higher order degenerate Genocchi
polynomials. And we give some formulas and identities of degenerate
Genocchi polynomials which are derived from the fermionic p-adic inte-
grals on Zj.

1. Introduction

Let p be an odd prime number. Throughout this paper, Z,, Q, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers and
the completion of algebraic closure of Q,. Let |- |, be the p-adic norm with
Iplp = 1/p. For f in the space of continuous functions on Z,, the fermionic
p-adic integrals on Z,, is introduced by Kim to be

(1) 1) = / F@dpa(e) = Jim Y fa)(-1)" (see [15,18,22]).
P x=0

There are many works related with fermionic p-adic integrals (see [15, 18,
22]). From (1), we note the integral equation as follows:

(2) 1 (f1) +11(f) = 2£(0),  where fi(z) = f(z+1),

and iterated integral equation:

|
-

n

(3)  I-a(fa) + (1" Ha(f) =2 ()" (see [15,18,22)),
l

where n € N and f,(x) = f(z +n).

Il
=)
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By (1), we easily get

(4) ‘/‘f )i ( L/ Fla+ dz)dp_ (2),

where d € N with d =1 (mod 2)
For r € Zy(= NU{0}) and \,t € Z, with |M\|, < p~ 7 77, the degener-

ate Genocchi polynomials gr(f)(/\,x) of order r are defined by the generating
function to be

2t " 2
5 —————— ] (1+x)3 G\ )
(5) <(1+)¢)i +1> Z
When z = 0, g,(f)(,\) = ff)()\, 0) are called the degenerate Genocchi numbers

of order 7.
From (2), we note that

(© o e ) da o)

:(etﬂ)e

= ZG;”(x)t—' (see [7, 21, 24, 27, 31]),
n.

where G\ (x) are called the Genocchi polynomials of order r. When = = 0,
G = G{7(0) are called the Genocchi numbers of order r-.

By (6), we have G(()T) () = Ggr)(x) =...= Ggi)l(ac) =0, thus we get
Gyl (1)

)

(n+r),

/Zp.../zp(xl ootz F 2) dpy (1) - dpy () =

where n >0 and (n), =n(n—1)---(n—r+1)=Y,_, Si(r,\)n!

There have been many works related with various degenerate polynomials.
For example, many authors apply degenerate polynomials to Boole polynomials
in [8] and to Barnes-type Bernoulli polynomials in [11]. Degenerate polynomi-
als related with higher order Euler polynomials is investigated by D. S. Kim
and T. Kim in [10]. Also, Genocchi polynomials are studied by many au-
thors (see [1-3, 6, 15-32]).The first paper, which introduces the g-extension of
Genocchi numbers and polynomials, is [18] by Kim.

With the viewpoint of (7), we consider the degenerate Genocchi polynomials
which can be represented by the multivariate fermionic p-adic integrals on Z,,.
The purpose of this paper is to give some formulas and identities of higher
order degenerate Genocchi polynomials which are derived from the multivariate
fermionic p-adic integrals on Z,.
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2. Some identities of higher order degenerate Genocchi polynomials

In this section, we assume that \,¢ € Z, with |Xt[, <p~7=T. Let us take
f(iCl,ZL'Q,...,;L'hx) — (]_ +)\t)w
Then, by (2), we get

1+ tertx
®) o[ e [ e T G dua o)
ZP Zp

- <(1+A2t1;i +1>T(1 +A3

From (5) and (8), we have

00 r r1+ -tz +2x g

= Zgg)o\,z)t__
= n!

Now, we define (z|\),, as

(10) @XM =x(z = A)(@ —=2N) - (. — (n — 1)N)

Q)G ()

From (9), (10) and the fact that G\ (A, z) = GV (A, 2) = --- =G (A, z) =
0, we can derive the Witt-type formula for g}f’()\, x) as follows:

(11)
-G ()

/Zp "'/Zp($1+"'+zr+$|)\)ndﬂ1($1)"'dﬂl($r) = W, (n>0).

Therefore, by (11), we obtain the following theorem.
Theorem 2.1. Forn > 0, we have

Gulr(N ) _

(n+r), /Z"'/Z($1+"'+$r+$|)\)ndu_1(g:1)...du_l(xr)

T+t a
:)\n/ / ( 1 ) du_l(xl)---du_1($r)-
Zp Ly A n

Now, we observe that

n l

T+t art+x T+ t+xrt+x
12 = l .
(B ) zl_osu(n,)( rote)
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By Theorem 2.1 and (12), we get

g, (A x)
(n+r),

= Z&(n,m"*l/ / (a1 + -+ + @) dpo (1) - duo (2,)

(13)

(r)
Z Sl )\n lGH—T( )
(I+7),
T herefore by (13), we obtain the following corollary.

Corollary 2.2. Forn >0, we have

(r)
g Intr A L) Gy (@)
netr S1(n, A"~ -
(n+7), Z i, (I+7r)
By replacing ¢ with 3 (e* — 1) in (5), we get
26\ bt = L Xy
1 (@) = L0
- 1 AT
- (r) _ M

o m tm
=Y (Lo samm) o
m
m=0 “n=0
where Sa(m,n) is the Stirling number of the second kind.
Therefore by (6) and (14), we obtain the following theorem.
Theorem 2.3. Forn > 0, we have
G0 (x ng (A, )X Sy (m, n).
n=0

When r = 1, G,(\,z) = G%l)()\,x) are called the degenerate Genocchi
polynomials. In particular, z = 0, G,,(A) = G, (), 0) are called the degenerate
Genocchi numbers.

Thus by Theorem 2.1 and (7), we get

M/Z (y + z[N)ndp—1(y)

n+1
n +z
=A / (y/\ )dul(y)
Zp n

=SSN [ (2 dna ()
; /Zy p—1(y

(15)
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- Zn: S (n, a1 1)

I+1
and
Gnt1(N) /
1 —_— = M ndpi—
(16) ] Zp(yl Jndpi—1(y)
Y
:An/ <_) Al
L\, 1()
n Gl
_ n—I +1
= i Sl(n,l)\ l+1
For d € N with d =1 (mod 2), from (3), (15) and (16), we have

d—1

(17) / (v + A\ ndis(y) + / W ndiios (9) = 23" (~ DN

P P =0
Thus, by (17), we get

(].8) gn+1(>\7d) + gn+1(>\) -9

HCE ) Sl (=D UV

(=1)'IA"™ S (n, m)I™

Therefore, by (18), we obtain the following theorem.

Theorem 2.4. Forn >0, d € N with d =1 (mod 2), we have
d—1

Gny1( N, d) + Gy (N) RN
p Dt el l;( D)
n d—1
= Z )\" ™St (n, m)I™.
m=0 1:0

From (4), we have
d—

(19) / s () = (-1 / (a + dy|\)ndpi—r (y)

P a=0 P

zz /( +y‘2> dp—1(y)

d— A a
Gnt1(5,9)
—d" —1)@ d’d
QZ:O( ) n+1
where n > 0 and d € N with d =1 (mod 2).
Therefore, by (19), we obtain the following theorem.

3
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Theorem 2.5. Forn >0, d € N with d =1 (mod 2), we have

d—1 )\ a
i1 ) = " (16 <37 3) |

Moreover,
d—1
n a Aa+zw
Gny1(\z) =d az:%(—l) gn+1<ga T)

Now, we consider the degenerate Genocchi polynomials of the second kind
as follows:

g;f(/\lx) B /Zp<—<y+x>|A>ndu_1<y>, (>0, Go(\x) =0).

Then, by (20), we see that

(21) igy(x,z)% :t/Z ixn (?)t”dul(y)

P n=0

(20)

:t(lJr/\t)—%/Z (1+/\t)_%du71(y)

2t —a
=—(1+ )\t)lT.
(1+X)x +1
Thus, we see that the generating function for the degenerate Genocchi poly-
nomials of the second is as follows:

(22) S Gvns = — 2 14
n=0

nl o (1+ M) +1

where Go(\, ) = 0. When z = 0, G,(\) = G, (), 0) are called the degenerate
Genocchi numbers of the second kind.
From (20) and the fact Go(A, x) = 0, we note that

Guna02) _ /Zp((y @)\ ndp1 ()

[ (52)

_\n - n (71)1 SCl
= ;Sl( DESY /Zp(y+ ) dp—1(y)

(23)

lGlJrl(z)

— n—=l(_
=Y SN )T

)

: m ATH(—1)nG;+T1(1:c)

(=)
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where [7] = (=1)"71S1(n, 1) = [S1(n,1)].
Therefore, by (23), we obtain the following theorem.
Theorem 2.6. Forn >0, we have
nt1 (A - G
(71)ng +1(A, ) _ Z | \n—l l+1($)_
n+1 — [l [+1

By replacing ¢ with +(e* — 1) in (22), we get

(24) Zgn (A ) ,An( - "
_ 2t e(l—m)t ekt—l
et +1 At
B t = So(m 4+ 1, 1)Am ™
B (Z Gl ) ('rnz_() m+1 m/!

m

A? t

and

Therefore, by (24) and (25), we obtam the followmg theorem.
Theorem 2.7. For m > 0, we have
m )\n
3 <m> Grn(l — )
n n+1
n=0
We observe that

@ ()06 e

Now, we consider

—1)"Gni1(A —-1)"
en  ELEB _E [ i)

So(n+1,1) =3 Gu(A,2)A™ " Sy (m, n).
n=0
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’ ; <l - 1)W/ (—y[N\)idp—1(y)

S

By the same method as (27), we also get

" " n—1\ ., ;G (A
(28) (7(1+)1)!g”“(’\)z<1—1)’\ l(ll++(1)?'

1=0
Therefore, by (27) and (28), we obtain the following theorem.

Theorem 2.8. Forn > 0, we have
=" — (n =1\ G
———Gpr1(N) = AT
(n+1ﬂg+ﬂ )=2 -1 (I+1)!

and

(=" 5 ~(n =1\ G ()
mgwrl()‘) < _1)>‘ llJri.-

Remark 2.9. Note that

. l gn+1(>\ad)+gn+1(>\) T n -1 L\ .
lim ( ntl )—}E})(;;(—l) A8, (n, m)l

A—0 2

EGnJrl(d) + Gt ) '

It is not difficult to show that
lim G,(\, z) = Gn(z) and lim G\ z) = G (x).
A—0 A—0
From (22), we have
= (=1)"" G (=N, z), (n>0).
Remark 2.10. For r € Z; and A\t € Z, with |Xt], < p_ﬁ, the degenerate

mixed Genocchi polynomials G (), z) are defined by the generating function to
be

2log (14 At)
M+ M)x +1}

(29) (14 X)X = Zg Az
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When z = 0, G:(A) = G/ (), 0) are called the degenerate mixed Genocchi
numbers.
By replacing ¢ with 5 (e* — 1) in (29), we get

o0

2t xt __ * 1 At 1\n
= . 1 & Amm

= ; (; Gr(A, )N S (m, n)) %m'

Therefore by (6) and (30), we obtain the following theorem.

(30)

Theorem 2.11. For n > 0, we have

m

Gm(z) = Z Gr( A, 2)A™ " Sa(m,n).

n=0

By (2) and (29), we get

log (1 + At) 2log (14 At) z
@) [ R0 ) - (A{(HANH})(HM)

:;OQ:;(A,@E

We adopt the definition of A-Daehee numbers from [12]. For A\t € Z,

with [Xt]|, < p_ﬁ, we introduce the modified A\-Daehee numbers D,, 5 by the
generating function

yy

log (1+ M) <« tn
BT N D
At ng() Al
On the other hand
1 1+ Xt
(32) B0 [ () S ()
A z,
log (1 4+ At)

ZT/Z““”  duy ()

D

- (§ ) S0
S (S (o)

=0 “k=0

Thus, by (31) and (32), we have mixed degenerate Genocchi polynomials
are represented by sums of products of the modified A-Daehee numbers and
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the degenerate Genocchi polynomials.

n

GH(\ z) = Z (Z) AF Dy 1Gr (A, ).

k=0
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