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FINITE GROUPS WITH A CYCLIC NORM QUOTIENT

JUNXIN WANG

ABSTRACT. The norm N(G) of a group G is the intersection of the nor-
malizers of all the subgroups of G. In this paper, the structure of finite
groups with a cyclic norm quotient is determined. As an application of
the result, an interesting characteristic of cyclic groups is given, which as-
serts that a finite group G is cyclic if and only if Aut(G)/P(G) is cyclic,
where P(G) is the power automorphism group of G.

1. Introduction

The norm N(G) of a group G, first introduced by R. Baer [1] in 1934, is
the intersection of the normalizers of all the subgroups of G. It is clear that
N(G) is a characteristic subgroup of G and it contains the center Z(G). Also
N(QG) itself is a Dedekind group, and every element of N(G) induces a power
automorphism on G. Many authors have investigated both N(G) and how
N(G) influences the structure of G (see [2], [3], [4], [9], [10] and [11]). For
instance, Schenkman proved that N(G) < Z3(G) for any group G (see [9]),
and Baer showed that a 2-group G must be a Dedekind group if the N(G) is
nonabelian (see [2]). In [10] and [11], the authors have determined the structure
of a finite group G satisfying |G : N(G)| = p or pq, where p, g are primes. In
this paper, finite groups with a cyclic norm quotient are determined, see Section
2.

Based on the above result, we will establish a characteristic of cyclic groups.
Recall that a power automorphism of a group G is an automorphism that leaves
every subgroup of G invariant. Under such an automorphism, every element of
G is mapped to one of its powers. All power automorphisms of G constitute
an abelian normal subgroup, denoted by P(G), of Aut(G). The structure of G
and P(G) are strictly linked (for example, see [5], [12]), especially the quotient
group Aut(G)/P(G) strongly influences the structure of G. In [11], groups
satisfying |[Aut(G)/P(G)| = 1,p or pg are completely clarified. In Section 3,
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we shall prove that a finite group is cyclic if and only if Aut(G)/P(G) is cyclic.
This characteristic of cyclic groups generalizes some results in [11].

All groups considered in this paper are finite. In the following, G = B x A
denotes G is a semidirect product of two subgroups A and B, where A is
normalized by B, and exp(G) denotes the exponent of G. Other notation and
terminology not mentioned here are standard, see [6] for instance.

2. Groups with cyclic norm quotient

In this section, we will determine the structure of finite groups with cyclic
norm quotient.

Lemma 2.1. A group G is a Dedekind group if and only if G = N(G).

Lemma 2.2 ([10, Lemma 2.1]). Let A and B be subgroups of a finite group G
such that G = A x B. If (JA|,|B]|) = 1, then N(G) = N(A) x N(B).

Theorem 2.3. Let G be a finite group. Then G/N(QG) is cyclic if and only if
G s nilpotent with P/N(P) being cyclic for every Sylow subgroup P of G.

Proof. It G/N(G) is cyclic, then G/Z5(G) is cyclic by [9], and so G is nilpotent.
Suppose that G = P1 x Py x -+ x P, where P; € Syl, (G), i=1,2,...,t. By
Lemma 2.2, we have N(G) = N(P1) X N(P2) x --- x N(P;). Hence, G/N(G) =
Py /N(Py) x ---x P,/N(P), and each P;/N(P;) is cyclic.

Conversely, if G is nilpotent, then G/N(G) = Py/N(Py) x --- x P,/N(F),
where P; € Syl, (G), i = 1,2,...,t. If each P;/N(F;) is cyclic, then G/N(G)
is cyclic. ]

From Lemma 2.1 and Theorem 2.3 we see that, to determine groups with
cyclic norm quotient is only need to determine non-Dedekind p-groups with
cyclic norm quotient.

Lemma 2.4. Let P be a finite p-group. If N(P) < P, then N(P) is abelian.

Proof. Since N(P) is a Dedekind group, it follows from [8, Theorem 5.3.7] and
[5, Theorem 6.5.1] that N(P) is abelian. O

Lemma 2.5. Let P be a p-group with N(P) < P. If P = (N(P),a) for some
a € P, then o(a) > exp(N(P)).

Proof. By Lemma 2.4, N(P) is abelian. Let y be an element of maximal order
in N(P). Then N(P) = (y) x B for some B < N(P). If a¥ = a, then there
exists b € B such that a® # a, and so a¥® # a, o(yb) = o(y). This shows that
N(P) has an element, say g, of maximal order such that a9 # a.

Suppose that Cyay(g) = (a?"), where r > 1. Let 2 = a?” . Suppose that
o(x) = p™ and 29 = z'. Clearly n > 2 since 29 # z. Noticing that [z?, g] = 1,
we have tp = p (mod p") and t = 1 (mod p"~1), and therefore 29 = z1+m" "
for some positive integer pu with (u,p) = 1. Choose a positive integer § such
that 46 = 1 (mod p). Then o(g) = o(¢®), and 29" = zl+roP" " = gl+p""

3
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Replacing g by ¢°, we may assume that 29 = 217?" . Let Q = (g, ). It
is clear that Q' = (zpn%) < Z(Q) is of order p, and then for any u,v € @,
(uv)P = uPoP if p > 2, and (uv)? = utv? if p = 2. Take any 2z € Cp(Q).
Since (z, z) is abelian, according to [8, Theorem 13.4.3] there exists an integer
I such that 29 = 2!, 29 = 2!, from which we deduce that | = 1 (mod o(z)),
I =1+p* ! (mod p"). If o(z) > p", then I = 1 (mod p"), and therefore
p"~1 =0 (mod p"), a contradiction. Hence o(z) < p™ and exp(Cp(Q)) < p",
especially exp(Z(P)) < p™. Also as ¢? € Z(Q) < Cp(Q), we get that o(g?) <
p™, and so o(g) < o(x).

If o(x) < o(a), then o(a) > exp(N(P)) by the maximality of g. The remain-
der of the proof is to deal with the situation o(x) = o(a), namely z = a. Now
assume by way of contradiction that o(g) = o(x). Let p* be the order of the
subgroup (x) N (g), where 0 < k < n. We consider the following two cases:

Case 1: p=2and k = n — 1. Then (¢2) = (22), ¥ = 22" ', and there
exists an odd integer s such that g = x72%. It follows that (gz*)? = 22"
271.71 1

=¢> and Q = (g,x1). Ifn > 3,
2901) = 2 and g acts trivially on <92n72$1), which implies that Q

Write 21 = gz*. Then (11)? = «
then o(g?"
is abelian since Q = (g,g2n72:131), a contradiction. Hence n = 2, and Q =
(g,o | 2* = 1,¢% = 22,29 = 271) is a quaternion group of order 8, and Z(P)
is elementary abelian. Moreover, since N(P)/Z(P) acts faithfully on (z), we
have N(P)/Z(P) is of order 2, and N(P) = (Z(P),g). So P = (g,z)Z(P) =
(g9,2) x B for some B < Z(P). By [8, Theorem 5.3.7], we know that P is a
Dedekind group and P = N(P), a contradiction.

Case 2: either p=2and k <n—2or p>2. Then (¢*" ') = (2" "), and
there exists an integer s such that gpnfk = x_Spnfk, where (p, s) = 1. It follows
that (gzs)p%k = 1. Write 1 = g2°. Then xfnik =1 and Q = {g,z1). Since
|Q| = p"p"~*, we have o(x1) = p"~F and (g) N (x1) = 1. Thus Q = (g) x (x1)
is a semidirect product of (g) and (x1), and n — k > 2. Let m = n — k. Note
that 1 # [x1,9] € @', and so o([z1,g]) = p. Consequently, ([z1, g]) = <x’1’m71>

s om—1
and ¢ = z; 7P for some positive integer j, where (j,p) = 1. It is no loss

m—1 .
to assume that 29 = 217" . Let i be an integer such that (gz1)? = (g21)".

m-1 ;o iz :
Then gz} ™" = gizi[z), 9] > = , from which we get

ii — 1)pm71 (

1=4 (modp™)and 1 +p" t=i+ 5

mod p™).

Since m < n, the former congruence implies that 1 = ¢ (mod p™), and so
@pm_l = 0 (mod p™). It follows from the latter congruence expression
(

that p™~! =0 (mod p™), a contradiction. This completes our proof. (I

Theorem 2.6. Let P be a p-group with N(P) < P. Then P/N(P) is cyclic
if and only if P = (B, g) x (x), where (B,g) is an abelian group generated by
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a subgroup B and an element g, (x) < P, and the subgroup B, the elements g

and x satisfy the following properties:

(i) o(z) =p" ™™ 0(g) =p", 1 <m <r <n, exp(B) < p", and n+m > 3 if
2;

p =
(ii) 29 = 24" [B,z] = 1.

Proof. “ =" By assumption, there exists an element x € P such that © ¢ N(P)
and P = N(P)(z). Suppose that N(P)N(z) = (z?"). Clearly m > 1. We claim
that 2" is of maximal order in N(P). It suffices to shows that o(z?” ) >
exp(N(P)). Let Q = N(P)(:EpmA). Then |@ : N(P)| =p and N(P) < N(Q).
If N(P) = N(Q), then Q = (N(Q),z?" ") with 22" & N(Q), and by Lemma
2.5 we have o(z?" ) > exp(N(P)). If N(P) < N(Q), then Q = N(Q) and Q
is a Dedekind group. Note that [N(P),2?" '] # 1,s0 p=2, and o(z?" ') = 4.
It follows that o(z) = p™*! and there exists an element g € N(P) such that
[g,2"" '] # 1. Suppose that ([z,g]) = (zpk>. According to [9, Theorem],
o e Z(P) and therefore there exists an odd integer § such that 27" = [z, g]° =
[z, ¢°]. Hence, without loss of generality, we may assume that [z, g] = xpk, and
then 29 = 217" Consequently 2P = (2P")9 = acpmxpm“, and k > 1. If
k > 1, it is easy to check that (27" )¢ = zP" ', a contradiction. Hence
29 = 2P and [z,g] = 2P € Z(P) N (z) < N(P)N (z) = («P"). From which
we deduce that m =1 and |P : N(P)| = p, and therefore P = @Q is Dedekind,
a contradiction. This shows that our claim is true.

By the above result, we get N(P) =T x (N(P) N (z)) for some subgroup T
of N(P). Therefore P =T x (x). If T has an element b such that 2® = 71,
then (bx)? = b?. However, since P = (N(P),z) = (N(P),bx) and bz & N(P),
o(b) < o(bx) by Lemma 2.5 , a contradiction. It follows from [7, Theorem 2.19]
that T'/Cr(z) is cyclic and o(x) > 8 if p = 2. Let B = Cp(z). Then there
exists g € T such that T = (B, g), where [B,z] = 1.

It is clear that C(,)(g) = (x) N Z(P) = (x) " N(P) = (zP™). Suppose that
o(zP") = p™. Then n > 1 and o(z) = p™*t™. Suppose ([z,g]) = (xP'),i > 0.
Then 2P € (2) N Z(P) = (x*"") and so i > m. Also there exists an integer k
prime to p such that [z, g]* = 2?" or [z, ¢*] = 2P". Replacing g by ¢*, we may
assume that [z, g] = 27" and so 29 = z'TP". Since C,(g) = (2*"), it follows
that i = n, and 29 = 2'*?". Now suppose that o(g) = p”. It is easy to verify
that ¢ induces an automorphism in (x) of order p™. Thus m < r. Moreover,
exp(N(P)) < p™ by the maximality of 2P” in N(P), especially » < n and
exp(B) < p".

“ <7 Conversely, let P = (B, g) x (z) be a group with the stated properties.
It is easy to verify that (z) N Z(P) = (zP") and P’ = ([z,g]) = (zP") < Z(P).
Let h be any element of P. Then h can be written as h = bg¥xz?, where b € B,
and k, i are non-negative integers. Clearly, h9 = bg*z?1+P") Since

WP = (bg*a?) (bg*at )P
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= (bg"a’)(bg" )" &®" [ by P D)2
_ (bgkxi)xzp xlkpzn(p —1)/2’

we see that h'*P" = (bgFz?)z™®" = bgka'(+P") = B9 if p > 2 or p = 2 and
m<n,orp=2m=mnand 2|ik. For the case that p=2,m =n and 21 ik,
noticing n > 1, we have

h1+2n+2‘2n—1 (bg x ( 2 4 o2n— lxi2n $i22n71 [mi, bgk] (2"+§2n71)
( lQn 22n 1(x22'n.71)ik(2n71+1)(2n+22n71_1)
2n—1 o2n—1
( 2 .T2
b k z(1+2")

= hY.
Hence g € N(P), and it follows that

N(P) = N(P)N ((B,g) x (x)) = (B, g) x (N(P) N (x)) = (B, g) x («"").
Consequently, P/N(P) is cyclic of order p™. This completes the proof. O

Theorem 2.7. Let P be a p-group with N(P) < P. If P/N(P) is cyclic, then
o(h) > exp(N(P)) for any h € P — N(P).

Proof. Suppose that P = (N(P),x) with |P/N(P)| = p™, where m > 1. Since
P/N(P) is cyclic, there exists an unique subgroup series

N(P)=P, <Pp1<---<P<Py=P

satisfying |P,—1 : P;| = p, ¢ = 1,2,...,m. Clearly N(P) < N(F;). If
N(P) < N(P;) for some P;, then P,,_1 < N(P;) and P,,_; is a Dedekind group.
However, from the proof of Theorem 2.6, we see that P, = (N(P),z?" )
and |Py,—1 : N(Py—1)| = p, a contradiction. Hence N(P) = N(F;) for all P;.
Let h be any element in P — N(P). Then there must exists a subgroup Py
such that P, = (N(P),h). Since N(P) = N(Py), it follows from Lemma 2.5
that o(h) > exp(N(P)). O

Remark 2.8. Theorem 2.7 is not necessarily true if we delete the condition
that P/N(P) is cyclic. For example, let P be a p-group of order p® with the
following defining relation

P={(a,b|a? =b" =" =1,[a,b] = ¢,ac = ca,bc = cb).
Since a,b € Cp(N(P)), we have N(P) = Z(P) is of order p. Clearly a ¢ N(P),
but o(a) = exp(N(P)).

Lemma 2.9 ([11, Lemma 2.7]). Let B be a mazimal subgroup of an abelian
p-group Q. Then there exist an element u € Q and a subgroup A < B such
that Q = (u) x A.
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Corollary 2.10 ([10, Theorem 1.4]). A finite p-group P satisfies |P : N(P)| =
p if and only if P = R x A, where

Rz(x,u|zpn+l _— =1, 2% =2 1<k<n, andn>2ifp=2),
and A is an abelian group with exp(A) < p™.

Proof. We only prove the necessity. Assume that |P : N(P)| = p. Then by
Theorem 2.6, there exist B < P and g,z € P such that P = (B, g) x (), where
o(z) = p"*1, (B,g) is abelian with exp((B,g)) < p", 29 = z'*P" [B,2] = 1,
and n > 2 if p = 2. Noticing that ¢? € Z(P), without loss of generality,
we may assume that g? € B. Hence B is a maximal subgroup of (B,g). It
follows from Lemma 2.9 that there exist A < B and u € (B,g) such that
(B,g) = A x (u). Clearly ([z,u]) = P' = ([z,g]) = (zP"), and so there exists

an integer & coprime to p such that [z,u’] = [z,u]® = 2P". Replacing u by u?,
we can assume that [z, u] = 2?" and therefore % = z'*P". Now let R = (z,u).
Then P = (B, g) X () = A X R as desired. The proof is complete. O

Remark 2.11. By Theorem 2.6, a finite p-group P satisfying P/N(P) is cyclic
is a semidirect product of an abelian subgroup (B,g) and a cyclic normal
subgroup (z), where B, g and x satisfy the properties stated in Theorem 2.6.
In general, if |P : N(P)| > p or m > 2, then the subgroup (B, g) of P may not
necessarily be decomposed as (B, g) = A x (u) with A < Z(P). For example,
let B = (b),0(b) =p™, o(g) = p™**, and (b) N (g) be of order p, where m > 2.
Let K = (b,g). Tt is clear that Cx(x) = (b). Assume that there exist A < K
and u € K such that K = A x (u) and A < Z(P). Then P’ = ([z,u]) = (zP").
Similar to the proof of Corollary 2.10, we may assume that z* = z'*?". Hence
% = 29 and u = cg, where ¢ € Ck(z). Tt follows that uP” = gP" # 1, and
uP” € Ck(x). Since Ck(z) is cyclic, we obtain that A = 1 and K is cyclic, a
contradiction.

3. A characteristic of finite cyclic groups

In this section, as an application of Theorem 2.6, we shall prove a charac-
teristic of cyclic groups: A finite group G is cyclic if and only if Aut(G)/P(G)
is cyclic. For convenience of statement, in the following, we will call a group G
a C-group if Aut(G)/P(G) is cyclic. Since G/N(G) < Aut(G)/P(G), we see
that if G is a C-group, then G/N(G) is cyclic, and so G is nilpotent and every
Sylow subgroup of G is either a Dedekind group or a group with a non-trivial
cyclic norm quotient whose structure has been determined by Theorem 2.6.
The proof will be given following several lammas.

Lemma 3.1. A non-cyclic abelian p-group R can not be a C-group.

Proof. Without loss of generality, we may assume that R = (z1) X (x2), where
o(r1) = p*, o(x2) = p¥2. Then two automorphisms a, 3 of R are given by

ky—1 ko—1
o __ o p . B _ b B8 _
Ty = T1,Tyg = T2X7 y Iy = T1Ty y Ly = T2.
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Clearly, o(a)) = o(8) = p, and o, § & P(R). If R is a C-group, then there exist

ky—1

an integer i and some v € P(R) such that a = 8%y. However, 2§ = zox} ¢
(x2), 2 7 = 2] € (x2), a contradiction. O

Lemma 3.2. A non-abelian Dedekind 2-group R can not be a C-group.

Proof. By [8, Theorem 5.3.7], R = Qs x A, where Qg is the quaternion group
of order 8, and A is elementary abelian. Let Qs = (a,b). Define two automor-
phisms a and 8 of R by

a®=b, b*=a, [A,a] =1; d® =b, b° =ab, [A,B] = 1.

Clearly, a, 8 ¢ P(R), and o(«) = 2,0(8) = 3. If R is a C-group, then 6 | o(af3).
However, o(af3) = 4 since a®® = gb, b® = b, a contradiction. ([l

Lemma 3.3. A p-group R = (B, g) x (x) with B,g and = being the same as
in Theorem 2.6 can not be a C-group.

Proof. Consider the automorphism « of R induced by 2" Tt is easy to see
that o(a) = p, 2 =z, ¢g¢ = gx’pHmA, and « ¢ P(R).

If p>2 orp=2andr > 2 let 8 be the automorphism of R of order
2 defined by 2% = 27!, % =y for all y € (B, g). Assume that (ga?" )’ =
(gxpm). Then there exists an integer k such that gz=?" = ¢Fz**" and so
1=k (mod p”) and —p™ = kp™ (mod p"*t™). Therefore 1 = k (mod p”) and
—1 =k (mod p™). Consequently, 1 = —1 (mod p"), a contradiction. Hence we
have proved that 3 ¢ P(R). Moreover, since 2 = z=1, g*f = gxpn'+m'71, it is
clear that o(af) = 2 and af ¢ P(R). If R is a C-group, then 2p | o(a8) when
p > 2, and off € P(R) when p = 2, a contradiction.

For the case p = 2 and » = 1, it must be m = 1 and n > 2. Note that
(gz)?" = 2?", and so o(gx) = 2", R = (B, g) x (gz) and (gz)9 = (gz)'*2".
It follows that the map: x — gz, y — y for all y € (B,g) determines an
automorphism 3 of R of order 2, and 3, af ¢ P(R) since 7 = gx. Similar to
the above proof, we still have that R can not be a C-group. O

Lemma 3.4. Let G be a nilpotent group. If G = Ry X Ry X --- X Ry, where
R; € Syl (G), i=1,2,...,t, then

Aut(G)/P(G) =~ Aut(Ry)/P(Ry) x - - x Aut(Ry,)/P(Ry).

Proof. Clearly Aut(G) ~ Aut(Ry) x -+ x Aut(R;). Also by [11, Lemma 3.11],
we have P(G) ~ P(R;) x --- x P(R;). Hence

Aut(G)/P(G) =~ Aut(Ry)/P(Ry) x - - x Aut(Ry,)/P(Ry). .

Theorem 3.5. Let G be a finite group. Then G is cyclic if and only if G is a
C-group.
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Proof. The necessity is clear, we only prove the sufficiency. Let G be a C-group.
Then G is nilpotent. Suppose that G = Ry x Rg X - - - x Ry, where R; € Syl, (G),
i=1,2,...,t. By Lemma 3.4, we see that every R; is a C-group, and so every
R; is either a Dedekind group or a group of prime power order with a non-trivial
cyclic norm quotient. It follows from Lemma 3.1, Lemma 3.2 and Lemma 3.3

that every R; is cyclic, and therefore G is cyclic. O
Corollary 3.6 ([11, Theorem 3.2]). A group G is cyclic if and only if Aut(G) =
P(G).

Proof. If G is cyclic, then every automorphism of G must be a power au-
tomorphism, and so Aut(G) = P(G). Conversely, if Aut(G) = P(G), then
Aut(G)/P(G) is cyclic, and G is cyclic by Theorem 3.5. O

Corollary 3.7 ([11, Theorem 3.8]). There exists no finite group G such that
|Aut(G)/P(G)| is a prime.
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